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1. Introduction

In a series of papers Lepowsky and Wilson have obtained a Lie theoretic proof of famous Rogers-Ramanujan partition
identities (cf. [1,2]). They used the fact that the product side of these identities arise in principally specialized characters for
all level 3 standard representations of affine Lie algebra s((2, C), and to obtain the sum side of identities they constructed
combinatorial bases for these s((2, C)-modules. The key ingredient in their construction is a twisted vertex operator
construction of fundamental s[(2, C)-modules and the corresponding vertex operator relations for higher level modules.

By using Lepowsky-Wilson’s approach with untwisted vertex operators, Lepowsky and Primc obtained in [3] new
character formulas for all standard s[(2, C)-modules. Feigin and Stoyanovsky in [4] gave another proof and combinatorial
interpretation of these character formulas, one of several new ingredients in the proof being the so-called principal
subspaces, later also named Feigin-Stoyanovsky’s subspaces. By using intertwining operators Georgiev (cf. [5]) extended
Feigin-Stoyanovsky’s approach and obtained combinatorial bases of principal subspaces of standard sl(£ 4+ 1, C)-modules
together with the corresponding character formulas. In a similar way Capparelli, Lepowsky and Milas in [6,7] use the theory
of intertwining operators for vertex operator algebras in order to obtain the recurrence relations for characters of principal
subspaces of all arbitrary fixed level standard s[(2, C)-modules. It turned out that these recurrence relations are precisely the
known recursion formulas of Rogers and Selberg, already solved by G. Andrews while working on Gordon identities (cf. [8,
9]). The Capparelli-Lepowsky-Milas approach was further investigated by Calinescu in [10] in order to construct the exact
sequences of principal subspaces of basic sI(I + 1, C)-modules and thus acquire a recurrence system for characters of these
subspaces. Furthermore, in [11] Calinescu used the exact sequence method to obtain systems of recurrences for characters
of all principal subspaces of arbitrary level standard sl(3, C)-modules and the corresponding characters for some classes
of principal subspaces. Finally, this approach was further developed in [12,13] where presentations of principal subspaces
of all standard s((I + 1, C)-modules are given.

Another construction of combinatorial bases of standard modules of affine Lie algebras was given in [14,15]. In this
construction a new and interesting class of subspaces of standard modules emerged—the so-called Feigin-Stoyanovsky’s
type subspaces, which coincide with principal subspaces only for affine Lie algebra s{(2, C). It turned out that in the case
of affine Lie algebra sl((¢ 4+ 1, C) these combinatorial bases are parametrized by (k, £ + 1)-admissible configurations,
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combinatorial objects introduced and studied in [16] and [17]. In the case of other “classical” affine Lie algebras only bases
of basic modules are constructed by using the crystal base [18] character formula.

Inspired by the use of intertwining operators in the work of Capparelli, Lepowsky and Milas, in [ 19] a simpler proof for the
existence of combinatorial bases of Feigin—-Stoyanovsky’s type subspaces was given in the case of affine Lie algebra s((2, C).
In this paper we extend this approach to obtain exact sequences of Feigin-Stoyanovsky’s type subspaces at fixed level k for
affine Lie algebra s{(I + 1, C).

In order to state the main result we need some notation. Denote g = sl(£ + 1, C) and let § be a Cartan subalgebra of g
with the corresponding root system R. Let

g=b+zga
a€R

be the root space decomposition of g with fixed root vectors x,. Let
g9=9-1D 90D o

be a chosen Z-grading such that h C go. Grading on g induces Z-grading on g:
g=20-1®do D o,

where g; = g1 ® C[t, t~'] is a commutative Lie algebra with a basis given by
X0 1jeZyel}

Here I" denotes the set of roots belonging to g;.
For a standard g-module of level k = A(c) with a highest weight vector v, define Feigin-Stoyanovsky’s type subspace
W (A) as the following subspace of L(A):

W(A) =U(g1) - va.

By using a description of combinatorial bases for Feigin-Stoyanovsky’s type subspaces for affine Lie algebra si(I+ 1, C) in
terms of (k, £ + 1)-admissible vectors, as well as operators ¢q, . . ., 9,1 (constructed with certain intertwining operators
between standard modules) and a simple current operator [w], we obtain exact sequences of these subspaces at fixed level
k (cf. Theorem 5.1):

) ®k m—
ow® Y w8 2w, o
11 ED] (K)

O — Wk(,ko,k],...,k(_]

Here W = W(koAg + - - - + k¢ Ap) is a Feigin-Stoyanovsky’s type subspace for level k = ko + - - - + k¢, Wi, kg k1. by =
W(keAo +koAr + -+ ke—1A¢), and Wy, ..., W, Feigin-Stoyanovsky’s type subspaces derived from W by a procedure
described in Section 5.1.

Exact sequences described above directly lead to systems of relations among formal characters of those subspaces (cf.
Eq.(6.2)):

W@z ) = @Y @) X Wi kb ) (@14 - 2G5 Q).
1D(K)

The paper is organized as follows. Section 2 gives the setting. In Section 3 we define Feigin-Stoyanovsky’s type subspaces
and present the result on combinatorial bases. Section 4 gives the vertex operator construction for fundamental modules,
and introduces the intertwining operators and a simple current operator. The last two sections contain the main results of
the paper: Section 5 states the result on exactness (cf. Theorem 5.1), while in Section 6 we obtain the corresponding system
of relations among characters of Feigin-Stoyanovsky’s type subspaces at fixed level (cf. Egs. (6.2) and (6.4)), and present the
proof that such system has a unique solution.

