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Abstract— This paper describes a procedure of obtaining
linear model with changeable parameters of the fuel cell (FC)
power system. The start point was the nonlinear model of
the FC power system based on Polymer Electrolyte Mem-
brane (PEM) FC with Nafion 117 membrane. A basic stack
voltage model, membrane hydration and anode flow model
are included in nonlinear model. Transfer functions of stack
voltage and power in relation to stack current and anode
inlet flow are determined for different operating points. The
influence of membrane humidity on the stack voltage and
power is also considered. Parameters of transfer functions are
determined by optimization using Matlab. The obtained results
of parameters optimization show the significant variations in
parameters, depending on the operating point, thus leading
the authors to develop some advanced control strategies for
the fuel cell power system.

I. INTRODUCTION

Fuel cells have been studied intensively in the past
decade. They are attractive because of the potential re-
placement of fossil fuels in the future, clean environment,
mobile and transportation technologies and possibility of
connecting with other renewable energy sources (wind, sun,
etc.) into the existing energetic network.

The mathematical models are essential for investigation
of the fuel cell power system behavior. There are many
papers published concerning fuel cell modeling and simu-
lation [3]–[10]. However, most of them are not oriented to
the control of fuel cell power system.

This paper deals with the modeling of the fuel cell system
with a Polymer Electrolyte Membrane (PEM), also known
as Proton Exchange Membrane, with membrane of type
Nafion 117. The accent of this paper is on linear model
with changeable parameters, which is suitable for controller
design.

Basics of the fuel cell are described in Section II.
Section III describes a nonlinear model of the PEM FC
system, which is taken from the literature [1], [2]. Section
IV describes a linear models with changeable parameters,
depending on the operating point. Final thoughts are given
in the Conclusion.

II. BASICS OF THE FUEL CELL OPERATION

Fuel cells are electrochemical devices that convert the
chemical energy of a fuel (hydrogen) and an oxydizer
(oxygen) directly into electricity. The fuel cell consists of an
electrolyte between two electrodes. The electrolyte allows
the positive ions (protons) to pass through while blocking
the electrons. Hydrogen gas passes over one electrode

Fig. 1. Basic principle of PEMFC operation.

(anode), and with the help of a catalyst, separates into
electrons and hydrogen protons (Fig. 1, [13]):

2H2 → 4H+ + 4e−. (1)

The protons flow to the other electrode (cathode) through
the electrolyte while the electrons flow through an external
circuit thus creating electricity. The hydrogen protons and
electrons combine with oxygen flow through the cathode,
and produce water:

O2 + 4H+ + 4e− → 2H2O. (2)

Therefore, the overall reaction of the fuel cell is:

2H2 + O2 → 2H2O. (3)

III. NONLINEAR MODEL OF A PEMFC SYSTEM

Nonlinear model of the PEM fuel cell according to [1],
[2] is taken into consideration. A stack voltage model, anode
flow model and membrane hydration model are considered
in this paper because the FC phenomena described by these
models are essential from the control point of view.

A. Stack Voltage Model

According to [1], the single cell voltage can be defined
by following equation:

VFC = ENernst − Vact − Vohmic − Vcon. (4)



The cell reversible voltage ENernst or an open circuit
voltage is given by:

ENernst = 1.229− 0.85 · 10−3 · (T − 298.15)+

+4.31 · 10−5 · T ·
[
ln (pH2) +

1
2

ln (pO2)
]

,
(5)

where T denotes cell operation temperature (K), pH2 and
pO2 are the partial pressures of hydrogen and oxygen (atm),
respectively.

