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ABSTRACT

The modeling of low frequency (<100Hz) electrodynamic loudspeaker is presented as one degree of freedom nonlinear damped oscillator described by an ordinary differential equation of motion. The model has been compared to equivalent LRC circuit model and it was shown that differential equation approach is more suitable for calculations which include nonlinearities occurring in an electrodynamic loudspeaker, as well as couplings of different vibration modes, particularly those coming from vibrating air and loudspeaker itself. The nonlinear differential equation of periodically driven anharmonic oscillator was solved numerically, and calculated amplitude frequency dependence and electric impedance have been compared to the experimental data. Calculations included different working regimes of the loudspeaker being operated in an evacuated space and air.
1.  MACROBUTTON  "Click here" InTroduction

Description of an electrodynamic loudspeaker (EDL) using equivalent electric LRC circuits is commonly used method, which is suitable when loudspeaker works in small signal range and major nonlinearities can be neglected. In order to properly describe an EDL it is necessary to include all nonlinearities which occur in this oscillator. Introduction of nonlinearities in an equivalent circuit is not simple and requires several circuits with amplitude dependent parameters, which differ for different frequency ranges. In this paper equivalent circuit approach has been shortly reported for convenience, and it was compared to appropriate linear differential equation of second order, which was finally gradually updated to fully nonlinear model for loudspeaker operating in vacuo and in the air. Equivalent circuit approach additionally complicates evaluation when coupling of different vibration modes coming from nonlinear vibration of air and loudspeaker itself must be considered. In this paper, nonlinear differential equation of motion was solved in Matlab using Runge-Kutta numerical algorithm implemented in Matlab ordinary differential equation (ODE) toolbox for different working conditions and results were compared to data recorded on real loudspeaker. Recently reported approximation of Bessel functions [1] applied to calculation of radiation impedance facilitates such an approach.
1.1. Nonlinearities included in modeling
Relevant nonlinear parameters which appear in the loudspeaker were independently measured, and subsequently included in the differential equation.  In order to separate nonlinearities of air atmosphere from those coming from mechanical and electrical system, physical parameters were measured on loudspeaker operated in vacuo. The nonlinearities considered in this work are listed:
a) k-factor in the restoring term of differential equation was evaluated from membrane displacements excited by independent use of calibrated weights and DC current in both directions. Equalization of displacements obtained by calibrated weights and known DC current gave us Bl factor, which is fairly constant for currents up to 150 mA. Measurements showed that k-factor is asymmetrical in positive and negative direction of membrane displacement. In our calculations we used effective stiffness, which was evaluated from measurements and supposed to be symmetrical for both positive and negative amplitudes. The results for effective stiffness versus displacement are approximated by equation (1). For large elongations major contribution to nonlinearities is fast rising k-factor. Introduction of the amplitude dependent k-factor into equation of motion, results in well known amplitude cut-off when vibration amplitude suddenly drops at some critical frequency and current.
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where k is effective stiffness and x is displacement in millimeters.
b) Mass nonlinearity occurs at lower vibration amplitudes when different parts of the membrane vibrate with different amplitudes [2], and it was evaluated from the resonant frequency dependent on driving current and extending up to 100 mA. The mass nonlinearity contributes to an initial decrease of the resonant frequency with driving currents increasing up to 100 mA. The dependence of the effective mass on displacement was evaluated from resonance frequency, measured for different driving currents. The results are approximated by equation (2).
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M is given in grams and x in millimeters.
c) Friction term in equation of motion consists of real part of radiation impedance (Rs) and membrane friction (RM). Friction is calculated from Q-factor and effective mass, which were measured in air and vacuum. At low frequencies (around 50 Hz) RS is small compared to membrane friction, and could be neglected. The results for friction in vacuum (RMV) and in the air (RMA) are described with equations (3) and (4) where x is displacement in millimeters.
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1.2. Measurement setup