I sincerely thank Mirko Primc for his valuable suggestions.

2. Affine Lie algebra si(I + 1, (C)~and standard modules

Let g = sl(£ 4+ 1, C), £ € N, and h a Cartan subalgebra of g. Denote by R the corresponding root system (identified in the
usual way as a subset of R‘+1):

R={£(e—¢)|1<5i<j<L+ 1}

As usual, we fix simple roots o; = €; — €;4.1,i = 1,..., ¢, and have triangular decomposition g = n_ @ h & n,. Denote

by Q = Q(R) the root lattice and by P = P(R) the weight lattice of R. Let w;, i = 1, ..., ¢, denote the corresponding

fundamental weights. Define also wg := O for later purposes. Let (-, -) be the Killing form on g. Identify h and h* using this

form, denote by x, fixed root vectors, and normalize the form in such a way that for the maximal root 6 holds (6, 6) = 2.
Associate to g the affine Lie algebra g (cf. [20])

g=g®C[t,t"'1®Cc Cd,



M. Jerkovic / Journal of Pure and Applied Algebra 213 (2009) 913-926 915

with Lie product given by
KXt y@t" =[x, y1 @ """ + m(x, ¥)8min,oC,

forx,y € g, m, n € Z. Here c denotes the canonical central element, and d the degree operator: [d, x ® t"] = nx @ t".
We denote x(n) = x ® t" for x € g, n € Z, and define the following formal Laurent series in formal variable z:

x(z) = Zx(n)z’”’l.

nez
Furthermore, having denoted h® = h @ Cc @ Cd, iy = g ® tT!C[t*!] @ n., we have the triangular decomposition for g:
g=n_@®h dn,.

As usual, denote by {ag, a1, ..., o} C (h°)* the corresponding set of simple roots, and by Ag, A4, ..., A, fundamental
weights.
Let L(A) denote standard (i.e., integrable highest weight) g-module with dominant integral highest weight

A=k0A0+k1A1+"'+kgA[, ko,k],...,k{EZ_;,_.

Define the level of L(A) ask = A(c) = kg + k1 + -+ + ky.
3. Feigin-Stoyanovsky’s type subspaces

3.1. Definition

Fix the minuscule weight w = w, and define the following alternative basis for h*:
F'=s{aeR|low@=1={y.v2,....ve |l vi=€—€p1 =i+ -+l
Consequently we obtain Z-grading of g:
g=29-1+9go+ 91,
where gg = b + Zw(a):O 0o 041 = ) _4eqr Oo- The corresponding Z-grading on affine Lie algebra g is
g=0-1+go+ g,
with go = go ® C[t, t 7] @ Cc ® Cd, §+1 = g+1 ® C[t, t~1]. Note that
g1 =span{x,(n) | y € I',n € Z}

is a commutative subalgebra and a go-module.
For an integral dominant weight A define Feigin-Stoyanovsky’s type subspace of L(A) as

W(A) =U(g1) - va,

U(g1) denoting the universal enveloping algebra for g, and v, a fixed highest weight vector of L(A).
We proceed by defining colored partitions as maps

Xy (=D yelj=1—17Z
with finite support. For given 7 define the monomial x(7) in U(gq) as
x(m) = [ [, (= 0.

Since every 7 can be identified with a sequence (a;){°, with finitely many nonzero elements via agj_1)4r—1 = 7 (X, (—))),
for corresponding x(;7) we will write

XGT) = . Xy, (—2)%xy, (1)1 L xy, (—1)%. (3.1)

From Poincaré-Birkhoff-Witt theorem it follows that monomial vectors x(;r)v 4, with x(77) as in (3.1), span W (A).
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3.2. Combinatorial basis for W (A)

For given A = koAg + k1 A1 + - - - + kA, a monomial x(;7) given by (3.1), or a monomial vector x(7r)v 4 for such x(7),
is called (k, £ 4+ 1)-admissible for A (or W(A)) if the following inequalities are met:

ap < ko
ap+a; <ky+k
0 1 = Ko 1 (32)
ao+ar+---+a—g <ko+---+ke1,
and
ai+ -+ 0Aiyy < k, ie Y/ (3.3)

We say that (3.2) are the initial conditions for given A (or W(A)), and that (3.3) are the difference conditions (note that
the difference conditions (3.3) do not depend on the choice of A).

In [19] Primc demonstrated, by using certain coefficients of intertwining operators between fundamental modules as well
as a simple current operator, that the spanning set for W(A) given in 3.1 can be reduced to basis consisting of (k, £ 4+ 1)-
admissible vectors:

Theorem 3.1. The set of (k, £ + 1)-admissible monomial vectors x(7w)v 4 is a basis of W (A).

Note that the formulation of Theorem 3.1 in terms of (k, £ 4+ 1)-admissible monomials was first given in [16]. We will
not give details of the proof here, although some of the content needed for it is to be presented in the the next section.

