CODEN IEJMAT Internet Electronic Journal of Molecular Design 2005, 4, 501-514 ISSN 1538-6414
Bi1oCHEM Press http://www.biochempress.com

Interner :-/5:01015 Journal of
Molecular Design

July 2005, Volume 4, Number 7, Pages 501-514

Editor: Ovidiu Ivanciuc

Special issue dedicated to Professor Danail Bonchev on the occasion of the 65™ birthday

On the Schultz Index of Thorn Graphs

Damir Vukigevié,' Sonja Nikoli¢,? and Nenad Trinajsti¢ 2
! Department of Mathematics, University of Split, Teslina 12, HR—21000, Croatia
% The Rugjer Boskovi¢ Institute, P.O. Box 180, HR-10001 Zagreb, Croatia

Received: April 11, 2003; Accepted: September 16, 2003; Published: July 31, 2005

Citation of the article:
D. Vukicevi¢, S. Nikolié¢, and N. Trinajsti¢, On the Schultz Index of Thorn Graphs, Internet
Electron. J. Mol. Des. 2005, 4, 501-514, http://www.biochempress.com.

Copyright © 2005 B1oCHEM Press



D. Vukicevié, S. Nikoli¢, and N. Trinajsti¢
Internet Electronic Journal of Molecular Design 2005, 4, 501-514

Internet [{/BEITIIIE Journal Bi1oCHEM Press
of Molecular Design http://www.biochempress.com

On the Schultz Index of Thorn Graphs”

Damir Vukiéevié,"* Sonja Nikoli¢,” and Nenad Trinajsti¢ >

! Department of Mathematics, University of Split, Teslina 12, HR-21000, Croatia
> The Rugjer Boskovi¢ Institute, P.O. Box 180, HR—10001 Zagreb, Croatia

Received: April 11, 2003; Accepted: September 16, 2003; Published: July 31, 2005

Internet Electron. J. Mol. Des. 2005, 4 (7), 501-514
Abstract
Motivation. This report was motivated by recent papers of Bytautas, Bonchev and Klein, Bonchev and Klein on
the Wiener index of a special class of graphs called thorn graphs and of several groups of authors on the
relationship between of the Schultz index and Wiener index.
Method. Graph—theoretical and algebraic methodologies are used in this paper.

Results. Three theorems are given from which as corrolaries follow Schultz indices of thorn graphs, such as
thorn paths (thorn rods, thorn trees), thorn cycles, and thorn stars.

Conclusions. Obtained formulas allow much easier calculation of Schultz indices for thorn graphs than the
formula for the Schultz index based on the adjacency matrix, distance matrix and valency matrix of a graph.

Keywords. Schultz index; thorn cycles; thorn graphs; thorn paths; thorn rods; thorn stars; thorn trees.

1 INTRODUCTION

This report, in which we derived Schultz indices of thorn graphs, was motivated by a recent
paper of Bonchev and Klein on the Wiener index of thorn graphs [1] and by their earlier paper
together with Bytautas on generating mean Wiener indices of these graphs [2]. A thorn graph G,
can be generated from a connected graph G by attaching p new vertices to each vertex of G. We
considered the following thorn graphs: thorn paths (thorn trees, thorn rods), thorn cycles and thorn
stars. Schultz [3] has introduced in 1989 a graph—theoretical descriptor for characterizing alkanes by
an integer. He named this descriptor the molecular topological index and denoted it by MTI. Later
MTI became much better known under the name the Schultz index [4—6]. While Schultz in his
initial paper only described MTI, von Knop and his group [7] gave the mathematical formulation of
MTI in the same year (1989). The MTI is based on the adjacency (nxn) matrix denoted as A(G), the
distance (nxn) matrix denoted as D(G) and the valency (1xn) matrix denoted as Val(G) of a graph

G, where n is the number of vertices in G. Since in the definition of MTI appears the distance

# Dedicated on the occasion of the 65" birthday to Danail Bonchev.
* Correspondence author; E-mail: vukicevi@pmfst.hr.
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matrix on which is based the Wiener number [8,9], it has been found that the Schultz index and the
Wiener index are closely related quantities for trees and cycles [10—14]. The Schultz index has been
shown to be a useful molecular descriptor in the design of molecules with desired properties
[5,6,15]. Mathematical properties of MTI have also been studied [11-14]. Therefore, further studies
on mathematical and computational properties of the Schultz index and on its relation to other

molecular descriptors are desirable.

