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	1. Introduction



The ordinary theories of thin-walled beams assume that cross-sections remain plane during transverse bending. These theories are restricted to relatively long beams, where warping of the cross-section due to shear can be neglected. The theories can be applied in the analysis of relatively short beams, where the shear effect cannot be neglected, by taking into account deformation due to shear. Equations that consider this effect are known as Timoshenko’s equations (1(.

Considerable attention in the past is received to determine the shear factor, by which the deflection due to shear is defined. In the Timoshenko’s equations this factor is given as the ratio between the effective shear area and total area of the cross-section (or between the total area and shear area). Thus, it is dependent on the shape of the cross-section only.

The recent definitions of the shear factor, includes the Poison’s effect. This effect gives for the shear factor two to ten per cent greater values (or lower values) (2, 3, 4(.

In this paper, the shear factor will be assumed as a pure geometrical property. The analytical solution for stress distributions will be investigated. The cross-sections with the general shape will be considered. Some solutions of the problem can be found in literature, for simple rectangular cross-sections (5( as well as for simple thin-walled cross-sections with one axis of symmetry (6(.
	2. Stresses in thin-walled beams subjected to bending with influence of shear

	2.1 Strains and displacements



Assuming that the contours of the cross-sections of thin-walled beams with open cross-section maintain their shape it may be written (Fig1.)
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are the displacements of an arbitrary point S of the cross-section contour in y and z-directions, 
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are coordinates of an arbitrary pole P, s is the curvilinear coordinate of the point S from the starting point M, 
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are displacements of the pole P in y and z-directions, i.e. displacements of the cross-section contour as rigid contour, and 
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 is angular displacement of the contour as a rigid contour with respect to the pole P;
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 and the axis y and Oxyz is the rectangular coordinate system. By substituting (2)

, it may be written
(1)

 into 
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is the sectorial coordinate with respect to the pole P and the point M.
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Figure 1. Displacements of an arbitrary point of the cross-section contour

The relation between displacements and the shear strain 
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can be expressed as
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Then, after substitution of (4)
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is longitudinal displacement of the point 
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are the components of the shear strain in the middle surface, with respect to the displacements
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are the angular displacements of the cross-section contour as a rigid contour with respect to y and z-axis, respectively, 
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is the relative angular displacement of the cross-section contour as a rigid contour with respect to the pole P. The strain in the longitudinal direction can be expressed as:
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	2.2 Stresses in terms of displacements



By ignoring the normal stresses in the cross-section contour direction, the Hooke’s low for the state of plane stress can be written as follows
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where 
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is the normal stress in the longitudinal direction and 
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is the shear stress in the beam middle surface, E is the modulus of elasticity and G is the shear modulus.
Thus
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are the components of the shear stress with respect to displacements
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For the equilibrium of a portion of the beam wall in the longitudinal direction, it can be written
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where 
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taking into account (15)

, it may be written(14)

and 
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	2.3 Equlibirium equations



It is assumed that the beam is loaded by transverse forces per unit length 
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 that pass through the shear axis, parallel to the x-axis through the pole P,
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where 
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are the surface loads with respect to the y and z-axes.

For a portion of the beam wall the following equilibrium equations can be written (Fig. 2)
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Taking into account (4)

, this can be written as follows
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By integrating by parts, this may further be written as
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Figure 2. Equilibrium of a portion of the beam wall

By substituting (14) and (18) the following equations can then be written
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If y, z and 
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are the principal coordinates,
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then equations (27) take the form
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	2.4 Internal forces and shear stresses



Integration of the shear stresses over the cross-sections gives
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where 
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Referring to (33)

 the following relations can be written 
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	2.5 Shear stresses in terms of internal forces



By substituting (20)

, the shear stresses can finally be written as
(33)

 into 
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	2.6 Internal forces and normal stresses



By integrating the normal stresses over the cross-sections one may write
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are the bending moments with respect to y and z-axes and B is the bimoment. By substituting (14) into (36), it may be written
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Substitution of (38)

 yields
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Integrating by parts, it follows
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The second and third equations of (41)

, can be written as follows
(40)

 and (37)

, taking into account 
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Here Ary, and Ar,yz are the cross-section shear areas with respect to 
[image: image232.wmf]P
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 displacements, Arz, Ar,zy are the cross-section shear areas with respect to 
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 displacements; (y, (yz and (z, (zy are the corresponding shear factors.
	2.7 Normal stresses in terms of internal forces



By substituting (35)

 it may be written(43)

 and (14)

, taking into account (37)

 into 
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	2.8 Cross-sections with one axis of symmetry



In the case of the cross-sections with one axis of symmetry (for example, z-axis)
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where due to the symmetry
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	2.9 Cross-sections with two axes of symmetry



In the case of the cross-sections with two axes of symmetry
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	3. Illustrative example



Static moments of the cut-off portions of the cross-section area of the I-section are (Fig. 3)
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Figure 3. a) I-section section with curvilinear coordinates; b) static moment of the cut-off portions of the cross-section area
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. For bending in the vertical plane the normal stresses given by (45)

, may be written as
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 and (47)
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For a simply supported beam under uniformly distributed transverse load, 
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	4. Comparison with finite element method



The beam is modelled by quadrilateral membrane elements; the case 
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Table 1. Comparison of the results of the analytic solution and FEA
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	h/l=1/3
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	 1,130       1,135       0,4



Here 
[image: image329.wmf]11

(FEA-/)100

ff

D=×

 and 
[image: image330.wmf]22

(FEA-/)100

ff

D=×

.
	5. Conclusion



The stress distributions for bending with influence of shear of thin-walled beams are obtained in the analytical closed form. The expressions for the stress distributions are approximate; it is assumed that normal stresses in the transverse direction are small compared to the normal stresses in the longitudinal direction. The shear factor is determined as a pure geometrical property. The expressions are obtained for the beams with general thin-walled cross-sections.


The comparison with the results of the finite element analysis of a thin-walled beam with T-section subjected to uniform transverse loads has shown a high agreement of the obtained results.
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