The electrical impedance of loudspeaker was measured in vacuo and in the air by the use of voltage-current method and AudioPrecision SystemTwo analyzer. The resistor in series with loudspeaker had relatively large value in order back electromotive force could be neglected. The membrane displacements were measured with laser distance meter providing a relative accuracy of 2 microns.
2.  MACROBUTTON  "Click here" Linear modeling
In this section an equivalent circuit approach has been emphasized and analyzed for different driving current. For each value of driving current the model parameters like effective mass, effective k-factor, friction term and effective radiation surface of the membrane vibrating in air were calculated. Then the equivalent circuit approach was compared to the model of EDL by the use of linear differential equation of second order in which parameters depend of driving current. Displacement amplitude and electrical impedance of EDL were measured as function of frequency and data compared to simulation results obtained by the use of linear modeling.
2.1. Equivalent circuit approach
The EDL can be treated as two-port network which connecting the mechanical end electrical parameters.  In an equivalent circuit (EQC), voltage and current can be replaced by force and velocity of radiating surface. 
The mechanical part of EDL can be expressed by equation [3]:
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B 
- Magnetic inductivity
l 
- Effective length of voice coil wire
u 
- Particle velocity on front side of transducer
Zm0 
- Mechanical impedance which is given with 
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RM
- Internal friction term depending on radiation in air or in vacuum, and it is constant for each current excitation level
M 
- Effective mass included in motion (depends on current excitation level)
k 
– Effective stiffness (depends on current excitation level)
ω 
– Radial frequency

Parameters of mechanical impedance for each individual driving current used in the modeling when EDL is operating in vacuo are given in Table 1. 
Table 1 Driving currents and corresponding mechanical parameters

	I0[mA]
	k[N/m]
	M[g]
	B·l[T·m]
	RMV[kg/s]

	10
	631.28
	7.49
	5.5
	0.3595

	50
	697.02
	9.08
	5.5
	0.4207

	100
	816.45
	11.01
	5.5
	0.4758


The next equation, which describes electrical part of EDL is obtained as the sum of the voltage on electric port and voltage induced by the Lenz’s law B·l·u. The equation describing electrical part of EDL is given with equation:
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V
- Voltage on EDL unit

I
- Current on EDL unit

ZEB
- Blocking electrical impedance (when particle velocity on transmitter surface u=0)
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RDC
 - Voice coil resistance

L
- Voice coil inductivity

Considering equations (5)-(8), an EDL can be represented by antireciprocal circuit where mechanical and electrical sides of the transducer are connected with electromechanical transformer (Fig. 1).
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Figure 1 An EDL as antireciprocal transducer with transformer between mechanical and electrical circuit (ψM=B·l)
2.1.1 Calculation of radiation impedance
For rigid infinite baffle, the loading impedance of a loudspeaker manifests as acoustic radiation impedance, which is frequency dependent. Radiation impedance in complex form is given with equation:
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Zr
- Radiation impedance

Rs
- Real part of radiation impedance

Xs
- Imaginary part of radiation impedance

- Density of loading medium (1.14kg/m3 for air)
c
- Velocity of sound in (330m/s for air)

R
- Radius of loudspeaker (also depend on excitation level, calculated in table 2 when radiation in air is considered)


[image: image12.wmf]l

p

×

=

2

k


(11)

k
- Wave number

- Wavelength of sound wave
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J1
- Bessel function of the first kind
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H1
- Struve function of first order [1]

When EDL unit is radiating in the air, effective radiation surface should be included in modeling, since at low driving currents, the membrane is only partly included in radiation.
Comparison of equivalent circuit modeling and measurement data for electrical impedance when EDL is operating in vacuo 
In this section measurement data for electrical impedance have been compared with equivalent circuit modeling in the frequency range for 35-55 Hz and with current dependent parameters. The results of theoretical and measured input electrical impedance are shown in figures 2-4, for EDL unit operated in unloaded (vacuum) and loaded (air) regime. The parameters for comparison are calculated resonance frequency (frs) and measured resonance frequency (fm).
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Figure 2 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=10mA). frm=45.2 Hz, frs= 46.25 Hz
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Figure 3 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=50mA). frm=43.3 Hz, frs=44.1 Hz
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Figure 4 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=100mA). frm=43.3 Hz, frs=43.35 Hz

Comparison of equivalent circuit modeling and measurement data for electrical impedance when EDL is operating in the air 
When loudspeaker unit is radiating in the air, an additional mass should be included in modeling M'=M+XS/. The effective k-factor dependent on displacement is the same as in vacuum, but friction (RM) differs due to viscosity of vibrating air [4]. Table 2 shows calculated friction in air (RMair) and effective radius (Reff) for different driving currents.
Table 2 Mechanical parameters of EDL, calculated when loudspeaker is radiating in air
	I0[mA]
	k[N/m]
	M[g]
	Reff[cm]
	B·l[T·m]
	RMair[kg/s]