2 DEFINITIONS AND NOTATIONS

The following graph—theoretical definitions and notations will be used [4,16]. V(G) and E(G)
denote, respectively, the set of vertices {vi, v,, ..., s} and the set of edges {ej, ez, ..., en} of a graph
G. Symbol G," (u stands for uniform distribution) denotes a thorn graph obtained from G by adding
to each of its vertices p neighbors, G, (p > A(G)) denotes a graph obtained from G by adding to
each of its vertices v; exactly p—d(v;) new neighbors and G* will stand for a graph obtained from G
by adding to each of its vertices v; exactly d(vi) new neighbors. Note, A(G) denotes the maximal
vertex—degree in G. dg(x) or d(x) denotes the degree of a vertex x, whilst distg (x,y) or dist (x,y) is

the graph—theoretical distance between the vertices x and y. The largest whole number not larger
than x is denoted by | x |and the smallest whole number not smaller than x is denoted by [ x].

We will use three auxiliary matrices, the (nxn) identity matrix 7,,, the (1xn) row matrix u, and the

(nxn) square matrix J,,, both containing all elements equal to unity.

The valency matrix Val(G) of a graph G is given by:
Val(G) = [d(v) d(v2) ... d(vn)]
and the Schultz index MTI(G) of a graph G is then defined as:
MTI(G) = Val(G) B(G) u'(G)
where B(G) is the sum—matrix:
B(G) = A(G) + D(G).
Since we will mention the Gordon—Scantlebury index S (G) [17] and the Wiener index W(G)
[18] of a graph G, we give below their definitions:
S(G) =2 (Ly); = (1/2) [d(v)d(v) - )]

velV

W(G) =1/ [D@);

y

where L3 is the number of paths of the length 2.

3 THORN GRAPHS

Theorem 1 Let G be any graph and G~ be the corresponding thorn graph obtained by
attaching p new vertices to each vertex, then we have
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MTI(G*): (p+1)-MTI(G)—2p-S(G)+(p2 —p)-v(G)+2p-e(G)
+2p-v(G)-e(G)+(4p2 +4p)-W(G)+(3p2 +p)-v(G)

2

Proof: We make use of the formula for the Schultz index given above

MTI(G")
=Val(G*)-B(G)-u(Tp+l)n
=[val(G)+p-u, u,](4(G")+D(G)) u,.,
= [Val(G)+p-un U,,J‘A(G*)'“(T,,H)n +[Val(G)+p-un upn]-D(G*)-u(TpH)n
[4(G) 1, I L] [uf]
I, 0 0 0| |u
[Val(G)+poun u, u u] I 0 0 0 |-|uf +[Val(G)+p-un u, u u}
I, 0 0 0] [u
[ D(G) D(G)+J, D(G)+J, - D(G)+J, |[u]
D(G)+J, D(G)+2J,-1, D(G)+2J, - D(G)+2J, u;
D(G)+J, D(G)+2J, D(G)+2J,-1, - D(G)+2J, |-|u
' D(G)+J, D(G)+2J, D(G)+2J, - D(G)+2J,-1, | |uf |

((Val(G)+p-un)-A(G)-unr)+p-(un 'In-u;)+p-((Val(G)+p-un)-In 'u;)+

= (p+1)-((Val(G)+p-un)-D(G)-u;)+p-((Val(G)+p-un)-Jn -u;)—k(pz—i-p)-(un-D(G)-u;)+

—i—(2p2 +p)-(un -J, 'u;)—2p'(un -1, u;)

(p—i—l)-MTI(G)—p-(Val(G)-A(G)-u;)Jrp-u}7 'A(G)~un7+(p+1)'p-(un-D(G)-u;)