4. Intertwining operators and simple current operator

4.1. Fundamental modules

In this section we state some facts needed in the following sections. For precise definitions and proofs see [21-26].
Let us state the basics of the well-known vertex operator construction for fundamental g-modules (cf. [27,28]). Define
Fock space M (1) as induced h-module

M(1) = U(h) ®upeciiece C,
where h = h ® C[t, t '] @ Cc, such that h ® C[t] acts trivially and ¢ as idenEity on one—Adimensional module C. Denote by
{e* | A e P} abasis of the group algebra C[P] of P. Then M(1) ® C[P] is an h-module: h; = ]_[nez\{o} h ® t" @ Cc acts as
hz ® 1,and h = b ® t° as 1 ® b, with h(0) given by h(0).e* = (h, A)e* forh € b, A € P.

For A € P we have vertex operators:

Y(e*,z) = E~ (=X, 2)ET (=), 2)e;8" 2", (4.1)
with

Ei(k,z) = exp <Z k(:tn)zj) , AEP

+n

n>1

eetv®et) =e(h, A+ pnv e

Z2veet)=z%yet, veM(),r pneP,
where € is a 2-cocyle corresponding to a central extension of P by certain finite cyclic group (cf. [23,21]).

The action of h extends to the action of g via (4.1) in the following manner: x, (1) acts on M (1) ® C[P] as the coefficient

ofx " 1inY(e*, 2):

Xy (2) = Y (€%, 2),
and d as degree operator. Furthermore, the direct summands M (1) ® e“C[Q ] of M (1) ® C[P] are exactly standard g-modules

L(A;), and we can identify highest weight vectors vy, = 1® e“,i=0,1, ..., £.
For A € P we also have Dong-Lepowsky’s intertwining operators:

Y(e*,z) == E~(=x, 2)ET (=1, 2)e,z"e™ ¢ (-, 1),

where e; = e*¢(A, -), c(a, B) defined in [21], Eq. (12.52).
For A .= w; —wi_1,i=1, ..., £, we have:

[Y(ey,zl), y(e)\iVZZ)] - 07 Y € Fa
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which implies that every coefficient of all %(e*, z) commutes with x,(n), y € I',n € Z. In particular, this holds for
coefficients

i] = Resz™ ~W:@-tcYe™ z), i=1,...,4¢,
[i] = R 1-(%j,wi—1) (?w ) 1 ¢

which we also call intertwining operators.
We have

[1] [2] [3] [€—1] [€]
L(Ag) — L(A1) — L(A2) — -+ — L(Ae—1) — L(Ay),
and for suitably chosen ¢; in the definition of intertwining operators also

[1] [2] [3] [€—1] [€]
UAO — V4, — Vs, —_— s —> UA[_] — UAI'

Next, define linear bijection [w] on M (1) ® C[P] by
[w] = e“e(-, wy).
We call [w] a simple current operator (cf. [29]). It can be shown that

L(Ag) 2 1A 2 Lay 2 B a2 pay),

and from vertex operator formula (4.1) we have
[CU]UAO = V4y, [Cl)]'l)Al. :Xyi(—l)UAi_1, i= 1,...,K. (42)

Also, from (4.1) it follows X, (2)[w] = [@w]z'“t¥'x, (z) for & € R or, written in components: X, (1)[w] = [w]xe (N + (wy, @),
o € R, n € Z, which specially for y € I' gives

x,(M[w] = [w]x, (n + 1). (4.3)
In general, for every x(7r)v, we have
[wlx() = x(7 ) [w].

where x(7r ~) denotes monomial obtained from x(77) by lowering the degree of every constituting factor in x(;r) by one.

4.2. Higher level standard modules
Because of complete reducibility of tensor product of standard modules we can embed level k standard g-module L(A)
with A = kgAg + - - - + ke A, in the appropriate k-fold tensor product of fundamental modules
L(A) C LA)® ® -+ ® L(AD® @ L(A0)®",
and we can take the corresponding highest weight vector v, to be

_ ., ®ke ®kq ®ko
VAp =V, @ - QU QU

Denote again[i] =1Q® ---1Q[i{]®1---® 1,i =1, ..., £, i.e. the k-fold tensor product of [i] with identity maps:
[i] : LAD® @ -+ @ LA™ @ L(Ai—1)®1 @ - -+ ® L(A)®
= LA @ - @ LA @ (A )71 @ - @ L(A)®* (4.4)

for k; > 1. These are again linear maps between corresponding standard level k g-modules that map highest weight vector
into highest weight vector. Also, these maps commute with action of x, (1), y € I',n € Z.

On k-fold tensor products of standard g-modules we use also [@]®* (we will denote it again [@]), a linear bijection for
which the commutation formula analogous to (4.3) holds.

5. Exact sequences of Feigin—-Stoyanovsky’s type subspaces

5.1. Exactness and supplementary results

For fixed level k and arbitrary nonnegative integers ko, . . ., k, such that ko + - - - + k, = k denote

Wig kyky = W(koAo + ki Ay + -+ - + ke Ay),

_ _ Rky ®kq ®k0
Uko,kl,.“,k[ — Uk0A0+k]A]+~-~+k[Ag — UAK ® & UA] &® UAO .