	10
	628.8
	7.36
	8.7
	5.5
	0.55

	50
	667.8
	8.47
	9.3
	5.5
	0.80

	100
	718.9
	9.5
	9.6
	5.5
	1.03
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Figure 5 Comparison of measured and calculated electrical impedance of EDL operating in the air (I0=10mA) frm=36.7 Hz, frs=37.45 Hz
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Figure 6 Comparison of measured and calculated electrical impedance of EDL operating in the air (I0=50mA) frm=35.2 Hz, frs=35.6 Hz
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Figure 7 Comparison of measured and calculated electrical impedance of EDL operating in the air (I0=100mA) frm=34.9 Hz, frs=35 Hz

2.2. Modeling of EDL using linear ordinary differential equation
This section deals with representation of EDL by linear ordinary differential equation and driving current as variable parameter. In general representation of equation of motion all impedance contributions must be respected; (a) back electromotive force (BEF), (b) friction force of air (Fr=-Zr·u), (c) intrinsic membrane. Imaginary parts of radiation impedance and BEF are divided with radial frequency and added to effective mass (acceleration term), while real parts are added to damping term (velocity term) as shown in equation (14). 
The linear equations were solved analytically and numerically and results for displacement amplitude were compared. The displacement is given with equation (15) and electrical impedance was calculated using expressions for total power of oscillating system being sum of mechanical and electrical power [2]. Real and imaginary parts of electrical impedance are given by expressions (16) and (17).
The numerical algorithm resides on the Runge-Kutta procedure implemented in Matlab ODE suite for driving current and loudspeaker parameters (effective mass, k-factor and effective radiation surfaces depending on excitation current level). The equation (14) was solved for given frequency range, and transient solution was in order to analyze stationary displacement x(t). Maximum amplitude has been found from time domain signal and stationary part of the signal was frequency analyzed using FFT algorithm implemented in MATLAB. This approach is useful in nonlinear modeling when harmonics appear in the analyzed signal. The quality of cited approach is represented in Fig. 8.
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Figure 8 Comparison of theoretical displacement amplitudes obtained with linear modeling when EDL unit is radiating in vacuum (I0=10mA)
Linear modeling of electrical impedance and displacement amplitude using linear modeling when EDL is operating in vacuo
The electric impedance and vibration amplitude were measured in vacuo for selected driving currents I0=10, 50 and 100 mA. The measured data were compared to calculated data obtained by modeling with linear differential equation. The results are shown in Fig. 9-13. The solid lines represent calculated results based upon linear modeling, while dotted lines are data obtained by measurements. 
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Fig. 9 shows real and imaginary part of electric impedance near resonance frequency recorded for driving current of I0=10 mA. The deviation of measured data from calculated data is small pronounced at lower frequency in real part of impedance, while the deviation in imaginary part is symmetrically extended around resonance frequency. The calculated resonance frequency was 45.5 Hz which should to measured value 45.2 Hz.
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Figure 9 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=10mA). frm=45.2 Hz, frs=45.5 Hz

Fig. 10 represents the vibration amplitude dependent upon frequency for measured data (dotted line) and calculated (solid line) for driving I0=10 mA. It is evident qualitative agreement for both measured and calculated data which differ only by translation for about 0.05 mm. The principle reason of discrepancy could be in uncertainty of friction term RM which dominates denominator of the resonance equation.
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Figure 10 Comparison of measured and calculated amplitude of EDL operating in vacuo in vacuum (I0=10mA)
Fig. 11 shows the real and imaginary part of impedance recorded near resonance frequency. When compared to preceding result, the deviation of measured data from calculated ones is more symmetrically distributed near resonance frequency. This may come from less influence of effective mass with increasing amplitude. The measured resonance frequency frm=43.3 Hz and calculated frs=44 Hz, difference being higher in the preceding case. Again, the possible reason may be change in effective mass. The similar qualitative conclusion may be derived from Fig. 12 where the difference of vibration amplitude of calculated and measured data is less pronounced in absolute value of amplitude, as well as symmetrical deviation.
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Figure 11 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=50mA). frm= 43.3 Hz, frs=44 Hz
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Figure 12 Comparison of measured and calculated amplitude of EDL operating in vacuo (I0=50mA)
Fig. 13 shows the measured and calculated impedance of EDL. It is evident slight asymmetric disagreement of measured and calculated data for real part of impedance, which is not the case for imaginary part, where deviation is more symmetric. This results correlate with data in Fig. 14, where the asymmetry of the amplitude is more pronounced in measured the in calculated data. This type of disagreement is qualitatively different from preceding cases, and it may be attributed to increasing influence of nonlinearities in k-factor. Measured resonant frequency is frm=43.3 Hz which slightly differ from calculated value of frs=43.5 Hz. This result can be expected owing to less pronounced influence of effective mass, which saturates at 100 mA.
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Figure 13 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=100mA). frm=43.3 Hz, frs=43.5 Hz
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Figure 14 Comparison of measured and calculated amplitude of EDL operating in vacuo in vacuum (I0=100mA)