- —p-v(G)+4p-e(G)-l—pzv(G)+2p-v(G)-e(G)+p2v(G ? +(2p2 -|—2p)-W(G)+(2p2 +p)~v(G)2

(p+1)~MT](G)—p~Vi(Z:GI)di2 +(p* = p)-v(G)+4p-e(G)+
+2p.v((;)-e(c;)+(4lz;2 +4p)-W(G)+(3p” + p)-v(G)
(p+1)-MTI(G)—p-Vi(zGI)(di2 ~d,)-p-2-¢(G)+(p* = p)-v(G)+4p-e(G)+
+2p-v(G)-e(G)+(41z;2 +4p)-W(G)+(3p" + p)-v(G)
(p+1)-MTI(G)-2p-S(G)+(p* - p)-v(G)+2p-e(G)
+2p-v(G) - e(G)+(4p* +4p)- W (G)+(3p” + p)-v(G)’
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4 THORN CYCLES

C, denotes a cycle with n vertices. From the above follows:
Corollary 2 Let n>3. Then

MT]((Cn);):((ZpZ +3p)-n* +(p? +3p)n+dn+(4p? +8p+4)-(§-EJ-Em.

Proof: Note that

v(Cn):n

e(Cn):n

S(Cn):n

".(n_lj
1 2\ 2 .
—-n-|2- + |, nmiseven
2 2

, nisodd

MTI(CH)=4n+4-W(cn)=4n+zn.mm

From the last theorem follows that

)L,)_[(wl)'f‘”l(cn)21?9-S(Cn)+(p2 p)-V(Cn)+2p-e(Cn)}
P +2p-v(Cn)-e(Cn)+(4p2 +4p)-W(Cn)+(3p2 +p)-v(Cn)2

(p+1)-(4n+2n-EJ-%U—zp-m(pz —p)n+2pn+
2p-n* +(4p? +4p)-(g-gJ-(§D+(3pz +p)n’
=| (3p* +3p)-n* +(p* +3p+4)n+(4p’ +8p+4)-(g-EJ-Em.

mrI((C

n
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Let us demonstrate the use of this formula with one example:

Example 3 Let us calculate M7 ((C4 ), ) :

(C, )

Using the last Corollary, we get
.MTI((C4)T):((3-12 £31)-4% + (P +3-1+4)-4+(4-1 +8-1+4)-G-EJ-EDJ:256.

On the other hand, we can directly calculate M77 ((C4 )1’ ) using the formula for the Schultz index

given above:

0022 2 2 2 3 21[1]
2022222 3|1
2202322 2|1
MTI((C4)1‘)=[33331111]-22202322~1=256.
22320 3 4 3|1
222330 3 4|1
3222 43 0 3|1
2 3 223 4 3 0]][1]
5 THORN PATHS

P, stands for a path with n vertices, while P, denotes a tree obtained from P, by adding p
neighbors to each of its nonterminal vertices and k& neighbors to each of its terminal vertices. Let us

now prove the following theorem.

Theorem 4 Let n>2 and let p and k be any nonnegative numbers. Then we have

505
BioCHEM Press http://www.biochempress.com



On the Schultz Index of Thorn Graphs
Internet Electronic Journal of Molecular Design 2005, 4, 501-514

3
—6+10k2+@+4k2n—n2+4kn2+2i—8p—16kp+mﬂ—3n2p+
MTI(P,,, )= 3 3 3

+4kn® p +

3 2 3.2
%_p+6pz_11£_nzpz+2nTp

Proof: Denote vertices of F, , as on the following branched tree

L1
to
o 0/\0 04\ '4\
Xm2)y+1 Xn2)+2 Xn-2)ytp Xm-2)+1X2(-2)n+2 Xe@m2)ytp Xn2)p+1  X(n-2)p+2 X(n-2)p+p
Denote

T ={t) tyoty oty ooty oty ol ooty |

Lo L o R PPR, 2 0 R,

pn= {X(,,,z)n yeees x(n,z)(pu) }

Then we have
MTI(P,,, )=
= Val(P N ) ’ B(Bt,p,k ) ) u;+(n—2)p+2k

=Val(P ,k)-A(RW’k)-ur +Val(Pn,p,k)-D(P

T
n+(n-2)p+2k n,p.k ) ’ un+(n—2)p+2k (1)

= Z d(v)2+ z dist(x,y)(d(x)+d(y))+ Z a’ist(x,y)(d(x)+d(y)). (1)

veV(ELM x,er(P,,.p.k) x’er(Pn,p,k)
(xeT)v(yel) (xeT)A(vel)
Note that
S d(v) =(n-2)-p+2k+(n-2)-(p+2) +2(k+1). (2) 2
veV(Pn‘p‘k)

Now, let us calculate dist(x,y)-(d(x)+d(y)).

xﬂer([)n,p,/( )

(xeT)v(yeT)
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Two cases can be distinguished:

CASE 1: n>3.

