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Abstract. In thiswork, an approach is made towards improving the global accuracy and also
the order of accuracy in implicit time-stepping procedures for stiff mechanical problems. In
principle, higher-order accuracy can be achieved without compromising any of the conservation
properties of an underlying (second-order) algorithm, and without introduction of additional
integration stages or splitting of the original time step. Alternatively, it may be preferable to
keep the order of accuracy of the underlying algorithm and focus on reducing the global error
of the solution. The key to thisis in the formulation of time-stepping procedure that utilise non-
constant integration parameters. For 3D beams with standard joint types, a somewhat related
technique may be used to address some of the complexities typical of beam elements. For more
complex joint types, however, this approach may not be immediately applicable. Asan example,
the diding joint is analysed in detail.

1 INTRODUCTION

Numerical time integration of dynamical systems may be performed using either explicit or
implicit time-stepping procedures. The latter are particularly suitable for problems with a wide
spectrum of natural frequencies in the cases when it is reasonable to assume that only the am-
plitudes associated with the lower part of the frequency spectrum contribute significantly to the
time response of the system. In order to improve the numerical stability properties of implicit
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time-stepping procedures in the non-linear regime, it is important to design these procedures in
such a way as to make the integrals of motion (total energy for Hamiltonian systems and the total
translational and angular momentum for the systems with spatial symmetries) algorithmically
conserved—11, Additionally, the conserved quantities in mechanical systems with symme-
tries imply the existence of families oélative equilibrium states. It is becoming increasingly
accepted that competitive time-integrators should be capable of 192.168.0.42preserving these
states 3 11

In Section 2 of this paper we will show how to improve the accuracy properties of some
existing conserving time-stepping procedures, by introducing a set of configuration-dependent
scalar integration parameters. This is done whilst maintaining all of the conservation properties
of the underlying algorithm. We will build on the ideas outlined in [11] (which were presented
for a central-force problem) and analyse to what extent they may be applied to (i) a single bar
element and (ii) an assembly of bar elements. The use of configuration-dependent integration
parameters allows for improved accuracy to be achieved witlsinghe-step time-advancing
framework, which is in contrast with more costly multi-stage and time-splitting technidties
The additional computational overhead will thus be almost completely contained in the for-
mation of the Jacobian matrix within the Newton-Raphson iterative solution procedure. The
approach we use here is motivated by [6], although we demand not only conservation of the
integrals of motion, but also preservation of the physical states of relative equilibria. The im-
proved accuracy properties will be shown to reduce the absolute position and momentum errors
when the time step is large, or improve the order of convergence towards the exact solution
when the time step is sufficiently small.

In Section 3 we turn our attention to time integration in more practical problems of motion
of flexible multibody systems. In these structures, we need to consider a variety of additional
complexities, which are mainly related to the existence of 3D rotations as additional unknowns
of the problem. Firstly, the rotational degrees of freedom in 3D space make the configura-
tion space of the problem a non-linear manifold rather than a (linear) vector space; this more
elaborate algebraic structure requires a more sophisticated process of time integtafior
Additionally, the mathematical model of the structure also requires the spatial discretisation of
the rotational degrees of freedom; unless handled properly, this discretisation is known to be
detrimental to objectivity of the algorithmic strain measutes$® 16 17 Finally, multibody sys-
tems may contain different types of kinematic releases, translational as well as rotational, which
require a specially designed procedure within a finite-element séttifiy?® 21 22 In this pa-
per, we will embed the kinematic releases within a minimum-set mettt8d' ??and address
some of the difficulties related to constraint violation and conservative integration in the case of
sliding joints?3.

2 IMPLICIT INTEGRATION USING NON-CONSTANT PARAMETERS

In dynamic numerical analyses of elastic continua, it is standard to perform the spatial dis-
cretisation of the continuum using a finite-element-based interpolation of the displacement and
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the velocity (and sometimes also the acceleration) fields, while simultaneously employing a
finite-difference based time integration of these fields. In order to do so, we normally define the
time-integration process by specifying a setorfistant integration parameters.

In this section, we will present a generalisation of this approach, whereby the integration
parameters are allowed to be configuration-dependent, and apply the new method to problems
of one-dimensional elastic continua — bar elements and truss structures.