Linear modeling of electrical impedance and displacement amplitude when EDL is operating in the air
Real and imaginary parts of impedance and vibration amplitude were recorded on EDL vibrating in the air. Vibrating air above loudspeaker membrane gives rise to nonlinearities of XS, RS and Stokes viscosity [4]. The measurements were executed for driving currents I0=10 and 100 mA. Fig. 15 shows measured and calculated electric impedance for driving force I0=10 mA. The deviation of calculated data from measured ones is more asymmetric in real than imaginary part, which is similar to data recorded in vacuo. This appeals an attention for more pronounced role of k-factor at low driving currents. The measured resonance frequency is frm=36.7 Hz and calculated frs=37 Hz. The similar deviation of measured and calculated data is visible in Fig. 15, which shows the vibration amplitude dependent on frequency. 
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Figure 15 Comparison of measured and calculated electrical impedance of EDL operating in the air (I0=10mA). frm=36.7 Hz, frs=37 Hz
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Figure 16 Comparison of measured and calculated amplitude of EDL operating in the air (I0=10mA)
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Figure 17 Comparison of measured and calculated electrical impedance of EDL operating in the air (I0=100mA). frm=34.9 Hz, frs=34.5  Hz

Asymmetric deviation of measured and calculated data is less pronounced for driving current of 100 mA (Fig. 17, 18). When data in Fig. 14 and 18 are compared it is evident less asymmetric form of the amplitude dependence in the case of air, which may be attributed to smaller vibration amplitude for the same driving current. Absolute deviation of measured and calculated amplitude could be attributed to less adequate friction term RM. 
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Figure 18 Comparison of measured and calculated amplitude of EDL operating in the in air (I0=100mA)
3. Nonlinear MODELING
Modeling with nonlinear differential equation includes all above listed nonlinearities which occur in an EDL. The analytical solutions of nonlinear differential equation can be obtained using perturbation method as described in ref [5,6]. 
As mentioned above, an important contribution to nonlinearities for low driving currents is effective membrane mass, which saturates to true mass for driving currents approaching 100 mA. The problem can be reduced to effective vibrating area Reff2 which saturates at true geometric area. The amplitude dependent effective area drives two additional nonlinearities. For selected frequency, imaginary part of radiation impedance XS is also proportional to effective area, which must be considered when calculating radiation impedance. Change of XS can be obtained from change of resonance frequencies measured in vacuum and air [2]. Change of effective radius can be than obtained from change of XS. According to our measurement results effective radius can be approximated with S-form function:
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Nonlinear modeling of electrical impedance and displacement amplitude when EDL is operating in vacuo 
Fig. 19 shows the real and imaginary part of electric impedance near resonance frequency for driving current of 10 mA. Measured imaginary part (dotted line) fairly matches calculated curve (solid line) based upon nonlinear modeling, and calculated frequency frs=45 Hz is close to measured value frm=45.2 Hz. The agreement of measured and modeled values for amplitude is less convincing, although better agreement may be obtained by translation of calculated values for about 0.05 mm. This sounds for possibility that friction term RM is not adequately approximated, that is the possible influence of hysteresis in intrinsic friction of membrane may be of more pronounced importance.
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Figure 19 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=10mA). frm=45.2 Hz, frs=45 Hz
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Figure 20 Comparison of measured and calculated amplitude of EDL operating in vacuo (I0=10mA)
Fig. 21 shows the real and imaginary part of electric impedance for driving current of 100 mA. As in previous case, the calculated resonance frequency frs=43.5 Hz differs only slightly from measured one frm=43.3 Hz, but the real part of impedance shows considerable deviation for measured and calculated values. This may be explained by good approximation of k-factor but less adequate description of intrinsic membrane friction. Such an explanation is additionally supported by Fig. 21, which shows asymmetric deviation of calculated and measured vibration amplitude for driving current of 100 mA.