Also, let By, ...k, be the set of (k, £ + 1)-admissible monomials x(;r) for koAg + kiA; + --- + keA,. Then vectors
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Let us now fix some K = (ko, . .., k;) satisfying kg + - - - + k;, = k and definem = 4{i =0, ..., £ — 1 | k; # 0}. Denote
W = Wi ky,.. ke » U = Vkg ky,...kgs B = By .ky,... k-
Fort € {0, ..., m — 1} define
D (K) = {{ig, ..., it} |0<ipg<--- <1 5(8—1suchthatk,»j #0,j=0,...,t}.

Let Do(K) := {#} and denote by D(K) the union of all Dy(K), D1(K), ..., Dy (K) (note that D,,(K) = {I,;,} is monadic).
For Iy = {ig, ..., i} € Dey1(K),t =0, ..., m — 1, we introduce the following notation:

WIH,] = W{fo,...,it} = Wko ..... ki071,1<,'0+]+1 ..... k,'tfl,k,'t+1+1 ..... ke

similarly also for highest weight vector vy;,,_;,y and By, i}. Also, define Wy = W, vy = v, By = B.
By using [i] given by (4.4), we construct the following mappings that commute with the action of x,,(n),y € I',n € Z:
fort =0,...,m—1,let ¢ be a U(gy)-homogeneous mapping

(/7N Z Wlt — Z W1t+1

It €D (K) It+1€De41(K)

.....

given component-wise by

o) = Y (=1,
{iyeDq (K)
idlt
with p, (i) such thati =jp,t(,») inl; U {i} = {jo, ..., Jj:} for some {jo, ..., j¢:} € Dry1(K).
Observe that ¢, can be described also by providing the components of the image: for I, = {ig, ..., i;} € Dry1(K) we
have

Gy = Y (1AWl i) Vg

0<s<t

where a(w),, stands for the monomial part of w = theDt(K) a(w), vy, in Wi,.
We can now state the exactness result:

Theorem 5.1. For every K = (kg, . .., k¢) such that ko + - - - 4+ k; = k the following sequence is exact:
®k o
0— WklakO»k]y»--,kefl [_a)]__) w ﬂ) Z W11 ﬂ) s u) W’m — 0.
I1eD1(K)

Note that in the case of K = (0, 0, ..., 0, k) we have m = 0 which yields the short exact sequence

[]®
0 — Wioo,..0 —> Woo,. ok —> 0.

Example 5.2. For ¢ = 2, k = 2 the exact sequences are:

00— Wpa0—> Wroo—> Wii10—0

0— Wo 11— Wi0 > Wo20® Wio1 —> Woi1—> 0
0— Wl,],O —> W],O,] d WO,l,l — 0

0— Wopo2—> W20 —> Wo1,1—> 0

0— Wio1—> Wp11—> Woo2—>0

0— WZ,O,O — WO,O,Z — 0.

The following lemmas (outlining some technical facts related to sets 84, A € D(K)) will be used in the proof of
Theorem 5.1.

Lemma 5.3. For A, B € D(K) the following holds:

ACB= 83 C Ba.
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Proof. IfA = {ig, ..., i}, the initial conditions for W, are:

ap < ko
ap + ar < ko + Kk

ao+---+aj, <ko+---+kj—1
o+ - + Gigy1 < ko + -+ - + Kig 1

ao+"‘+ai[§k0+"'+kit_1
o + -+ i1 < ko + -+ + ki1

o+ -+ a1 <ko+ ke

(in the case of A = ( these are just (3.2)). It is obvious that the initial conditions for Wy follow from those for Wy if we
strengthen every (j + 1)th inequality in (5.1) for eachj € B\ A:

a0++a]§k0++kj—1

Hence, for every x(r) € Bp also x(r) € B4 holds. O

Lemma 5.4. Let By, B, € D(K). Then
:BB] N 332 = CBBlUBz'

Proof. From Lemma 5.3 we have
£B]UBZ g ‘BB]
£B] UBy g 0(85’2 9

SO Bp,us, C Bp, N Bp, holds. On the other hand, a monomial x(7r) € Bg, N Bp, satisfies the initial conditions both for W,
and Ws,, which means that it always satisfies the stronger inequality out of two equally indexed ones, which implies that
X(]T) € 331U32' O

For B € D(K) let us define
8° =38\ |J 8

CeD(K)
CDB
The next lemma describes the above defined set more explicitly:

Lemma 5.5. For B € D(K) and Jg = I, \ B, the set B® consists of all x(7) = Xy (DT X, (=D T, (=1 € Bp
such that

ao+"‘+aj:k0+”'+kj’ jeJB‘

Proof. Note that I, is the largest set in D(K) and that for B = I, we have Jp = ¢. In this case the lemma trivially asserts
8 =g, ,

which is an obvious consequence of the definition of 8'm. Next, for B S Iy one directly checks that for every C D B,
C € D(K), the set B¢ consists of all x(7) = ...x,, (=% 1., .x, (=1)%x,, (=1)% € Bp that satisfy (besides the initial
conditions imposed by B) also the following:

a+---+a<kg+---+k—1, ieC\B.

Therefore, 8% consists of all x(r) € B for which such inequalities do not hold (for every strict superset of B belonging to
D(K)). This means that B85 consists of all those x(7) € B for which the following equalities take place:

ag+---+a=kg+---+k;, iEC\B,CDB,CED(K).