2.1 Application to a single bar element

Let us consider a bar element of unstrained lergthd constant cross-sectional areaand
define its position with respect to the origin of an inertial systeby specifying the position
vectors of its end-points;, r, € R3.

For an elastic, homogeneous bar, with a constant strain, the strain energy fundéipends
only on the length = ||r, — || of the bar, and, for a constant lodd acting at the two
end-nodes, the potential of the applied loadss a function of the vector of nodal positions
R' = (r! r.) such thal/ = R-F. The total potential energy and the total kinetic energy of the
bar are then

I
#(R) = ¢(l) - R-F and T(R):%/O Apr(z) - 7(x)d, (1)

wherer(0) = r, r(I) = 7, andp is the density of the bar material in its undeformed state.
2.1.1 Spatially- and fully discrete equations of motion

By assuming a linear interpolation of the displacement vector along the bat(wja=
N(z)R with N(z) = 1 [(I — 2)I =I], wherel is the identity matrix inR* x R?, the La-
grangian function becomes

Apl_ 2 1
6

L(R,R)ET(R)—(P(R):%R-MR—¢(Z)+R~F where M = —{I o7l - @

The equation of motion for a semi-discrete dynamical system containing a single bar finite
element then follows frong%VRL — VgL = 0, where

Vel = —¢/(DVrl+F = —%@IUHF with T = {_i _I} . (3)

By writing V' = R we arrive at the coupled first-order system

wy - 40

IR+F and R=V. (4)

We now propose a family of algorithms that mimic the above differential equations by sat-
isfying the following discrete equations of motion
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1 -
—(MV 4 +~yB 'IMV ;) = —¢(B'IR,+ F
At(Rd —yB'IR,;;) = B 'V,
where for any given quantitfy) we define(-); = ()1 — (-)n @nd(-)1/2 = 3[(-)n + (Ins1;
R, andV; are the discrete approximations to the displacemB&its) and velocitiesV (¢) at
timet, > 0; andAt = t,,.1 — t, is the time-step length. The parameteand{ and matrixB
are real-valued functions @®,, andR,,. 1, andB is assumed to have the block structure

BT BT
B= [@1 ﬂlf}'

2.1.2 Conservation criteria and local accuracy analysis

(6)

We now state without proof the conditions for algorithm (5) to conserve energy and mo-
menta, and also to preserve the relative equilibria of the underlying physical system.
Proposition Algorithm (5) conserves trandational and angular momentum when F = 0
for any 31, B2, vand £ € R suchthat det(B) # 0 and also conserves energy provided that

¢a — V(B 'IR.)»-F + 25 Ry B IMR;)

- , 7
R B 'IR, ) )

£ =

where R, = BR,; — ~IR, /2. Algorithm (5) additionally recovers the exact relative equi-
librium solution for a free-flying bar provided that

. %woAt
~ tan(16)’
where [, denotes the initial length of the bar, w, its initial angular velocity about one of
the principal axes of inertia and § = arccos {722="1 ") ('"2 nt1-"n+1) g the incremental angle of
rotation, whenever the appropriate initial conditions for ‘such a solution exist. It also recovers

the exact trajectory rotational relative equilibrium solution for a bar pinned at one of its ends
provided that

and 3, + 3, =1 (8)

. . gbl(lo) . %woAt
7_07 g_ ZO ) and ﬁl_tan(%0)7 (9)

whenever the appropriate starting conditions for such a solution exist.

Thus incorporating conditions (7)-(9) into algorithm (5) results in an energy-momentum
algorithm that exactly recovers the solutions along trajectories of relative equilibria, while still
allowing for different choices of;, 3, and~y (which then determing). The algorithm of Simo
and Tarnow?, as applied to a single bar element, is recovered whea 1, 3, = 0 andy = 0.
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We now investigate the local accuracy of algorithm (5). We first defin&ottat error vector
as