Qualitative agreement of calculated and measured data is obtained for measurements on EDL operating in the air, showed in Fig. 22 (I0010 mA) and Fig. 23 (I0=100 mA). Translation for 0.05 mm of calculated curves results in very good agreement with measured data. It is noteworthy that nonlinear modeling gives asymmetric resonance curves, which may be, by better choice approximation curves, give better matching.
[image: image35.png]100

R[Ohm]

X[Ohm]

50

=—NonLinear modelling
===+ Measured

= Nonlinear modelling
===+ Measured

40

45 50 55
Frequency[Hz]




Figure 21 Comparison of measured and calculated electrical impedance of EDL operating in vacuo (I0=100mA). frm= 43.3 Hz, frs=43.5 Hz
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Figure 22 Comparison of measured and calculated amplitude of EDL operating in vacuo (I0=100mA)

Nonlinear modeling for electrical impedance and displacement amplitude when EDL is operating in air
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Figure 23 Comparison of measured and calculated amplitude of EDL operating in air (I0=10mA)
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Figure 24 Comparison of measured and calculated amplitude of EDL operating in air (I0=100mA)
4. Conclusion 
An analysis of an electrodynamic loudspeaker operated in vacuo and air for different driving currents was performed by the use of three different methods: (a) equivalent circuit approach, (b) linear and (c) nonlinear modeling. 
Agreement between calculated and measured data is satisfactory. Certain contribution to disagreement between measured and calculated values resides also in the problem of temporal changes of physical parameters [7]. The membrane deforms in hysteretic way and removal of driving force is accompanied by creeping aftereffects, which may change the resonance frequency up to one percent in one day.
The equivalent circuit approach is derived from linear differential equation and the results for input electrical impedance are identical with linear modeling as expected. The comparison between results of linear and nonlinear modeling showed us very good agreement when excitation current amplitude is small enough. At higher current amplitudes the resonance frequency shifts appears and very good agreement in this nonlinear theoretical approach solving nonlinear equation numerically and measurement results is obtained. 
5. REFERENCES

[1] Ronald M. Aarts, Augustus J.E.M. Janssen, "Approximation of the Struve function H1 occurring in impedance calculations", JASA (113), 5, May, 2003
[2] I. Djurek, D. Djurek, A. Petosic, N. Demoli, Non linear stiffness of the loudspeaker measured in an evacuated space, 121st AES Convention, San Francisco, October 5-8, 2006
[3] L.E. Kinsler, A.R. Frey, "Fundamentals of acoustics", Fourth Edition, John Wiley and Sons

[4] I. Djurek, A. Petosic, D. Djurek, Mass nonlinearity and intrinsic friction of the loudspeaker membrane,  122nd AES convention, Vienna, May 5-8, 2007
[5] L.D. Landau, E.M. Liftschitz, "Course of Theoretical Physics, Volume 1, Mechanics", Elsevier 1976
[6] P.M. Morse, "Theoretical acoustics", Princeton University Press, Princeton,  New Jersey, 1986
[7] W. Klippel, Dynamica Measurements of Loudspeaker Suspension Parts, 117th AES Convention, San Francisco, CA, October 28-31 2004, Convention paper 6179
�





AES




















	� EMBED Equation.3  ��� 	(14)





	� EMBED Equation.3  ���	(15)





	� EMBED Equation.3  ���	(16)





	� EMBED Equation.3  ���	(17)

















[image: image42.wmf]{

}

(

)

2

Re

0

0

2

0

2

0

)

,

(

)

(

)

(

)

(

Re

w

w

w

w

×

+

+

+

=

BEF

I

R

I

R

I

X

R

Z

S

m

DC

E

[image: image43.wmf]{

}

÷

÷

ø

ö

ç

ç

è

æ

+

+

×

×

+

×

=

w

w

w

w

w

w

w

Im

0

0

3

2

0

2

0

0

)

,

(

)

(

)

(

)

(

Im

BEF

I

X

I

M

I

X

L

Z

s

E

_1233769158.unknown

_1234096292.unknown

_1234290653.unknown

_1234290724.unknown

_1234290838.unknown

_1234290678.unknown

_1234284715.unknown

_1233905997.unknown

_1233906015.unknown

_1233904552.unknown

_1233904696.unknown

_1227336962.unknown

_1233606244.unknown

_1233606381.unknown

_1233606392.unknown

_1233606356.unknown

_1227348836.vsd
ZEB


1:ψM


V


I


u·ψM


Ym0


I·ψM


u


F


Yr=1/Zr



_1233074841.unknown

_1226915247.unknown