Z(: )dist(x,y)-(d(x) + d(y)) =
(;ﬁ?f;ﬁr")

dist (t,,t,)(d (1, )+d (1,

) Zdzst xy)(d( )+d(y))+

xel;

+;dist(x,tR)(d(x)+d IR))+;dist(x,tR)(d(x)+d(tR))+
=42 xyZET dlst x y)( ( ) (y))

+z dist(x t )(a’

xeP'

+Z dist(x y (d

xeT}
yeP!

d(ty))+ Y dist(x,t,)(d(

2 x)+d(ty))+

+d(y))+ 2 dist( xy)(a’( )+d(y))

xel}
yeP"

(n=1)-2(k+1)+k-k-(n+1)-2+
2-k-n-(k+1)+2-k-1-(k+2)+
k-(k-1)

+2- 2.2+

+2- Z[z (k+3+p)]+2p- Z[( k+2 )]
+2-k-;[i-(3+p)]+2pk;[i-2]

=4—6k+8k> —Tn+4k’n+3n" +4kn> —2p —16kp —Snp +3n° p+4kn’ p

CASE 2: n=2.

z dist(x,y) . (d(x) + d(y))

r}eV(P )

(xeT)v(yeT)
dist(t,,

te)(d(t,)+d

xeTy,

x,yel}

te ))+ Z dist(x,y)(d(x)+d(y))+

+ dist(x,t, )(d (x)+d(z,
. Z dz‘st(x,y)(d(x)WLd(J’))+

xely,
yely

)+ D dist(x,t,)(d

xeTp

(x)+d(t;))+

BioCHEM Press
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(n=1)-2(k+1)+k-k-(n+1)-2+

=|2-k-n-(k+1)+2-k-1-(k+2)+

k-(k-1)
2

+2.- 22

Simple calculation shows that this is also equal to

4—6k+8k> —Tn+4k’n+3n" +4kn” —2p—16kp —5Snp +3n’ p+4kn’ p

Therefore, in any case, we have

S dis(xy)-(d(x) +d ()=
) 3)
=4—6k+8k> —Tn+4k’n+3n" +4kn> —2p —16kp —Snp +3n° p + 4kn’ p.
Now, letus find Y dist(x,y)(d(x)+d(y)).

x,yEV(P”’I,’,(
(erT)A(yeET)

Again, one can distinguish two cases:

CASE 1: n>3.

z dist(x,y)(d(x)“‘d(y)) =

3 ()

(x2T)A(veT)
[(p + 2)”:172 Up(n-2) } )
I D(Bz—Z ) D(PM—Z ) + Jn—Z D(Bz—Z ) + Jn—Z o D(Pn—2 ) + Jn—2 |
D(])nfz)—i—']rrZ D(Pnfz)"'anfz _2]n72 D(sz)—i-ZJWZ D(Pl172)+2‘]n72
= D(Prz—2)+']n—2 D(Prz—2)+2‘]n—2 D(Prt—2)+2Jn—2 _2[;172 D(Prr—2)+2']n—2
_D(PH—Z)J'_JH—Z D(Prz—2)+2‘]n—2 D(Pn—2)+2‘]n—2 D(Prl—2)+2‘]n—2 _2In—2_ @
Uy i)

(p+1)-((p+2)un_2 -D(Pn_z)-u;_z)+p((p+2)un_2 J, -u;_2)+
+(p2 +p)-(un_2 -D(Pn_z)-u;_z)+(2p2 +p)-(un_2 g, -u;_z)—
) P'(UH - 'U,:,z)

(2p” +4p+2)-(u,,-D(P,)-ul,)+(3p +3p)-(n-2) —2p-(n-2). (4)

Now, let us calculate u, ,-D(P,_,)-u,_,.One can distinguish two subcases:
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SUBCASE 1.1: nis odd.