€:=Zpi1— Z(tns1) When Z, = Z(t,) (10)

whereZ' = (R' V). The local error represents the departure from the exact solution at a
given time after one time-step assuming the solution at timerstepe exact, i.eZ, = Z(t,).
We next define theesidual vector g'(X) = (g"'(X) ¢* (X)) whereX' = (X, X! ) with

g (X) = Alt [BM(X ~V,) + %TM(XV + Vn)] + gf(XR +R,) — BF, a
(X)) = Ait B(Xp—R) - 1I(Xp+ R)| — 5(Xv + V),

and make use of the fact that andg? are related to the local error vector in such a way
as to make it sufficient to analyse the errorginandg? in order to analyse the local erré.
We proceed by inserting the exact soluti&n= Z (¢, ) into the residual expression (11) and
examining the coefficients of the powers4f that arise. We assume th&{t) is analytic in a
neighbourhood of,,, and thats,, (;, v and¢ are also analytic functions efwithin the same
neighbourhood. This enables us to write

(tns1)] Zﬁ”Atl VZ (tn )] Z%At’ and £[Z(tni)] Z&Aﬁ (12)

where the coefficients, ;, 52, v; and¢; are fully defined at time,,. By further substituting
(12) into (11), we can derive conditions for obtaining a given order of accuracy in terms of the
B, B2, vi @andg;. Table 1 lists the criteria up to and includinag'-order accuracy.

It can be shown that the conservation criteria (7)-(9) do not conflict with the conditions given
in Table 1. Thus the new family contaidg-order accurate energy-momentum algorithms that
exactly recover the trajectories of relative equilibria.

2.1.3 Numerical example — motion in a central force field

Let us analyse the pendulum example shown in Figure 1, as used by many‘othety
with the potential function representative of the St. Venant-Kirchhoff matérial

V() = —k<l2 2/ )2 (13)

for constants: (stiffness) and.
The top of the pendulum is fixed at the oridih 0) with the mass starting at positigr, =
(0 lo) with initial lengthl, = [ = 1. The mass used is, = % = 1, and the pendulum is

fired with an initial horizontal velocitw! = (10 0). The stiffness is chosen to ie= 107,
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N

conditions needed
0 By # 0, I =0

1 By = I, & = fo, mI = 0

1. -

2 B1:O7 fl_ifTu /YQI_O

3 B, = 1fM—115—1f' I—lfM‘lf
2 — 12n 72_6TL773 —12n

4 B, = —if'M—li 13 = Lo fyj:ifM_lj

Table 1: Cumulative conditions fdf"-order accuracy, Wherﬁ(f) =& {¢/l[(zg)}} :
t=t

— dts

State at = t,. State at = t.:

Figure 1: Pendulum of masa and stiffnesg: with initial length{ and velocitywvy.

which creates a large disparity between the two natural frequencies of motion, thus making the
problemstiff.

Each of the algorithms under consideration will be used with a range of time-step sizes, and
the relative errors in the positiogsand momenta will be taken at 0.6 seconds. The relative
errors are calculated as

@, —a(tn)]] P, — P(tn)|]
el 2™ e

respectively, wheréq,,, p, } denotes the approximate solution arglt,,), p(t,)} the ref-
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erence solution — the solution obtained by running a scheme several times with decreasing
time-step sizes, until the two consecutive solutions match up to 15 digits. With the aid of
guadruple precision arithmetic, we are able to use an extremely tight convergence tolerance for
the Newton-Raphson iteratioh® —2°.

The simplest type of fourth-order algorithm to test is that which faand~ defined as
truncated versions of the power seriesdn given in (12), with coefficients matching the re-
quirements for accuracy given in Table 1. Note that due to the boundary conditions used in
this example3, vanishes. Thug, and~ are defined entirely at time-step which means that
algorithms of this typeannot be time-reversible. The remaining parametés then obtained
from (7) to ensure energy conservation. We call this algorithm EM4. A more sophisticated
approach to designing higher-order algorithms involves finding closed-form expressions for the
parameters}; and~ which, when expanded in a power series/in match the criteria given
in Table 1. These would now involve quantities at time-step 1, thus requiring a more com-
plicated linearisation for the Newton-Raphson procedure. In this way, however, one can design
algorithms which are time-reversible; by way of example, we take