Activation overpotential Vact can be calculated by:

Vact = −[ξ1 + ξ2 · T + ξ3 · T · ln (CO2) +
+ξ4 · T · ln (iFC)],

(6)

where iFC is the cell operating current (A), and the ξ’s
represent parametric coefficients for each cell model (Table
I). CO2 is the concentration of oxygen in the catalytic
interface of the cathode (mol/cm3) given by:

CO2 =
pO2

5.08 · 106 · exp (−498/T )
. (7)

Parametric coefficient ξ2 can be determined as:

ξ2 = 0.00286 + 0.0002 ln (A) + 4.3 · 10−5 · ln (CH2) , (8)

where CH2 is determined similarly as (7).
The ohmic voltage drop can be determined by:

Vohmic = iFC · (RM + RC) , (9)

where RC is the resistance to the transfer of protons through
the membrane, usually considered constant, and RM is the
equivalent resistance of the membrane:

RM =
ρM · l

A
, (10)

where ρM is the specific resistivity of the membrane (Ω ·
cm), A is the cell active area (cm2) and l is the membrane
thickness (cm). For the membrane of Nafion 117 type (l =
178 µm), specific resistivity equals:

ρM =
181.6 ·

[
1 + 0.03 · iF C

A + 0.062 ·
(

T
303

)2 (
iF C

A

)2.5
]

[
λm − 0.634− 3 · iF C

A

]
· exp

[
4.18 ·

(
T−303

T

)] ,

(11)
where λm is the average membrane water content.

The mass concentration voltage drop is given by:

Vcon = −B · ln
(

1− J

Jmax

)
, (12)

where B (V) is a parametric coefficient, and J represents
the actual current density of the cell (A/cm2).

The dynamics of the cell can be described with first-
order delay, which exists in the activation and concentration
voltages. The associated time constant equals:

τ = C ·Ra, (13)

where C represents the equivalent capacitance (F) of the
system and Ra the equivalent resistance (Ω). The value of
the capacitance is considered constant (some few farads),
while the resistance can be determined from the cell output
current and the activation and concentration voltages:

Ra =
Vact + Vcon

iFC
. (14)

The instantaneous electrical power (W) supplied by the
cell to the load is given by the following expression:

PFC = VFC · iFC . (15)

B. Anode Flow Model

The mass balance equation for a lumped anode flow
model, with the hydrogen mass mH2,an and water mass
mw,an as system states, is is according to [2] given by:

dmH2,an

dt
= WH2,an,in−WH2,an,out−WH2,reacted, (16)

dmw,an

dt
= Wv,an,in −Wv,an,out −Wv,membr −Wl,an,out,

(17)
where WH2,an,in is the mass flow rate of hydrogen gas
entering the anode, WH2,an,out is the mass flow rate of
hydrogen gas leaving the anode, WH2,reacted is the rate of
hydrogen reacted, Wv,an,in is the mass flow rate of vapor
entering the anode, Wv,an,out is the mass flow rate of vapor
leaving the anode, Wv,membr is the mass flow rate of water
across the membrane and Wl,an,out is the rate of liquid
water leaving the anode.

All flows denoted with W terms have units of kg/s. In this
paper the rate of liquid water leaving the anode Wl,an,out

is set to zero.
The calculated masses are used to determine anode pres-

sure pan, hydrogen partial pressure pH2 , and the relative
humidity of the gas inside the anode φan. The pressures
are calculated using the ideal gas law:

Hydrogen partial pressure:

pH2,an =
mH2,anRH2Tst

Van
, (18)

Vapor partial pressure:

pv,an =
mv,anRvTst

Van
, (19)

Anode pressure:

pan = pH2,an + pv,an. (20)

In equations (18) – (20) RH2 and Rv denote gas constants
of hydrogen and vapor, respectively, Tst denotes the stack
temperature and Van denotes the anode volume.

The relative humidity of the gas inside the anode is:

φan =
pv,an

psat (Tst)
, (21)

where psat (kPa) is calculated by:

log10 (psat) =− 1.69 · 10−10 · T 4
st + 3.85 · 10−7 · T 3

st−
− 3.39 · 10−4 · T 2

st + 0.143 · T − 20.92.
(22)

The vapor pressure is calculated by:

pv,an,in = φan,in · psat (Tan,in) . (23)

The hydrogen partial pressure of the inlet flow is then
calculated as:

pH2,an,in = pan,in − pv,an,in. (24)

The anode humidity ratio is:

ωan,in =
Mv

MH2

pv,an,in

pan,in
, (25)

where MH2 and Mv are the molar masses of hydrogen and
vapor, respectively.