0, n=3
u,, D(Pn—z)'”;—z = V;ZJ L%J i
(n=2)-2-> i+2- > > (2j-1), n>3
i=1 =l j=1
0, n=3
— 3
LA L S
3
S g U,
SUBCASE 1.2: nis even
2, n=4
-D(P — 2 2 2 i
o D(Fz) 12 (n=2)| i+ Yi|+2- 5 32), n>4
i=1 i=1 =1 j=1
0, n=4
— 3
LA SIS U S
3 3
3
0y
3 3

So, in any case we have

3
u,, 'D(a72)~u;72 :%—2112 +%—2. (%)

Putting (5) in (4), we get

; )dist(x,y)(d(x) + d(y)) =
();Z?)/Al(pnyﬁf)

3
=(2p? +4p+2)-(%—2n2 +%—2J+(3p2 +3p)-(n-2)" ~2p-(n-2).

CASE 2: n=2
Evidently:
Z dist(x,y)(d(x) + d(y)) =0
x,er(P,,.p'k)
((xeT)A(yeT))
Therefore,
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Z dist(x,y)(d(x) + d(y)) =0=
X’J’EV(Pn,p.k)
((xeT)A(veT))

=(2p* +4p+2)- (?—2 +%—2} (3p°+3p)-(n-2) -2p-(n-2)

So, in any case, we have

; )a’ist(x,y)(d(x) + d(y)) =
(L?)/A?yg)

(6)
2 3 2 11 2 2
:(2p +4p+2).(%—2n +Tn—2J+(3p +3p)-(n—2) -2p-(n-2).

Introducing (2), (3) and (6) into (1), we get
MTI(P,,, )=

((n—2)-p+2k+(n—2)~(p+2)2+2(k+1)2)+

= (4—6k+8k2 —Tn+4k’*n+3n* +4kn’ —2p—16kp—5np+3n2p+4kn2p)

+

3
(2p2+4p+2)~(%—2n2 %—2} (3p*+3p)-(n-2)" -2p-(n-2)

—6+10k> + i +4k*n—n’ + 4kn’® +2T_4 —16kp+T—2np
= 3 5
+4kn2p+4n—p+6p2—lli—n2p2+2np

3 3

Now, we can use this general theorem to find molecular topological indices for some more

special families of paths.

Corollary 5 Let n>2 and let p and k£ be any nonnegative numbers. Then, we have

3.2

3
MTI(B,, . )=4+ 258 | a2 4 20 —4p+38£+5n2p+4 an ’3’ ran2p? + 2P 3”
Proof:
MT[(Pn,p,pH ) =

3
—6+10(p +1)° +137n+4(p+1)2n—n2 +4(p+1)n2+2%—4p—16(p+1)p+

B 3 2 32
2%—2}12}0+4(p+1)nzp+4”—p+6pz—11% ’p’ 2n3p

3 3 2
IS Y 2i+26£+6nzp+4n—p+%+3nzpz LN
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Let the use illustrate of this with one example.

Example 6 Let us calculate M77 (1’3’1’2 ) for a simple thorn tree.

e L e

Py,
From the last Corollary, we get
Mri(R,,)=
3.2

3 3 2
4+%+3n2 +2%+26£+6n2p+4nTp+%+3nzp2 +2nTp

2.3 .17

25-3 2.3 26-3-1
- -

3 2
:4+?+3-32+ 4-3 1, 31

6-3 -1+ +3-3%17 +
= 236.

On the other hand, we can directly calculate MTI(P;3 ») using the original Schultz formula, given

above:

MTI(P,,)=[3 3 3 1 1 1 1 1] =236.

N W W NN NN O
(VST \O I e N > T \ S I \S B O]
O W W W W N NN
I e S e e e S W e G S

D NN DN O N
D NN W W o NN
W A A D O W NN
W A B~ O N W NN
W O N BN DD W

There is another interesting Corollary that follows from Theorem 4.
Corollary 7. Let p be any nonnegative number and » > 2 . Then, we have

3
MTI(ﬂOk):(—6+10k2 LY R L j
o, 3 3

Proof: Just put p =0 in Theorem 4.

Let us illustrate this Corollary with one example, too.

Example 8. Let us calculate M77 (P‘LO’2 ) for a thorn rod [1].

