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1. Introduction 
 Implicit schemes are well known for the property of allowing numerical stability in the resolu-
tion of partial differential equations in presence of time steps not restricted by the Courant-
Friedrichs-Lewy (CFL) condition.  In this work upwind implicit scheme is used for resolution of 
the one-dimensional open channel flow equations driven by the interest in accurate and efficient 
numerical modeling of nonhomogeneous hyperbolic system of conservation laws emphasizing 
space dependency of the flux and significant geometrical source term variation. Some research has 
been recently oriented to the development of implicit techniques able to capture transcritical transi-
tions and discontinuities. The implicit first-order upwind scheme proposed by Yee [9] was the first 
non-oscillatory shock capturing implicit scheme. Some authors used implicit numerical approach in 
solution of  open channel flow equations but not accounting for the flux space dependency [1], and 
in [2] even without the source splitting. Numerically balanced approximations of flux and source 
terms including the flux space dependency have been introduced by some authors [8], [7], [5], [4] 
but employing exclusively explicit numerical approach. In this paper we modified original finite 
volume Linearised Conservative Implicit (LCI) scheme in order to account for the spatially vari-
able flux dependency, and consequently the source term was appropriately decomposed to balance 
the upwind flux decomposition. These numerical modifications enabled the use of implicit numeri-
cal scheme in modeling of the open channel flow equations involving nonprismatic channels with 
rectangular cross section geometry. 
 

2. The one-dimensional open channel flow equations 
 The governing one-dimensional open channel flow equations [6] model the homogeneous, in-
compressible, viscous water flow in rivers and channels characterized by a hydrostatic pressure dis-
tribution. The one-dimensional open channel flow equations are based on conservation of mass and 
conservation of momentum  
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where t is time; x is the horizontal distance along the channel; A is the wetted cross-sectional area; 
Q represents discharge and g is the gravitational acceleration. The friction slope Sf and the bed 
slope Sb are defined as 
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while 1I  represents the hydrostatic pressure force term, and 2I  the pressure force term due to lon-
gitudinal channel width variation, h is the total water depth; n the Manning’s roughness coefficient; 
RH  the hydraulic radius. System of partial differential equations (1,2) describes a set of balance 
laws that written in vector form reads:  
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in which  w is a vector of flow variables, f represents flux vector, s source term vector. Mentioned 
term 1I  that represents a hydrostatic pressure force term reads 
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and 2I  that stands for the pressure forces due to longitudinal width variations reads 
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or in the partial derivative form 
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The bed slope bS  is the partial derivative of the bottom elevation z : 
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Equation (3) can be further expressed in quasilinear form as 
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where J is the Jacobian matrix of f with respect to w  
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For nonprismatic channels with rectangular cross sections, terms for celerity c, I1, and I2 simplify 
to: 
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Since the Jacobian J  has a set real and different eigenvalues,  
( ) cu −=1λ ,   ( ) cu +=2λ , 

the nature of  partial differential equations (1), (2) is hyperbolic. These eigenvalues correspond to 
the two characteristic wavespeeds with their signs providing information about the flow direction. 
The corresponding right eigenvectors of the Jacobian are 
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3. Improved upwind implicit scheme with source term decomposed  
 In this section implicit upwind TVD numerical scheme used is briefly presented, since primary 
goal was to construct implicit numerical scheme able to deal with channels with variable width and 
strong variation in bed geometry with friction term included. Implicit scheme used in this paper is 
based upon Roe’s scheme solving Riemann problems approximately on the cell boundaries. Finite 
volume method is employed, with uniform space step xΔ , and adjustable time step tΔ . Spatial 
domain is discretised into a set of cells [ ]2/12/1 , +− ii xx   with cell centers xi , i=1,…,N.  The general 
form of finite volume numerical scheme used can be written as  
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if  numerical flux vector. For 0=θ , the scheme is ex-

plicit and for 1=θ  Euler implicit time integration is achieved, i.e., it is the fully implicit case. For 
implicit case numerical flux vector is evaluated 
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with matrix 2/1
~