The mass flow rates of hydrogen and vapor entering the
anode are:

WH2,an,in =
1

1 + ωan,in
Wan,in, (26)

Wv,an,in = Wan,in −WH2,an,in. (27)

The rate of hydrogen consumed in the reaction is a
function of stack current:

WH2,reacted = MH2 ·
N · iFC

2 · F
, (28)

where F is a Faraday number and N is a number of stacks
connected in series.

The anode exit flow rate Wan,out represents the purge
of anode gas to remove both liquid water and other gases
accumulated in the anode (if reformed hydrogen is used).
In this paper that purge is assumed to be zero.

C. Membrane Hydration Model

The membrane hydration model calculates the water
content in the membrane and the rate of mass flow of water
across the membrane.

The water transport across the membrane is achieved
through two distinct phenomena: an electro-osmotic drag
and ”back-diffusion” [2].

The net water flow Nv,osmotic (mol/(s·cm2)) from anode
to cathode of one cell caused by electro-osmotic drag can
be expressed as:

Nv,osmotic = nd
iFC

F
, (29)

where nd is electro-osmotic drag coefficient.
The net water flow Nv,osmotic (mol/(s·cm2)) from cath-

ode to anode of one cell caused by ”back-diffusion” can be
expressed as:

Nv,diff = Dw
dcv

dy
, (30)

where cv (mol/cm3) is the water concentration, y (cm)
is the distance in the direction normal to the membrane,
Dw (cm2/s) is the diffusion coefficient of water in the
membrane.

Combining (29) and (30) and approximating the water
concentration gradient in the membrane to be linear over the
membrane thickness, the water flow across the membrane
can be written as:

Nv,membr = nd
iFC

F
−Dw

(cv,ca − cv,an)
l

, (31)

where l (cm) is the thickness of the membrane.
The total stack mass flow rate across the membrane

Wv,membr can be calculated from:

Wv,membr = Nv,membr ·Mv ·A ·N. (32)

The membrane water content, and thus the electro-
osmotic and diffusion coefficients, can be calculated using
the activities of the gas in the anode and the cathode:

ai =
yv,ipi

psat,i
=

pv,i

psat,i
, (33)

which, in the case of gas, is equivalent to relative humidity
φi. The index i is either anode (an) or cathode (ca), yv,i

is the mole fraction of vapor, pi is the total flow pressure,

TABLE I
PARAMETRIC COEFFICIENTS OF THE FUEL CELL SYSTEM AND

PHYSICAL CONSTANTS USED IN THE NONLINEAR MODEL.

Param. Value Param. Value

T 343 K A 50.6 cm2

l 178 µm pO2 0.2 atm
B 0.016 V RC 0.0003 Ω
ξ1 −0.948 ξ3 7.6 · 10−5

ξ4 −1.93 · 10−5 Jmax 1.5 A/cm2

Rv 461.5 J/(kg·K) RH2 4124.3 J/(kg·K)
Mv 18.02·10−3 kg/mol MH2 2.016·10−3 kg/mol
N 100 F 96485 Coulombs

psat,i is the vapor saturation pressure, and pv,i is the vapor
partial pressure.

For the Nafion 117 membrane, the water content in the
membrane λi can be calculated as:

λi =

{
0.043 + 17.81ai − 39.85a2

i + 36a3
i , 0 < ai ≤ 1

14 + 1.4 (ai − 1) , 1 < ai ≤ 3
.

(34)
The average water activity am can be calculated as:

am =
aan + aca

2
. (35)

The membrane average water content λm is calculated by
equation (34) using the average water activity am between
the anode and cathode water activities. The electro-osmotic
drag coefficient nd and the water diffusion coefficient Dw

are then calculated from the membrane water content λm:

nd = 0.0029λ2
m + 0.05λm − 3.4 · 10−19 (36)

and

Dw = Dλ exp
(

2416
(

1
303

− 1
TFC

))
, (37)

where

Dλ =


10−6 , λm < 2
10−6 (1 + 2 (λm − 2)) , 2 ≤ λm ≤ 3
10−6 (3− 1.67 (λm − 3)) , 3 < λm < 4.5
1.25 · 10−6 , λm > 4.5

.