G = %% = A—th and ¢ given by (7) (14)
1 — tan( Mg)’ = 12m A g y
\/ m 2

Expandings; and~ aboutt, (with f(¢,.1) in place of f, ;) and comparing terms with
Table 1 shows that the scheme is fourth-order accurate and preservation of relative equilibria
implies recovery of thexact solutions at all time-step sizes for steady-state problems,syith
satisfying (9). We call this algorithm EMTRA4. Given that the trajectory of the stiff pendulum
closely resembles that of a steady-state example, we would expect such an algorithm to provide
solutions to the stiff problem with minimal error in the angle of rotation. For a bench-mark
against which to assess the performance of the new algorithms, we will also test the algorithm
of Simo and Tarnow, referred to here as EMM, wherely = 1 and~y = 0 with ¢ obtained
from (7). Finally, we propose a second-order algorithm designed to solve stiff problems at large
time-steps. Such an algorithm corresponds to (5) with

N[

0
tan(36)’
whered is the incremental angle betwegp andgq,, , ;. We call this algorithm EMZ2.

Figure 2 contrasts the performance of EM4, EMTR4, EMéhd EMM at timet,, = 0.6
seconds. We see immediately that EM4 provides a converged solution for only the two small-
est time-step sizes. In contrast, the time-reversible fourth-order accurate algorithm EMTR4 is
notably more robust, but still not as robust as EMM. It should be noted, however, that when-
ever EMTR4 converges, it outperforms EMM. When EMTR4 does not converge, the results of
EMM can still be improved by using EMRinstead. This algorithm gives much more accurate
results than EMM at larger time-steps, despite the order of accuracy being the same for each.

B = y=0 and ¢ givenby (7) (15)
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Relative error in g after 0.6 seconds. Relative error in p after 0.6 seconds.
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Figure 2: Relative errors in position and momentum.

This is becausg,; in (15) has been specifically designed to eliminate the error in the period of
rotation, hence the errors for EMZhould always be smaller than those for EMM.

2.2 Multi-element formulation

There are hidden subtleties when extending Algorithm (5) to cater for more than one ele-
ment. For such an algorithm to conserve both energy and momenta, the velocities at the nodes
must be common across all elements, as one might expect. However, when pursuing accuracy
higher than second order, the forces from all elements adjacent to a given node contribute to
the velocity at that nod&. This means that for higher-order accuracy with multi-element for-
mulations, the assembly process cannot be done solely on an element by element basis, as is
conventional for finite-element methods.

For a structure assembled of a number of bars joining modal points, the analogue of (4)
becomes

MV =—-HR+F, and R=V, (16)

where nowR, V. F € RN, M € R33N is a global mass matrix anH € R3V*3V js
defined as

Zj;él hle —hlzI s —thI
—hotd S oD - —hon I 3
H — 2 2212 o T with hij = %. (17)
: S : ij
—thI —hNQI Zj;éNthI

whereg;; # 0 only if there exists a bar between nodesd;. The multi-element equivalent
of (5) can now be written as
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1
Zt(MVd+GMV1/2> = —C(XR1/2+F,
) t (18)
E(Rd - G R1/2) — YMVl/Q

Let us mention without proof that this algorithm conserves the total translational momentum
for F' = 0 provided the sum of all the entries in any column of b&itand X is equal to zero.
Furthermore, the algorithm conserves the total angular momentu fo10 provided matrices
X andY are symmetric. The conditions necessary for the preservation of relative equilibria
are currently under investigation.

The conditions necessary for the algorithm to provide fourth-order accuracy are summarised
in Table 2 for anyy = 1+ O(At*). Note that such an algorithm must also be energy-conserving
up to the same order of accuracy. The full energy conservation in the remaining pow&rs of
can then be added in a projection-like manner described in [9]. Details are given in [25].

k conditions needed
O GO - 0

1 G, = 0, Xg=H,, Y,=M"!

2 GQI 0, XlzéHn, Y1:0

1 . 1 1. 1
3 G = —HM!' X,= _—_H,M'H,+-H,, Yo= —M 'H,M™!
3 12 T 9 Tehn Y27 35
4 G - “HM' X, — i(H M'H, + H M—1H>+iH<3>
4 24 n ) 3 24 n n n n 2 n
Y; = LM 'H,M'

Table 2: Cumulative conditions fdf*-order accuracy.