All the indices from C € D(K), for all C D B, exactly comprise J = I, \ B, since I, is the largest set in D(K). The assertion
follows. O
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Lemma 5.6. For A € D(K) the set B, can be expressed as a disjoint union

By = U B85, (5.2)

BeD(K)
BDA

Proof. One inclusion is clear: for B € D(K), B 2 A, we have 8% C B < B,. On the other hand, take x(7) =
co Xy, (=D, (= 1D)%1X), (= 1) in By and define ] = {j | ap + - - - + aj = ko + - - - + k;}. By Lemma 5.5 it is obvious
that x(w) € B2 for B = I, \ J and that B D A (of course, in the case of ] = ¥ we have B = I,;) and the equality stated in
the lemma holds. Furthermore, suppose that for some By, B, € D(K), B, B, 2 A, there exists x(7) € 8% N 852, But, then
we have x(m) € Bp, and x(7) € Bg,, S0 X(7w) € By, N B, = Bg,us,,» Which is, due to B; U B, D By, By, in opposition with
x(m) € 8Bg, and x(;r) € Bp,. We conclude that the union on the right-hand side of (5.2) must be disjoint. O

5.2. Proof of exactness

We prove Theorem 5.1. It is clear from the definition that [w] = [w]®* is injective. Therefore, as the first
nontrivial step we prove that Im([w]®*) = Ker(gp). Recall that 8 = By and let x(m)v € Ker(gpg) for x(7) =
c Xy, (DT, (= 1)1, (1) € By. From

Qox(mv) = Y x(m)v, =0,
11eDy(K)

by using the fact that for x(;7) which satisfies the difference conditions and does not satisfy the initial conditions for W (A)
the assertion x(;t)v, = 0 holds, one gets

xmyesy\ | ) B,=8s\ ) B =38"

I1eDy(K) CeD(K)
By using Lemma 5.5 we conclude that for x(77)
ap+---+a=ko+---+k, jelp=1In

holds. Since every k;, i € {0, ..., £ — 1} \ Jy, equals zero, the above equalities imply the equality between all corresponding
left-hand and right-hand partial sums:

ag+---+a=k+---+k, ief{0,...,¢—1}

We now havea; = k;,i € {0,...,£ — 1},and

Ker (¢g) = span{x(7)v € W | x(r) = ...xw(—l)"“1 .. .xyl(—l)k"}.
On the other hand, take x(71) vy, k,,....k,_, Where
X(T1) = . Xy, (=D X, (= DPxy, (D € Biy ko ke

and calculate using (4.2) and (4.3):
(@] XDk kg, 1) = Xy, (=D X, (1), (= D[] (Vi kgt )
= x(777 )Xy, (= D1k, (= DFIx, (=100,
If vector X(7r1) vy, ky,....k,_, Satisfies the initial conditions for Wy, ;. ...k, ,, then
X)X, (DR x, (= DMx, (=D
satisfies the difference conditions. It is therefore enough to check:

bo<ki=ko+---+ke—1+by <k
bo+by <ki+ko=ki+---+ki—y+bo+by <k

bo+:--4+bi_1<ki+ko+:---+kiyo=ki_1+bg+---+by_1 <k

Also, the image of x(7r1) vk, k,,....k,_; Obviously satisfies the initial conditions for W and thus we obtain
Im([w]®*) = span{x(m)v € W | x() = ...x, (=D 1. . x, (=D}

The assertion that Im([w]®¥) = Ker (o) now immediately follows.
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We continue the proof by showing that Im(¢;) = Ker(¢;11),t = 0, ..., m — 2. First we show that Im(p;) € Ker(¢;y1)
by proving that

Ger1(pe(w)) =0

for every

w = Z wy, € Z Wi,

IreD; (K) Iy €D (K)

t=0,...,m—2.Forall I, = {ig, ..., ir+1} € Dr12(K) the following holds:

Q1 (@), = Y (D7 al@e )i o\ i 1V

0<sy<t+1

= Z (_1)51(_1)52a(w)’t+2\{isl’isz}vlt+2 + Z (_1)51(_1)52_1a(w)1t+2\{i51sisz}vlw—z
0<sy<s1<t+1 O<sy<sy<t+1

= Z (—1)51(—1)52a(w),t+2\{,-51,isz}wm — Z (_1)51(_1)52a(w)[[+2\{i5],i52}vlt+2 =0,
0<sy<sy<t+1 0<sy<sy<t+1

hence ¢;11(¢:(w)) = 0 follows.
Next, we prove that Ker (¢¢11) € Im(¢p;). Take

w= Z Wiy, € Z Wi
It41€Dr1 (K) It+1€Dp41(K)
such that ¢, 1(w) = 0. This means that for every I, € D;1(K) and {i} € D;(K) such thati & I, 1 one has
@er1(w)ru = 0.