+iQ being approximate Jacobian of the flux at the cell interface 
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where R  is the matrix containing right eigenvectors (6). Choice of matrix 2/1+Φ i defines the type 
of scheme from family of schemes. For Symmetric LCI Form  
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where α  is wave strength, L some limiter function and Ψ entropy correction function to eigenval-
ues λ  of Jacobian J  that gurantees physically valid discontinuities in the solution [3]. Accuracy of 
this scheme is second order in time and space. Limiter function was set to zero and scheme became 
first order in space, but it made it more robust admitting bigger CFL values. Vector V in (7) ac-
counts for space dependency of the flux 
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Source term is appropriately decomposed to balance the flux upwind decomposition in (7) [8]: 
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In above expressions vector S  represents the part of the source term (3) that is decomposed 
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Balance between flux and source terms decomposition can only be obtained locally by balancing 
non-zero fluxes through the edges of a finite volume, because the numerical source integral cannot, 
in general, be written as a difference. It is possible to overcome this problem when the source term 
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takes the form of a derivative (4), (5) and that is the case with part of the source term (8) that can 
simply augment the conservative flux. The remaining part of the source term  
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is applied in pointwise manner.  
Different terms need to be linearised using Taylor expansion around wn: 
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The numerical procedure described produces block tridiagonal linear system of equations with 
block matrices  
[2 x 2], that is to be solved in each time step: 

..,..,1,1
1

11
1 Nii

n
ii

n
ii

n
ii ==++ +

+
++

− bwCwBwA  
where Ai, Bi, Ci are block matrices that are elements of the global matrix of the system and di 
represents RHS vector containing source term and some data from previous time level tn . For brev-
ity, treatment of boundary conditions in implicit case will not be discussed here. 
 

4. Numerical tests  
 In this section, numerical simulations of two test cases are presented. Chosen test problems 
validate the correct balancing of the flux gradient and the source term. In order to illustrate the 
quality and the achieved improvements, these balanced schemes are compared with their versions 
with pointwise evaluated source terms. Since the first order and flux limited versions of the scheme 
give similar results, from the point of view of obtained improvements, tests are computed using 
non-limited schemes.  

4.1 Dam break test problem with variable bed with friction 
 Dam break test problem was used to investigate and compare the ability of balanced and point-
wise scheme to deal with propagating discontinuities. Since implicit method for solving open chan-
nel flow problems was originally derived for solving Euler equations dealing with steady state 
problems in gas dynamics, their behavior in unsteady calculation of dam break problem is shown.  
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Figure 1. TEST 4.1 - Dam break –water levels with pointwise and balanced scheme, t=0.1s   
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Figure 2. TEST 4.1 - Dam break – Difference in calculated water levels with pointwise and balanced 
scheme, t=0.1s   
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Figure 3. TEST 4.1 - Dam break – Difference in discharge Q  with pointwise and balanced scheme, 
t=0.1s   

 
Test channel is prismatic and rectangular with bottom width b=1m, channel length L=1 m and bed 
friction given by Manning factor n=0.03. Initially, water is at rest with water level h0,L=1 m in the 
left half of the channel and h0,R=0.5 m in the right part. At the time level t=0 s imaginary dam lo-
cated in the middle of the channel is removed instantly. 
 
Propagating shock is tracked satisfactory with both versions of the scheme, but it is obvious that 
shock front “smears” as time steps and CFL numbers increase and numerical dissipation effects be-
come significant. Test is calculated with Courant number CFL=3 with still significant gains in 
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computational time and moderately “smeared” shock front. Balanced and pointwise scheme show-
ing matching result in Figure 1 in raster given in the picture in fact showed difference in water level 
and discharge results in order of 10-3 m Figure 2, Figure 3. 

4.2 The quiescent flow test in rectangular prismatic channel with variable bed with friction 
 Good shock tracking capabilities of the both versions of the scheme being proved in the previ-
ous test case, this test tries to emphasize the quality of the balanced scheme with the quiescent flow 
test case. Channel specifications are identical to the previous test case (4.1) and only difference is 
in water level being initially set to constant level h0= 1m throughout the whole channel length. 
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Figure 4. TEST 4.2 – Quiescent flow – Difference in water level between initial and calculated water 
levels calculated with pointwise scheme   
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Figure 5. TEST 4.2 – Quiescent flow – Difference in water level between initial and calculated water 
levels calculated with balanced scheme   

In this test case numerical gains with balanced scheme are fully revealed. Presence of the channel 
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source term (the channel bed “bump”) in this test case, shows the necessity of source term decom-
position and furthermore, decomposition has to be done in balance with flux upwind decomposi-
tion. Pointwise scheme showed  errors of the order 10-3 m Figure 4, while balanced scheme gave 
excellent results with error in water level of the order 10-15 m (Figure 5) that is in fact product of the 
computer double precision round off error.  