3 IMPLICIT INTEGRATION FOR 3D BEAMS WITH END RELEASES

Although the extension of the previous technique for beams has not yet been fully devel-
oped, a somewhat related idea may be empldy&din order to address some of the issues
involved in designing fully conserving time-integration schemes for 3D bedm% Briefly,
to provide full conservation of the momenta and energy for a beam structure it has been found
that one needs to perform the update of rotational degrees of freedom using the Cayley trans-
form rather than the standard exponential mappfhgdrhis process involves interpolating the
tangent-scaled rotations?®, which exacerbates the already existing problem of non-invariance

9
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of the strain measures. This problem may be solved by abandoning the interpolation of the
rotational degrees of freedom altogetherAn alternative idea, which retains the rotational de-
grees of freedom in the formulation, has been presented in [2] and extended to cater for beams
with end releases (including those with dependent degrees of freedom) in [22]. For a simple
beam element with no external loads aMdodes we have the following dynamic equilibrium
satisfied at each node

g’ = qcll(Nl/za M, 5) + Q£ =0, (19)

whereN andM are the stress and stress-couple resultants. By denoting the derivatives with
respect to the arc-length parametéof the beam and timeas(e)’ and(e), the internal force
vectorg! and the kinetic parg!. of g’ are then defined as follows,

, B ' ) 1/21N1/2
4. (N2, Mipz) = /Ll_ﬂﬂp ]’ZI} { S(ar) ' A, My }dX

1 Ap(l" -7 )]Z
I n+1 n

where A is the rotation matrixtr = pAJW is the specific angular momenturd, is
the tensor of mass moments of inertl; is the (material) angular velocity aff{a) ! =
WM (I+3a) , wherea is the incremental tangent-scaled rotation, such that; =

cay(a) A, with cay(a) = T+ m (a+ §a2). The symbole denotes a skew-symmetric
matrix such thatvv = w x v for w, v € R?* and/’ are the standard Lagrangian interpolation
polynomials. The above definition for the internal and the kinetic force vectors gives the algo-
rithm from [10], provided the approximation of the rotational field is obtained by interpolating
theincremental tangent-scaled rotations. While indeed fully conserving, this interpolation re-
sults in a severe loss of strain invariar@e Using the same definition of the nodal residual
along with interpolatingncremental unscaled rotations reduces the non-invariance problems,
but such an algorithm ceases to be energy-conserving (though it is still momentum-conserving).
The algorithm can be made fully invariant and momentum-conserving by applying the gener-
alised interpolation of rotation$. Although such a definition of the residual does not provide

an energy-conserving algorithm, this property may be recovered by adding an extra term to the
weak form?. This extended version basically uses an alternative residual which, in the absence
of external loads, is given by

Qé = qcll(Nl/za M, 5) + Q£ + 5Q£((Nn+1 - N,,0).

In this algorithm, the free parametgris derived in such a way to make the energy con-
served. Extension of this idea to systems with a variety of different joint types, including those
with dependent degrees of freedom (e.g. screw joint, rack-and-pinion joint or worm gear), is
straightforward?. In the following sections, particular attention is paid to the formulations
involving dliding joints, which require special treatment.

10
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3.1 Master—slave approach

In the present work, the kinematic constraints are dealt with using the master-slave technique
20,21, 22y hich uses the minimum set of degrees of freedom (dof). The kinematics of the detached
node of the joint gave node) is computed from the reference kinematio®méter node/s) plus
the released displacements and/or rotations that are added to the total set of degrees of freedom
of the structure.

Before writing the equations of the kinematic relationship, two main types of joints will
be described: prismatic joints (non-sliding) and sliding joints. In the first case, the released
displacement slides alorame of the directions of the body attached frame of the master node
(theinitial contact node), whereas in the second case the sliding node (slave node) always slides
in the directiontangent to the centroidal axis of the beam at thecurrent contact point. Figure
3 depicts both situations, where node(slave node) of elemem slides along elemens.