FixA = {ig, ..., it} € Dry1(K) and arbitrary {i} € D;(K),i & A. We have AU {i} = {jo, ..., je+1} for some {jo, ..., je+1} €
Di12(K), s0i = jy,q for some pa(i) € {0, ..., t + 1}.
From ¢¢ 1 (w)aug = 0 and

Qrp1 (WA = Z (—1D’a(w) @auipn\ gjs) Vauiiy

0<s<t+1
= (= 1PDa(w)avaupy + Z (—1D’a(w) @augipgjs) Vaugy = 0
0<s<t+1
s#pa (D)
the following equation holds:
a(w)avaugy = Z (=1 P20 (W) (augip s Vaugi - (5.3)
0<s<t+1
s#pa (i)

By Lemma 5.6 we can write

aw)a= Y aw)y,

BeD(K)
BDA

where a(w)ﬁ denotes the part of a(w)4 in B8. Analogous decomposition holds also for summands on the right-hand side of
(5.3). Introducing these expressions into (5.3) gives

B —1+pali B
Z a(w)vaugy = Z (= 1) 1HPa@ Z a(w) (augip fjs) VAUL} - (5.4)
BeD(K) 0<s<t+1 BeD(K)
B2A s#pa () B2 (AU{iD\{is}

Some of the summands in (5.4) are trivial. We want to see for which x(r) € 8% (B € D(K) such that B D A) also
X(w) € Bauyy holds. There are two cases:

1. AU {i} C B: because of Lemma 5.3 the statement obviously holds.
2. AU {i} € B: letx(r) € 85 and let us suppose x(r) € Baugiy- Then x(w) € Bg N Baygyy = Baugiyus. Since AU {i} UB D B,
this is in opposition to x(r) € B5, and thus x(7) & Bau(-

Now (5.4) becomes

D g = D (D70 a)fyy gy va

BeD(K) 0<s<t+1 BeD(K)
BAULH} = N0) BDAULH)
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and for everyB € D(K),BD A

awii= > DTPOa) g, 52
0<s<t+1
s#pA (D)
follows.

We want to show the existence of

Z Z, € Z Wlt

ItGD[(K) I[ED[(K)
such that ¢;(z) = w, which implies that for every I; ;1 € D;1(K)

0t (D1 = (W), U1y (5.6)

holds.
For arbitrary I; € D;(K) let us define

]Plt(l)
@, = Y Z( ) a(w)f -

{ileD1(K) BeD(K)
igly Bt U{i}

for py, (i) such that i =j;,’ 0 inl; U {i} = {j;. ..., j;} for some {j;, ..., j;} € Dry1(K).
t
Let us prove (5.6) for A € D, 1(K) we fixed before. We calculate:

0 (2)a = Z (—=D"a@)agi, va

0<r<t
(_])PA\{ir)(i)
=2 D> > — 5 Wiy A (57)
O<r<t [ileDy(K)  BeD(K) |B]

igA\lir} B2(A\{irHU{i}

and conclude (similarly as before) that nontrivial summands are only those indexed by B € D(K),B 2 (A \ {i;}) U {i}, for
which also B O A holds. We discuss two possibilities: if i = i., then B D A and no additional conditions apply. But, in the
case of i # i, we must request i, € Bin order for B D A to be true (and then we have B D A U {i}).

Therefore (5.7) can be rewritten as follows:

o@a= Y (=D Y (|B|) awiva+ Y (=D Y Y

(_])pA\{i,—)(i)

B
a(w) a i,y Va

o<r<t BeD(K) o<r<t {i}eD1(K) BeD(K) |B|
BDA igA BDAU(i}
r+ i
EZ 2 5 a<w>AvA+ > 2 §2< PR Da(w)ty i 0
BeD(K) 0<r<[ eDl(K) BeD(K) O<r<t
igA BDAU(i}

Let us now demonstrate that for every {i} € D;(K) such thati ¢ A and every B € D(K) such that B D A U {i}

> EOPREOawiy gy = Y GO e, (5.8)
O<r=t 0<s<t-+1
s#pa ()

holds, with {jo, ..., ji+1} = AU {i} for some {jo, . . ., je+1} € Dry2(K).
Since both sides of (5.8) contain t4 1 summands, it is enough to show the equality between the corresponding summands.
Depending on the choice of 0 < s < t 4 1, s # pa(i), we distinguish two cases:

1. For chosen s < p4(i) the corresponding right-hand side summand equals the left-hand side summand that corresponds
tor =s.Namely, forr = s < pa(i) we have pa\ i, (i) = pa(i) — 1and i. = j;, and thus

r =+ pavii;y () = S+ pari () = s +pali) — 1 =5— 1+ pa(i)
A\{i-h) Ufi} = A\ {ish) U{i} = AU {iD) \ {is} = (AU {iP \ s}
2. For chosen s > p,(i) the corresponding right-hand side summand equals the left-hand side summand corresponding to
r =s— 1,because s > pa(i) + 1 = r > pa(i) implies that pa\;,} (i) = pa(i) and i, = i;_; = j;. Therefore:
r+ Paviiny () = s+ pavi,_ (D) = s — 14 pa()
A\{i-) Ufi} = A\ {is- D) Ufi} = (AU {iD \ {s}-
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Using (5.5) and (5. 8) we now transform ¢;(z), as follows:

@i (2)a = Z 3] a(w)AvA+ > Z a(w)AvA

BeD(K) {i}eD1(K) BeD(K)
BDA igA BDAU(i}

= a(w)AvA + E B a(w)AvA + E E (w)AvA
BeD(K) | | {ileD1(K) BeD(K)
BDA igAh  B2AU{i)

The last sum above obviously goes on all B € D(K), B D A, and every such fixed B occurs exactly |B| — |A| times. Thus we
have

@i (24 = a(w)jva + Z - Lauiun + Z La(uw)Bun
BeD(K) | | BeD(K)
BDA BDA
_ A B, __ B, _
= a)jva+ Y aw)jva= Y aw)jvs = a(w)ava,
BeD(K) BeD(K)
BDA BDA

which finally proves that Ker (¢;11) € Im(¢),t =0,...,m — 2.