(38)
The water concentration at the membrane surfaces on

anode and cathode sides, used in (31), is given by:

cv,an =
ρm,dry

Mm,dry
λan, (39)

cv,ca =
ρm,dry

Mm,dry
λca, (40)

where ρm,dry (kg/cm3) is the membrane dry density and
Mm,dry (kg/mol) is the membrane dry equivalent weight.

To form a fuel cell stack model, the membrane hydration
model is integrated with the stack voltage and anode flow
models, previously described.

The parametric coefficients of the fuel cell system and
physical constants are given in Table I [1], [2].



Fig. 2. Optimization scheme for determination of linear model parameters.

IV. LINEAR MODEL OF A PEMFC SYSTEM

Based on the nonlinear model, the structure of a linear
model of fuel cell system can be determined exactly. How-
ever, parameters are not so easy to determine analytically
because of the complexity of nonlinear model. There-
fore, the parameters of linear model are determined using
MATLAB – SIMULINK [11] and OPTIMIZATION TOOLBOX
[12]. The general optimization scheme for obtaining the
parameters of the linear model is shown on Fig. 2. Input in
the linear model is the change of input value in the nonlinear
model, which determines the operating point, and the output
of the linear model is the change of output value of the
nonlinear model around the operating point. The integral
square error criterion was used for optimization:

Icrit =

∞∫
0

e2 (t) dt. (41)

All changes of input values ∆u (Fig. 2) are made as step
changes with value of 10% of operating point:

∆u = 0.1 · u0 · S (t) . (42)

Linear model of the fuel cell system is determined for
six operating points, which are given in Table II.

The linear models of the stack voltage and power, with
current density as its input, can be described with transfer
functions:

G11(s) =
∆VFC(s)
∆JFC(s)

= KV ·
1 + TV s

1 + T1s
(43)

TABLE II
STATIONERY STATE VALUES FOR OPERATING POINTS DETERMINED BY

CURRENT DENSITY VALUES.

JFC Wan,in/(N · 106) mw,an,0/104
λm(A/cm2) (kg/s) (kg)

0.2 0.3678 7.5864 11.2
0.4 0.7356 6.6836 9.4
0.6 1.1034 5.9451 8.2
0.8 1.4711 5.3211 7.3
1 1.8389 4.7836 6.6

1.2 2.2067 4.3148 6.1

and

G12(s) =
∆PFC(s)
∆JFC(s)

= KP ·
1 + TP s

1 + T1s
. (44)

The parameters of transfer functions (43) and (44) de-
termined for uncontrolled membrane water content λm are
given in Table III. It is assumed that the anode inlet flow is
controlled ideally to insure the exact amount of hydrogen
to be reacted on the membrane, depending on the current
(load) demands.

As seen from Tables II and III, the membrane water
content λm drops down very quickly with current increase,
dropping down the voltage and power as well as slowing
down the cell dynamics. It is seen that already at 1 A/cm2

of current density, the stack voltage drops down to zero.
This is why the membrane water content (humidity) has
to be controlled. Therefore, all other transfer functions
determined in this paper will assume that the membrane
water content is controlled at value λm = 14.

In that case, the parameters of transfer functions (43) and
(44) are given in Table IV.

From the Table IV it is seen that the dynamics of the
stack is faster with increase of the current density (time
constant T1 is smaller). It is also seen that efficiency of the
cell falls with higher current density (gain coefficient KP

is smaller or even negative).
The maximum error values em do not exceed 1 ‰ in any

case, so the linear model is very accurate for given operating
point. The voltage, power and error responses of nonlinear
and linear model for operating point JFC = 0.4 A/cm2,
with current density as the model input are given on Fig. 3.

The transfer functions of the voltage and power in relation
to anode mass flow rate can be described by integral
behavior:

G21(s) =
∆VFC(s)

∆Wan,in(s)
=

KiV

s
(45)

TABLE III
PARAMETERS OF TRANSFER FUNCTIONS (43) AND (44) DETERMINED

FOR UNCONTROLLED MEMBRANE WATER CONTENT λm .