It is worth noting that the two models use different definitions of the slave and master nodes.
The prismatic joint has a permanent single master node (the node at which the initial contact is
made) while the sliding joint has all the nodes of the element as the master nodes. We also
point out the fact that the prismatic joint is unrealistic (see Figure 3), but it will be detailed here
for the sake of completeness.

s Slave Node
- /- Deformed
Reference / configuration
configuration Master Node
= .
G,
Element B Prismatic joint
{ .— Master Nodes
Element A .\\M
Slave Node
1 e e
Sliding joint

Figure 3: Master-slave approach for the prismatic and the sliding joints

Denoting bydp, the kinematic variation of the slave node (nadleof elementA), by ép,,
the kinematic variation of the master node (nada# elementB in the prismatic joint, or all the
nodes of elemenB for the sliding joint), and byp , the variations of the released displacement
and rotations, a general transformation rule may be written as follows,

5
op, = op*" =R Q) { 5£R } = Ns0Pra: (20)

m

11
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This equation involve@finitesimal changes, i.edp! =< ér 69 > wheredd stems from
the variation of the rotation matrixA = 09 A. However, an equivalent expression may be
written usingincremental changes, i.e.

Ap, = Nadpp,, (21)

whereAp! =< r,.1 — r, a >. Some particular forms of matriX 4 for non-sliding joints
have been derived in references [21, 22] that keep the conserving properties of the algorithm
into which they are embedded.

Equations (20) and (21) allow us to rewrite the discretised virtual work of the §Gtfh=
opl - glinto

SH! = oph,, - Ni'gl (22)

or in the case of conserving algorithms, to transform the energy increment of the form
AH! = Ap! - g, into

t
AN = Aph,, - N4'gl,. (23)

The matricedN’ andIN’, in (22) and (23) are the transformation matrices of elenieithe
arbitrariness of the variation®,, or App,, lead to the following system oW, equations,
after assembling the elemental residual vectgrsr g/, for all N nodes of the model:

> Nj'g;'=0 fornodes i=1,...,Np,
I
or in incremental form

ZNTQ% =0 fornodes i=1,..., N,
I

whereN;* or N are the part of the transformation matrix of elemgttat is multiplying
the dof of node.

We emphasise that since the master node of the prismatic joint belongs to elénikat
master-slave formulation of this joint can be modelled as an elemental relationship within ele-
mentA and thus elemental condensation may be apglieth fact, the rotation of the master
node is equivalent to the orientation of the cross-section of eleh@ttnodeN. For the slid-
ing joint, however, thenaster rotation is the rotation of the cross-section of elemBrdt the
contact point, computed from the rotations of the master nodes. The master-slave relationship
of the sliding joint requires both elementsand B, and for this reason a new coupling element
will be defined in Section 3.1.2.

12
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3.1.1 Explicit form of transformation matrix N

The matriceR andQ arising from the infinitesimal variation of the kinematic relationship
between master and slave nodes are given in Table 3 for both types of joints. The part of the
table concerning the prismatic joints has been already reported in the litetafamd thus no
details will be given. With regard to the sliding joint, the vectefs= r?(X) and the matrix
AZ = AP(X,) are the position vector and the rotation matrix of elemgmvaluated at point
Xc. The constant matrixi,.; denotes the initial relative rotation between the two elements,
i.e. AN = AP A,... In computing the infinitesimal variation of the kinematics of the sliding
joint, the variation of the contact point coordinafe: must also be taken into account, i.e.

—~A,N —~B —
AN = 59 T AN = AT ARA0X + 69 AN + ALY AN
- [(G1 rR)kE + 598 + ABow | AN
ortN = PBSX +orE = (Gy-rR)rf + v,
wherekS = k”(X.) is the spatial curvature of the beam at the current contact point and
G =< 100 >"is the unit vector indicating the direction along which the released displace-
ment takes place. The relatiofs? = 176”7 ands®Z = 1575977 have been used in order

to derive matrixQ, whereI57 are the interpolation functions for each noglef elementB
evaluated at poink .