6. Recurrence relations for formal characters
6.1. Formal characters and systems of recurrences

Fixkand A = kgAg—+- - -+ky Ap such that kg+- - - +k, = k. Define the formal character y (W) of a subspace W = W (A)
as

XW)@1, .., 2i59) = ) dim W™z )
where W™t denotes a subspace of W spanned by monomial vectors x(m)v, = ... X, (—=2)%x,, (=1)%1 .. . x, (=1)%
vy € B such that x(r) is of degree d(x(r)) = m and weight w(x(;r)) = nyyy + - -+ + ngye, with d(x()) and w(x())
given by

oo ¢

dx() =D > G+ 1) - i

j=0 i=1
00 4
W) =D i it
j=0 i=1
Note that for every fixed choice of integers n;,i = 1, ..., £, and m, such that

n>k_q, i=1,...,¢
m>ny+---+ng+ko+--+ ke

and every
m—(nq+---+ng)—(ko+---+k¢—1),n1—ko,..., ng—kp_q
X(T[)vklvkov-'»kl 1 Wk[ kO k@ 1
we have
k — ko_ k K, N (F T
[@]® R Vky kg, 1) = X(T )Xy, (=D -k, (= 1) %y, (= 1) 00 € WM

Also, if we now apply mappings ¢, ¢1, . . ., ¢m_1 consecutively to the above right-hand side vector, neither the degree nor
the weight of monomial part of that vector will change. Taking this in consideration and by using Theorem 5.1 we conclude
that the following equality among the dimensions of weight subspaces holds:

m—(nqy+--+nyp)—(kg+--+kp_1),n1—ko,..., np—kp_ .
dim W (m ¢)—(ko ¢—1)-n1—ko ke gim e ne

ke ko ..... kg 1

+ > dimw N 4 (=)™ dim W = 0.
I1eDq (K)

As an implication we have the following relation among characters of Feigin-Stoyanovsky’s type subspaces at fixed level
k:
KW@,z — Y x(Wi)(@, ...z )
I1eD1(K)
+ Y xWi@, .z @) A (DT X W) (@ 2 )

LeDy (K)

= @)% ... @D X Wiy ko, ey ) (210, - - - 2G5 G)- (6.1)
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Note that (6.1) can be abbreviated to
DO W)@z @) = @) @) X W g, k) @1 - 2045 0). (6.2)
1eD(K)

Since (6.1) holds for W = W(koAg + --- + k¢Ay) for all possible choices of nonnegative integers ko, ..., k; such that
ko+---+ky, = k, we can say that (6.1) is a system of relations. Our attempt will be directed towards proving the uniqueness
of solution for this system.

Example 6.1. In the case of £ = 2, k = 2, the above system reads:

X (Wa00) (21, 225 @) = x (W1.1.0)(Z1, 225 9) + @19)* X Wo.2.0) (219, 22; q)

XWi1.0)@1, 225 9) = xWo2.0)(Z1, 225 @) + X Wi0,1)(21, 225 @)
—x Wo,1,1)(21, 225 @) + (219)(229) x Wo,1,1) (214, 224; @)

XWi0,1)(z1,22: @) = X (Wo,1,1)(21, 225 @) + 219X (W1,1,0) (214, 224 q)

X Wo2,0)(z1, 22 @) = x Wo.1,1) (21, 223 @) + (229)> x Wo,0.2) (214, 224; q)
X (Wo,1,1(z21, 225 @) = x (Wo,0,2) (21, 225 @) + 22X (W1,0,1) (219, 224 q)

X Wo,02)(21, 225 @) = x (W2,0,0)(214, 224; q).

Let us now write

K Wi )@z = Y Al @z ...z, (6.3)

.....

those we used in the previous section) the following system:

,,,,, —kg,...,ng—kp_
D (=)A= g Ay (@), (6.4)
1eD(K)

withn=n; +--- 4+ ny.
In the next section we prove that system (6.4) has a unique solution, thus proving the solution for (6.2) is also unique.

6.2. Uniqueness of the solution

For fixed k we have the following result:

Proposition 6.2. For all choices of nonnegative integers ko, . . ., k; such that ko + - - - + k; = k and all nonnegative integers
ny,...,ngsuchthatn; > ki_1,i =1, ..., ¢, the following assertion holds:
Age@=a" > AL @, (65)

(ag,....a—1)€8
having denoted that a = ag + - - - + ag_q,n = nq + - - - + n, and that a := (ay, . .., dg_q) € B means that (3.2) holds.

Proof. Index the equality (6.5) by (¢ 4+ 1)-tuple of lower indices of the series appearing on the left-hand side, i.e. by
(ko, ..., k¢). We prove the proposition by induction on these tuples, in the usual lexicographic ordering among them.

