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1D Hyperbolic balance law:
ou  Of(u,x)

8t+ Ox

=g(u,x), xeR, t>0.

Numerical schemes:
Explicit:
At
u =] - — < fr12 — f"171/2) + Atg/

1 AX 1
Implicit:
n+1 _ . .n At fn+1 fn+1 At n+1
i =W = A Uik =~ licp2 + Atg;

At
n+1 _ ..n n n n
u =ui = (1—p) [Ax < 12 fi—1/2) - Atg;]

At 1 1 +1
Ax (filfl/z - ffjl/z) — Atg]

v
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Flux:
1 n _ 1 + _
fivig = 3 (f(“i+1/2) - f(“i+1/2)) 5 |Ais1/2] <ui+1/2 B “i+1/2>
1
A i+1/2 |Ai1/2| Vigr/28x
Source:
_ o + _ 1 | — A
8 =81 T8 12 T 5 ( +1/2 | I+1/2|) 8it+1/2
1 -1
+ 3 (' A \Ai—1/2|> 8i-1/2
of _ of
A(u) = S A=RAR™! v(u)= 5|u:mt, J
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Figure: Approximate Riemann problem solver
Roe Average

f(uf_ll/z) —f(u 1) = A(Ui+1/2)(uﬂ1/2 — U ) F V(i12) Ax

, _ = it
Uit12 = “(“i+1/2v“i+1/2)
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Taylor expansion

In order to drop the time-index from (n+ 1) to n, vectors f"+1, v™+1 and
g™ are linearized using Taylor expansion:

n+1 n n n+1 n
f,- ~ fi +Jf (ui —UI')7

n+1 ~ n
Vitip 7 iyt <1+1/2 i+1/2>7

+1 +1
&1z ~ Bihiptg ( Uity ~ 7+1/2) ’

Semi-implicit scheme =- block n-diagonal linear system

(1 -+ pK(u™) - (u™ —u") = d(u"),
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Numerical schemes Q

Roe scheme (Q scheme)

O(At) + O(Ax)

Ui = Ui
“iil/z = Uin
Flux and Source
1 1 )
fivip = 5 (fi +fip1) — ER,'+1/2 INit1)2] Ri 1o (Wip: —uj)
1 -1 -1
- §Ri+1/2/\i+1/2 ‘Ai+1/2’ Ri+1/2vi+1/2AX
= LR A A R!
& = S\~ Mi+12 i+1/2} i+1/2] i+1/2 ) 8i+1/2
1l -1 -1
t 5 (' +Ri12N 7 [N o Rifl/2) 8i-1/2
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Numerical schemes Flux limited

Flux limited scheme (FL scheme)

O(At) + O(Ax?)

Uit = Ui

+ — u
Uii12 = Uitl

Flux and Source

1 1 _
fivie = 5 (fi+fir) = SRipap [Aisay2| LivajoRi (Ui — up)
1 _ _
— SR  [Nivayo| LivajoRi ;o Vi pix
g = (' - Ri+1/2A,'_+11/2 ‘Ai+1/2‘ Li+1/2R,'_+11/2> 8it1/2

NIRNI=DN

(' + Ri71/2,\,':11/2 INiZ1)2] Li71/2R,'_,11/2> 8i—1/2

o
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Roe

Liti2=1

Lax-Wendroff

Lit1/2 = [Nit1/2l AL

Flux limited
L;+1/2 =1- (¢'i+1/2 (l - |Ai+1/2| %))

Modified flux limited
Livio = 1= (®ir1y2 (1 = diag(min(1, | Niy1/2,

)
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WENS
Weighted Essentially NonOscillatory schemes

WENO(s,r)
@ uses a s-stage TVD Runge-Kuta time integration,
@ high order polynomial reconstruction in the spatial domain.
e Formal accuracy: O(At®) + O(Ax?r+1)
o Cp = %max(A) <1

Implicit WENO(1,r)
@ uses a backward Euler time integration
o Formal accuracy: O(At) + O(Ax?r+1)

@ At each time step one needs to solve a block (2r + 3)-diagonal linear
system.

@ Unconditionally stable.
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SYEND

Each reconstructed state is a convex combination of averaged cell states

Ui;1/2[P] = Z ZW;(U[P]) "3y Yiertkt [Pl

k=0 j=0
r+1 r

uiJ-r|-1/2[p] = Z Zw;{(u[p]) ) a;r,j *Uiortk+j [P]
k=1 j=0

dwiulpl) = 1, ) ) a =1
k=0

k=0 j=0
r+1 r+1 r
S wlp) = 1,303 ey =1
k=1 k=1 j=0
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Open channel flow equations

Figure: Control volume

Open Channel

(2] lgtu) e Lot
Q |’ G +gh |’ gh+gA(Sp—5f) |’
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Open channel flow equations

@ t denotes time

@ x is the horizontal distance along the channel

o A = A(x,t) is the wetted cross-sectional area

e Q = Q(x,t) represents discharge

o I = foh(h —n)B(n, x)dn models the hydrostatic pressure force

o L= foh(h — n)%dn the pressure force due to longitudinal
channel width variation.

o Sf = m?Q|Q| P*/3A19/3 is the friction term

o S, = —% is the bed slope

e B = B(h,x) is the channel width

e m = m(x) is the Manning's roughness coefficient

e P = P(A,x) is the perimeter

@ z = z(x) is the channel bed

e h= h(A, x) is the water depth
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Numerical Results Dam break problem