JFC KV
TV T1 KP

TP

(A/cm2) (ms) (ms) (ms)

0.2 -60.58 78.06 187.4 2187 221.1
0.4 -62.53 283.9 414.8 975.1 601.8
0.6 -88.3 472.4 672.2 -1236 195.3
0.8 -148 525.9 778.6 -5891 496
1 0 0 0 0 0

1.2 0 0 0 0 0

TABLE IV
PARAMETERS OF TRANSFER FUNCTIONS (43) AND (44) DETERMINED

FOR CONTROLLED MEMBRANE WATER CONTENT AT VALUE λm = 14.

JFC KV
TV T1 KP

TP

(A/cm2) (ms) (ms) (ms)

0.2 -50.94 50.23 140.6 2338 162.5
0.4 -37.84 41.11 75.48 1727 92.25
0.6 -36.31 34.67 52.51 1045 73.21
0.8 -38.93 29.92 40.68 193.4 137.1
1 -44.89 26.14 33.5 -946.9 14.08

1.2 -55.78 22.61 28.83 -2623 19.99



Fig. 3. The voltage, power and error responses of nonlinear and linear
model for operating point JFC = 0.4 A/cm2, with current density as the
model input.

TABLE V
THE PARAMETERS OF TRANSFER FUNCTIONS (45) AND (46)
DETERMINED FOR OPERATING POINTS GIVEN IN TABLE II.

JFC KiV /104 KiP /105 eV m ePm

(A/cm2) (%) (%)

0.2 6.991 7.075 1.84 1.84
0.4 3.555 7.196 2.49 2.49
0.6 2.384 7.239 2.71 2.71
0.8 1.794 7.261 2.83 2.83
1 1.438 7.274 2.90 2.90

1.2 1.199 7.283 2.94 2.94

and
G22(s) =

∆PFC(s)
∆Wan,in(s)

=
KiP

s
. (46)

The parameters of transfer functions (45) and (46) deter-
mined by optimization, for operating points given in Table
II, are given in Table V.

It is seen from Table V that speed of integration is
different for each operating point (gain coefficients KiV and
KiP ). The errors of the parameters determination are larger
than in the case of transfer functions (43) and (43) (Table
V), but still satisfying for control purposes. The voltage,
power and error responses of nonlinear and linear model
for operating point JFC = 0.6 A/cm2, with anode mass
flow rate as the model input are given on Fig. 4.

To illustrate the fuel cell power system nonlinearities, the
obtained parameters of transfer functions from Tables IV
and V are shown graphically on Fig. 5. It can be concluded
that every parameter from stated tables changes significantly
with the current density.

Fig. 4. The voltage, power and error responses of nonlinear and linear
model for operating point JFC = 0.6 A/cm2, with anode mass flow rate
as the model input.

Fig. 5. Graphical dependance of linear model parameters from Tables IV
and V on the change of current density.



V. CONCLUSION

The contribution of this paper lies in determination of
linear models of the cell voltage and power in relation to
the stack current density and anode inlet flow. The linear
model with variable parameters is important for control
purposes. The variation in model structure and parameters
is closely related to controller type selection for particular
control loop.

The parameters of the linear model (transfer functions)
are determined by optimization using program package
MATLAB, for different operating points determined by stack
current density. The optimization goal was minimizing the
difference between the nonlinear model taken from the
literature and linear model, so that linear model follows the
nonlinear model behavior in the given operating point. The
obtained errors of linear models have had satisfying values.

The optimization results show that parameters of transfer
functions vary significantly with the load demand (change
of current density). For better illustration, these variations
in parameters are graphically presented.

The change of the membrane humidity, caused by load
demand, drastically effects the cell voltage and power drops.
Therefore, the humidity (membrane water content) has to be
controlled at constant level, ideally λm = 14. The humidity
is in this paper supposed as a constant value. The FC
systems have humidity control loop which would hold the
humidity at desired level. The humidity model and control
loop is subject of further investigation.

The nonlinear model used in this paper does not consider
the possibility of increasing the cell voltage and power by
increasing the oxygen pressure by using a compressor. To
make the stack power more usable, a DC/AC converter
should be added to the nonlinear and linear model. This
is what the authors are planning to do next.

The final plans are to design the controllers of cell voltage
and power based on obtained linear models. Because of the
significant variations in the parameters, it is likely that these
controllers will have advanced structure, but the basic PID
controllers will also be considered.
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