4.3 The quiescent flow in a channel proposed by the working group on dam break modeling 
 Finally, numerical capabilities of improved balanced scheme proposed are fully revealed 
through the demanding test case involving channel with strong variations in bed geometry and 
strong channel width variations with friction. The channel geometry is proposed by the working 
group on dam break modeling [7] .    
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Figure 6. TEST 4.3 – Quiescent flow – Discharge calculated with balanced scheme   

Computation is performed using constant space step mx 5.2=Δ . Figure 6 shows excellent results 
with discharge oscillations along the channel reach of the order 1210− . Error for the water level is 
of the order smaller than 2010− while pointwise version of the numerical scheme produces unac-
ceptably large errors as expected.  

5. Conclusion  
 Two versions of conservative implicit methods belonging to the family of linearized upwind 
schemes have been presented. Improved balanced implicit scheme was tested and compared with 
simple non-balanced pointwise version of the scheme on different open channel test problems 
which include friction, nonuniform bed slopes, strong channel width variations and dam break 
problem with analysis of transient solution. In unsteady case both methods proved to be nondisper-
sive, showing good shock tracking capability, and with moderate CFL numbers produced accepta-
bly dissipative results. The one-dimensional open channel flow equations numerical modeling ap-
proach proposed showed excellent results because successful balancing of the implicit upwind 
scheme was performed reaching exact conservation property and still keeping all the benefits that 
implicit numerical approach brings. 

References 
[1] Bermudez, A., Dervieux, A., Desideri, J., Vazquez, M.E., “Upwind Schemes for the Two-Dimensional 

Shallow Water Equations with Variable Depth Using Unstructured Meshes”, INRIA Rapport de 
recherche, No 2738, 1995. 



8 
 

[2]  Delis, A.I., Skeels, C.P., Ryrie, S.C., “Implicit high resolution methods for nodelling one-dimensional 
open channel flow”, J. of Hydraulic Research. vol. 38, 2000. No. 5  

[3]  Delis, A.I., Skeels, C.P., TVD schemes for open channel flow Int. J. Numer. Meth. Fluids, 26(7):791, 
1998.  

[4] Garcia-Navarro, P., Vazquez-Cendon, M.E., “On numerical treatment of the source terms in the 
shallow water equations”, Computers & Fluids 29 (2000) 951-979 

[5] Hubbard, M.E., Garcia-Navarro, P., “Flux Difference Splitting and the Balancing of SOurce Terms and 
Flux Gradients”, Journal of Comput. Physics 2000..; 165:89-125. 

[6] MacDonald, I., “Analysis and Computation of Steady Open Channel Flow”, Ph.D. thesis, University of 
Reading, Department of Mathematics, 1996.  

[7] Vazquez-Cendon, M.E., “Improved treatment of source terms in upwind schemes for shallow water 
equations in channel with irregular geometry”, J. Comput. Phys. 148, 497-526, 1999. 

[8]  Vukovic, S., Sopta, L., “Upwind schemes with exact conservation property for one-dimensional open 
channel flow equations”, SIAM J. SCI. COMPUT., Vol. 24, No. 5, pp. 1630-1649, 2003. 

[9] Yee HC, “Construction of explicit and implicit symmetric TVD schemes and their applications”, 
Journal of Comput. Physics 1987.; 68:151-179. 

 
Lado Kranjčević, Ph.D., Assist. 
Faculty of Engineering/University of Rijeka, Department of Fluid Mechanics and Computational 
Engineering, Vukovarska 58, Rijeka, Croatia, Phone 00385 (0)51 651444, Fax 00385 (0)51 651490, 
lado.kranjcevic@riteh.hr  
 
Bojan Crnković, Assist. 
Faculty of Engineering/University of Rijeka, Department of Fluid Mechanics and Computational 
Engineering, Vukovarska 58, Rijeka, Croatia, Phone 00385 (0)51 651444, Fax 00385 (0)51 651490, 
bojan.crnkovic@riteh.hr  
 
Nelida Črnjarić Žic, Ph.D., Assist. Prof. 
Faculty of Engineering/University of Rijeka, Department of Fluid Mechanics and Computational 
Engineering, Vukovarska 58, Rijeka, Croatia, Phone 00385 (0)51 651444, Fax 00385 (0)51 651490, 
nelida@riteh.hr  
 



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