1
—Init
~~~~~ Solt=10s
0.8
Eo6
@
>
=2
1
5 0.4
s 0,
a 2
0,2
0 T \ .
0 20 40 60 80 100
X [m]

Figure: Initial and exact solution to a Dam break problem at t=10 s
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Numerical Results Dam break problem

1
—IQ CFL=0.6
0.9 ==-IQCFL=1.8
—IW CFL=0,6
0.8 == IWCFL=1,8
0,7
0.6
0.5 T T T
0 20 40 60

Figure: Q and WENO(1,3) implicit scheme with different CFL numbers
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Numerical Results Dam break problem

0.75
—IFL CFL=0.6
---IFL CFL=0.9
07 RN | e IFL CFL=1.2
—IQCFL=0.6
---IQ CFL=0,9
0.65 IQ CFL~1.2
0.6
0,55
0.5 ‘ : ‘
65 70 75 80 85 90 95

Figure: Q and Flux limited implicit scheme
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Numerical Results Dam break problem

0.75
—IFL CFL=0.6
---IFLCFL-1.2
07 IS\ | e IFL CFL-1.8
—IQ CFL=0.6
---IQ CFL-1.2
0.65 1Q CFL-1,8
0.6
0.55
0.5 ‘ ‘ ‘
65 70 75 80 85 90 95

Figure: Q and Flux limited implicit scheme
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Numerical Results Dam break problem

0.75
—IMFL CFL=0.6
---IMFLCFL-1.2
07 IS\ IMFL CFL~1.8
—1IQ CFL=0.6
---IQCFL=1.2
0.65 1Q CFL-1,8
0.6
0.55
0.5 ‘ ‘ ‘ ‘ S SR
65 70 75 80 85 90 95

Figure: Q and modified Flux limited implicit scheme
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Numerical Results Dam break problem

0.75
— IMFL CFL=0.6
---IMFL CFL=1.2
07 - IS, e IMFL CFL-1.8
—I3DW CFL-0.6
---I3DW CFL=1.2
0.65 I3DW CFL~1,8
0.6
0.55
0.5 ‘ ‘ ‘
65 70 75 80 85 90 95

Figure: Modified Flux limited and block three-diagonal component wise
WENO(1,3) implicit scheme
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Numerical Results Dam break problem

0,75
—IMFL CFL=0,6
---IMFL CFL=1,2
0,7 3NNy e IMFL CFL=1,8
—I3DW PC CFL=0,6
---13DWPC CFL=1,2
0,65 I3DWPC CFL=1,8
0,6
0,55
0.5 ; ‘ ‘
65 70 75 80 85 90 95

Figure: Modified Flux limited and block three-diagonal component wise
Predictor-Corrector WENO(1,3) implicit scheme
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Numerical Results Dam break problem

0.75
—IMFL CFL=0.6
---IMFL CFL~1.2
07 - EIRNSONGNY e IMFL CFL=1.8
—IWCFL=0.6
---IWCFL=12
0.65 W CFL=138
0.6
0.55
0.5 ‘ ‘ ‘
65 70 75 80 85 90 95

Figure: Modified Flux limited and block component wise nine-diagonal
WENO(1,3) implicit scheme
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Numerical Results Dam break problem

0,9

0,8

0,7

0,6

0,5

—IW(1,3) CFL=0,2
---W(1,3) CFL=0,2
---W(2,3) CFL=0,2

20

40 60

80 100

Figure: Finite volume characteristic wise WENO(1,3) and implicit WENO(1,3)
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Dam break problem

Numerical Results
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NI WRENS  Order of Accuracy

Steady-state test problem used for testing the convergence

@ riverbed bottom is supposed to be given with a smooth function
z(x) =0, 2625107 \where x € [0; 20]

@ steady subcritical flow with a constant discharge equal
Q=14,42m?/s

2,5 4

2,0 1

-_—

—z(x)

151 —h(x)*+2(x)

water level [m]

1,0 A

0,0 T T

0 5 10 15 20
x[m]
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IMPLICIT WENO(1,3)

Cs=0,5t=0,1s

[ N Il 111 Order Il oo Order |
20 3,3107¢ 1,1-10~%

40 441075 2,9 1,6:10°° 2,7
80 931076 2,3 3,410°° 2,3
160 2,2.10°6 2,1 8,1.10~7 2,0

Ca=1t=01s

[ N I 111 Order Il oo Order |
20 3,0.107¢ 9,9-10~5

40 4,6-107° 2,7 1,6:10°° 2,6
80 981076 2,2 3,5:10°° 2,2
160 2,3.1076 2,1 8,410~ 7 2,1
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IMPLICIT WENO(1,2)

C.g=0.01 t=0,01 s

[ N INIEY Order N oo Order |
20 3,110 % 9,9-10~5

40 7,0.107° 2,1 1,6:10~° 2,2
80 1,2.107° 2,6 3,5-10~6 2,3
160 2,4-10°° 2,3 8,4-10~7 2,4

C.1=0.01; t=0,01;Romberg O(Ax4) integration of the source term

LN Il Il Order Il lloo Order |
20 6,2-10°° 9,910~ 5

40 7,2.107° 3,1 1,6-10~° 3,3
80 4,41077 4.0 3,5-10~7 3,7
160 3,5.10°8 3,6 8,4-1078 3,4
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