P e e e

P4,0,2

From the last Corollary, we get
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13-4 2.4

MTI(P,,,)=—6+10-2° +——+4.2°-4-4’+4.2.4° + =270.
- 3

On the other hand, we can directly calculate the MTI(P4) using the Schultz formula:

0 2 2 3 455

=270.

MTI(P,,)=[1 1 3 2 2 3 1 1]

U NV N O VO S S Y
U N VO SR ORI i N
A A WO N O N
W W NN O NN
RN N O NN W
NN O NN WA
DO NN WA W
S NN N WA W
»—A»—a»—A»—A.»—A»—A»—A»—A

6 THORN STARS

We symbolize stars with S, whilst S, denote thorn stars. S,, can be obtained from S, by
adding p neighbors to the center of the star and & neighbors to its terminal vertices. Now, we prove
the theorem 9.

Theorem 9 Let n >3 and let p and & be any nonnegative numbers. Then, we have
MTI(S,,, )=
=4+12k +10k”> =8n—22kn—17k*n+4n> +10kn” + 7k’n*> =8 p —10kp + Tnp +10knp + 3 p°.

Proof:
(n—l)k(kz_l)-2-(1+1)+w-4~k2«(1+1)+
+w.2.2.(/{+1)+M.2.2+
MTI(S, )= 2 2

+(n=1)-k-2-(1+k+1)+(n—-1)-(n=2)-k-3-(1+k+1)+
+(n=1)-k-2-(p+n-1+D)+(n-1)-k-p-3-(1+D)+
+(n=1)-1-(k+1+n-1+p)+(n-1)-p-2-(k+1+1)+
p-l-(n+p-1+1)

=4+12k+10k> =8n—22kn—17k*n+4n*> +10kn” + 7k*n* —8p —10kp + Tnp +10knp + 3 p°.

From here follows

Corollary 10 Let n>3 and let p and &k be any nonnegative numbers. Then, we have

MTI(S, ) =4+12k+10k> =8n—22kn—17k’n+4n* +10kn” + 7k’n’.
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Proof: Just put p =0 in the last theorem.

We also illustrate this Corollary with one example.

Example 11 Let us calculate MT7 (54,0,2 )

Sa0.2
From the last Corollary follows that

MTI(S,,,)=4+12:2+10-27 —8-4-22.2:4-17-2" -4+4-4> +10-2-4> +7-27 - 4> = 420

On the other hand, we can directly calculate the MTI(S42) using the formula for computing the

Schultz index:

0 2 4 4 4 4 2 3 3 2|1

2 0 4 4 4 4 2 3 3 2||1

4 4 0 2 4 4 3 2 3 2||1

4 4 2 0 4 4 3 2 3 2||1
MTI(S402):[1111113333]-4444023322-1:420.

” 4 4 4 4 2 0 3 3 2 2||1

2 23333022 2||1

332233202 2|1

333322220 2|1

2 22222222 0]|1]

7 CONCLUDING REMARKS

Comparison between our formulas and the related formulas for the Wiener number of thorn
graphs [1] shows as expected that the Wiener number formulas are simpler. Formulas for the
Wiener numbers of thorn graphs are given in terms of two parameters: n (the number of non—
terminal vertices) and 2 (the degree of non—terminal vertices higher than 2). Thus, the Wiener
number of a thorn cycle denoted by us as (C4 )? and by Bonchev and Klein [1] as 3—thorn 4—cycle
Cy;3 (Cypst,n=4,t=13)is given by:

W(Cs3)=[m'(t—1)2]/ 8+ n(t—2) (nt—n— 1) = 60.
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Similarly, the Wiener number of a thorn tree P, (Ps,12) in our notation and P, (P33) in the

notation of Bonchev and Klein is:
W(P33)=n(t—D[t-1)n-1)m+7)+6(@+1)])/6+1=065.

The Wiener number of the thorn rod P, (P43) in the Bonchev—Klein notation or P, ,+1 (Pa2 In

our notation:

W(Ps3)=(n"—n)6+ -1V (n+3)+(@—1)(m*+n-2)=74.

Finally, the Wiener number of the in our thorn star Sy, (S33), where k£ =n — 1, that is the number

of star—arms (this thorn star is denoted by us S 2):
W(Ss3)=ktQkt—k—t+1)=117.
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