Prismatic joints Sliding joints
Displacements 4N =¢,, + A, 7R rAN =B
Rotations AAN = A AR AN = ABARA,
R A, 0 rf©G; 0
0 A, k&2 Gp 0
Q I —Anrg p'too oM o
0 I o IJ'1 ... o I5YI

Table 3: Master—slave infinitesimal relationships for displacements and rotations

3.1.2 Coupling element definition of the sliding joint

As has been pointed out, the master—slave relationship for the sliding joint includes the
kinematics of both elements| and B. In order to permit the transition of the contact point
through a slide-line formed by a set of elements, a generic coupling element will be defined by
the slave element and the element in which the contact point is currently situated. Although
the initial common node to both elements is no longer active once the contact node has jumped
to another element, it will be also be included in the coupling element as Figure 4 shows.

13
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/ Master Nodes

1 Mo T T NI :
*- --‘ ***** & —_— ' ........ B
. Current Master

ﬁr Initial Master Element Slave Node Element

|

|

=~‘Slave Element _

| - 1 _.~Coupling element
14 ‘ Initial configuration ‘ ‘Deformed configuration ‘ Tresee ’

Figure 4: Coupling element definition

Using the matriceR and Q defined in Table 3 for the sliding joint, and bearing in mind
that the sliding node is th& node of elemen#, the transformation matriX for the coupling
element is given by

0|I 0 ... 0| Ogxens
b 0(0 ... T O] Ogxens (24)
R|0 ... 0 0| Qexeum

6N x6(1-+N+M)

where the matrice$ and 0 are the unit and zer6 x 6 matrices. Further details of the
linearisation and the joints with dependent degrees of freedom will be given in [23].

3.2 Momentum-conserving algorithm for flexible mechanisms in the presence of sliding
joints

When extending the momentum-conserving algorithm (19) to systems with sliding joints
we need to preserve the conserving properties for any change of the contact position within one
element and also when element jumping occurs. An algorithm that satisfies these conditions
will be briefly described. The proof of the conservation of the angular momentum and details
about the linearisation can be found in [23].

In order to establish the conditions for the conservation of the angular momentum, the kine-
matic relations of the sliding joint in Table 3 must be rewritten in an incremental form. Further-
more, the conditionr¥ = 5 will be relaxed, sa-Z will be seen as an approximation of the
position of the sliding node V. Considering that at time's,; andt,, the contact point co-
ordinates areX, and X1, on elements3 and D respectively (see Figure 5) , the incremental
displacement of the sliding node may be obtained as follows,

AN AN

N _ AN B _ 71D.j.Dj B.j.B,j
utt =T - ro) —1 (25)

~ 2B
n ~Tont1 —Ton = {02 ct T
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wherel2; and 1} stand for the interpolation functions of elemeritsand B evaluated
at contact pointsXc, and X;. It is shown in [23] that the expression obtained on the right
of (25) may be approximated in two different ways. The first one will be terAggax1 and
assumes that the contact point remains within one element. The second will beAmgdied
and involves element jumping (see Table 4). Without going into the details of the algebraic
manipulations, the resulting relations between the incremental degrees of freedom give rise to
two different matriceiN, = [R Q], which are denoted biN ,; andN »,. Table 5 gives both
matrices for the two approximations, whef§/ = 5(Icy + Icy), 1oy’ = 3(Iey’ + 1677),
127 = Igy? —7AXIg,?, andy is a constant parameter. The incremental rotatidi? is the
tangent-scaled rotation that transformglvn (rotation of elemen3 at timet,, at the contact
point X¢1) into A@MH (rotation of elementD at timet, ,; at the contact poinf (), i.e.

D _ BD B
ACZ,n—I—l - Cay(a )ACLn'

1 | tD
e clementB A, _elemen
IV 1 ]N ~—
element A
/ /
tn ’
Figure 5: Simplified mesh for the case of element jumping