Let us first check that (6.5) is true if given for smallest such (£ 4+ 1)-tuple, thatis (O, ..., 0, k), which means that we want
to check if

..... ni—agp,...,Ny—ap_
Ao @=a" Y Al @
acBy, .0,k
holds. But, we see immediately that By o = {(0, ..., 0)}, and therefore (6.5) in this case reads
Aol ok (@ = 4"As 5 (@),
which is exactly the corresponding relation in (6.4), and the assertion follows.
Let us now fix some (£ + 1)-tuple K = (ko, ..., k;). The equation in (6.4) corresponding to K is

,,,,, —ko,...,np—kp_
DDA () = g A e T (@)
1eD(K)

Series appearing on the left-hand side indexed by I # @, 1 € D(K), yield (¢ + 1)-tuples strictly smaller than K. Therefore,
by induction hypothesis, the proposition assertion holds for (6.5) corresponding to those tuples. Thus we obtain
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_ —ag,...Ng—ay_ —kg, ..., —ko_
At (g) =g Y Y (SDITAL T @) + 6 T @,

1eD(K) aeB;
1#9

925

(6.6)

Note thata € B;,1 € D(K) \ {#}, belong also to B; = B (an obvious consequence of Lemma 5.3). Moreover, it is not hard
to see that those £-tuples are alla € B excepta = (kg, ..., ky—1). But, the last remaining summand on the right-hand side
of (6.6) is exactly the one “produced” by this “missing” tuple. It only remains to show that each a € B appears only once
on the right-hand side of (6.6). For arbitrary a € B there exists I € D(K) such that B8’ (cf. Lemma 5.6). But then, because of

Lemma 5.3, also a € B; holds for all J € D(K) such thatJ < I. This means that the factor multiplying A,

(6.6) equals Z}il(—l)"*l (‘”) But, this factor equals one:

Il 1| 1
1—2(—1)“( ) Z( 1)1(”) Z( 1)f1|'|1( ):0.
j=1
From (6.6) we now get

ni,..., ni—agp,..., ng—ap_q
Ako ..... k[ (q) - q ZAI{ a,ap,...,dp—1 (q)’
acB

which completes the inductive proof. 0O

Proposition 6.3. For all choices of nonnegative integers ko, . . ., ky such that kg + - - -
ny,...,ngsuchthatn; > ki_q,i =1, ..., ¢, the following assertion is true:
Anl ~~~~~ n/é( )_ qn Anl_ao ~~~~~ ”l_aefl( )+ n Anl_ao ~~~~~ nl_aefl( )
ko,....kg q = -l_qn k—a,ag,...,ap_1 q q k—a,ag,....,ap_1 q
acs aeBy,...,0\8
a£(0,...,0) 2£(0.0)
Proof. From (6.5) we have
ni,..., ny n1—ap,..., ng—ag_q
Ak,o ,,,,, (q) - q Z Ak a,agp,...,ag—1q (q)
AEBy0,...,0
ni—agp,....,Ng—ap_1 naltse ny
Y AL @ + AT @),
aeByo,....0
a#(0,...,0)
and it follows that
An1 ..... n[( ) _ qn Anl—ao ..... ﬂg—a({,]( )
k,0,...,0 q = 1—qgn k—a,aq,...,ap_1 q)-
q aeBy o,....0
a£(0,...,0)
Let us now fix nonnegative integers ko, . .., k; such that kg + - - - + k, = k. From (6.5) by using (6.7) we get
N,y _ "1 ap,...,ng—ag_1
Ako ..... kg (q) q Z k—a,ag,....,ap—1 (q)
acsB
_ . .n ni,...,Ng n1—ag,....Ng—0ag—1
=q Ak,O ,,,,, 0 (q) + Z Akfa,ao ,,,,, ag_1q (q)
acs
a#(0,...,0)
_ n ni—agp,..., ng—ap—q n1—ap,..., ng—aygy—q
=4q ]_ Z Ak a,ag,...,ap—1 (q) + Z Ak a,ag,...,ap—1 (q)
q aEJB’kO
a#(0,..., 0) a;é(o ..... 0)
— qn A"l —ag,--- nl_aéfl( )+ (1 _ n) Anl_ao aaaaa nl_akfl( )
- 1— qn k—a,agp,...,ap_1 q q k—a,agp,...,ap_1 q
aeBy 0,...,0 acs
a#(0,...,0) a#(0,...,0)
qn n a n a n ay n a
1—0g, .- —ar—1 1=00;-+ 0 —0g—1
= n Z Akfa ag,...,ap—1 (q) + qn Z Akfa ag,...,ap—1 (q) ’
1—q 0 0
acsB aEBk,O,...,O\B
a#(0....,0) a#(0,....0)

which proves the proposition. O

(@ in

+ k; = k and all nonnegative integers

(6.7)
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A direct consequence of this proposition is the fact that every Azg’j::’,':f (q@) can be expressed as a linear combination

(with coefficients being rational functions of formal variable q) of rational functions Azz’afo’;_':_’?f[:?@‘l () indexed by £-tuples

(ny—ag, ..., n,—ay_1) of upper indices, which are all strictly smaller than (nq, . . ., ny), in the usual lexicographic ordering.
This inductively guarantees the uniqueness of the solution for system (6.4).
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