In fact, the two transformation matrices give rise to different conditions for the conservation
of angular momentum when used in conjunction with the residual given in equation (19). The
matrix N »; leads to the condition

o m s
s = 1o, (26)

whereas matriN 4, implies the kinematic condition,

rf/’év = Igw’jrf)/’g. (27)
In (26), the sliding condition is satisfied in the middle of the time-step. Becauﬁgy’bf
condition (27) is only an approximation to the sliding condition at timg; the error in this
approximation is minimal fory = % Consequently, the time-integration strategy suggested is
to use matrixN o; whenever the contact point remains within an element at timesid¢,, , 1,
and to applylN A, when the contact point jumps from one element to another. This strategy is
used in the the following numerical example.
It is worth noting that approximatior&ppx1 andAppx2 imply Ap, ~ NaApp,, which in
turn transforms the construction of the conserving algorithms as follows
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Appx1l: N Appx2: N ao
B.j B.j
R 96 0 L (r# 4 r8,) @G 0
0 B 0 B
B,1 B,M
Q IC%I 0 Icw 1 0 [Iggfll 0 IgV’MI 0 ]
B,1 DM D1 DM
0 IC%I 0 Ic% I 0 ICWI 0 ICW I
i 1 B 1 ~BD
W|th B = WACLN (I + 5(1 >

Table 4: MatriceR andQ using approximation&\ppxl and Appx2

AH = Ap, - ga = App,, - Naga = 0.

In this sense, the more accurate the approximations are, the smaller the energy increment
obtained. Some attempts in making the algorithm energy conserving by avoiding the approxi-
mations or correcting the energy increment have not yet given satisfactory answers.

3.3 Numerical example

The following example involves two flexible beams connected through a sliding joint with
no released rotations. The initial configuration of beatiis and BM is depicted in Figure
6, where the geometrical and material properties (the same for both beams) are also shown.
BeamsAB and BM are modelled using four and one quadratic elements respectively. A mass
of 1 kg is attached to beaf )/ at point)M where an initial velocityw is applied. The analysis
terminates when the sliding node reaches pdinTwo time-integration schemes are used, the
Newmark trapezoidal rul& and the momentum conserving algorithm described in Section 3.2.
The first scheme uses an initial time-step&f = 0.0005. During the course of the analysis
this time-step had to be reduced twice in order to provide a converged solution. Eventually,
however, this scheme failed to converge. Figure 7 shows that this occurred when the angular
momentum blew up. The second scheme uses a constant time-st&p -ef 0.0025. The
released displacement of the sliding node is shown in Figure 7. It can be seen that the results
produced by the two schemes are very similar before the occurrence of the momenutm blow-up
in the Newmark algorithm, in spite of the fact that in the momentum conserving algorithm the
contact condition was somewhat relaxed. Figure 7 also confirms the momentum-conserving
properties of the second scheme.

4 CONCLUSIONS
In the first part of this paper, we have presented a method of formulating higher-order ac-

curate and conservative single-step algorithms for the problems of one-dimensional elastic con-
tinua. For a single bar element it has been shown that the method is capable of increasing

16



Gordan Jelewi,” Edward Graham and Ja$§1uioz

0.0 0.0
A={ 00 $:B={ 3.0

0.0 1.0

1.0 0.0
M={ 30 }:v9={ —10.0

1.0 ~10.0

A=10x10"%; I, =1I,,=20x107°
E=10x10%; v=0.3; p =800

Figure 6: Free sliding mass example
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Figure 7: Released displacements and components of the angular momentum

the order of accuracy for sufficiently small time steps or reducing the global error for larger
time steps. Extension of the method to cater for multi-bar truss structures brings additional
complexities, which are largely related to assembly procedure and higher-order accuracy with
energy conservation. Some of these issues are currently under investigation, but we believe that
there exists a scope for applying the present methodology to more complicated problems of
non-linear elastodynamics.

In the second part, we have briefly described a related idea, in which some of the well-known
complexities of invariant and conserving time-integration of beam structures are addressed by
introducing a configuration-dependent parameter. In this way, a fully conserving and invariant
algorithm may be provided for most of the standard joint types including revolute, spherical,
universal, prismatic, cylindrical as well as joints with dependent degrees of freedom (e.g. screw
joints and rack-and-pinion joints). The problem becomes much more involved in the presence
of sliding joints, in particular when the sliding can take place along a series of elements. These
joints can be successfully implemented within the adopted master—slave technique for statics
and non-conserving dynamics, but in order to maintain the conservation of some of the con-
stants of motion it becomes necessary to relax some of the constraint conditions. A momentum
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conserving algorithm for sliding joints has been presented and compared to the standard New-
mark trapezoidal rule.
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