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Abstract. A curve in the isotropic plane is circular if it passes through
the absolute point F'. Its degree of circularity is defined as the number of its
intersection points with the absolute line f falling into the absolute point F.

A curve of order four can be obtained as a locus of the intersections of cor-
responding conics of projectively linked pencils of conics. In this paper the con-
ditions that the pencils and the projectivity have to fulfill in order to obtain a
circular quartic of a certain degree of circularity have been determined analyti-
cally. The quartics of all degrees of circularity and all types (depending on their
position with respect to the absolute figure) can be constructed using these results.

The results have first been stated for any projective plane and then their
isotropic interpretation has been given.

1. Introduction

An isotropic plane Iy is a real projective plane where the metric is in-
duced by a real line f and a real point F', incidental with it [6], [7]. The
ordered pair (f, F') is called the absolute figure of the isotropic plane.

All straight lines through the absolute point F are called isotropic lines,
and all points incidental with f are called isotropic points.

There are seven types of regular conics classified depending on their po-
sition with respect to the absolute figure, [1], [6]: ellipse (imaginary or real),
hyperbola (of 15¢ or 274 type), special hyperbola, parabola and circle.

A curve in the isotropic plane is circular if it passes through the absolute
point [8]. Its degree of circularity is defined as the number of its intersection
points with the absolute line f falling into the absolute point. If it does not
share any common point with the absolute line except the absolute point, it
is entirely circular [5].
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A circular curve of order four can be 1, 2, 3 or 4-circular. The absolute
line can intersect it, touch it, osculate or hyperosculate it at the absolute
point. The absolute point can be simple, double or triple point of the curve.
Due to that for each degree of circularity we distinguish several types of
quartics.

In [2] the conditions for obtaining circular quartics by automorphic in-
version have been derived. But, it has been shown that it is not possible to
construct quartics of all types by using this transformation.

The aim of this paper is to construct circular quartics by using two pro-
jectively linked pencils of conics and to classify them depending on their
position with respect to the absolute figure. It will be shown that it is pos-
sible to obtain quartics of all degrees of circularity and for each degree it is
possible to construct quartics of all types.

1-circular quartics pass through the absolute point F' and meet the ab-
solute line f in three further points. Those three points can be different, two
of them can fall together (the line touches the curve at a simple (ordinary)
point or the line intersects the curve in a double point) or all three fall to-
gether (the line osculates the curve at a simple point, the line touches the
curve at a double point or the line intersects the curve in a triple point). 2-
circular quartics touch f at F' or they have a double point at F'. The other
two intersection points can be different or fall together. 3-circular quartics
osculate f at F, touch it at a double point or intersect it in a triple point
falling into F'. 4-circular quartics do not share any common point with f ex-
cept F'. They are called entirely circular quartics of the isotropic plane. The
absolute point can be a simple point at which the line hyperosculates the
curve, a double point at which the line osculates the curve, a double point
at which both tangents coincide with the absolute line or a triple point at
which the line touches the curve.

2. Projectively linked pencils of conics

A curve of order four can be defined as a locus of the intersections of
pairs of corresponding conics in projectively linked pencils of conics [4]. Let
A, B, C and D be basic conics (symmetric 3 x 3-matrices) of projectively
linked pencils A+ AB and C'+ AD. This projectivity maps the conic A to C,
B toD and A+ AB to C' + AD. Some calculation delivers the equation

F(#)=Z BZ -2 ' CZ— %' AZ-Z'DZ =0

of the quartic k. The quartic k passes through the following sixteen points:
four basic points of the pencil [A, B], four basic points of the pencil [C, D],
four intersection points of A and C and four intersection points of B and D.

REMARK. We have to be aware of the fact that proportional symmetric
matrices A, B, C, D and aA, 6B, vC, 0D represent the same four conics,
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CIRCULAR QUARTICS IN THE ISOTROPIC PLANE 37

but the corresponding quartics are different. For defining the projectivity
beside A, C' and B, D we need one more pair of conics.

We will now search for the conditions that the pencils and the projec-
tivity have to fulfill in order to obtain a circular quartic of a certain type.
The results will be first stated for a projective plane and then their isotropic
interpretation will be given.

Let us start with a point 3 on the quartic k. We can assume that it is an
intersection point of the basic conics A and C' and we have i7" Ay =0, ' Oy
= 0. The tangential behavior in this point on k is usually being studied by
observing the intersections of k£ with arbitrary straight lines through ¢. Such
a line ¢ will be spanned by 7 and a further point Z. It can be parametrized by

q ... y+tz, teRU.

We compute the intersections of k and ¢: They belong to the zeros of the
following polynomial of degree 4 in ¢

(1) p(t) =F(j+1t2) =2t[j Bj-§ CZ—§ AZ-§j' Dy
+ [ By -7 CZ+ 43 BZ- ' CZ— 4 AZ-§j' D7 — 7T AZ- §" Djj]
+26°[j' Bz - 2T CZ+ 2" BZ-j CZ— ' AZ- 7' D7 — 7" AZ - jj" DZ]
+t'[7"Bz- 7107 - 7T A7- 7' D7),
The equation of the tangent of k at the regular (simple) point 7 is
(2) J By-§ CZ—§ Az Dij =0

as t = 0 has to be zero of multiplicity 2 of the polynomial p, and § is the
intersection of £ and ¢ with multiplicity 2.

We now will discuss the following three cases:

e e B, D,

*yeBy¢D,

e ¢ B,D.

If ¥ lies on B and D, then the coefficient of ¢ of the polynomial (1)
vanishes. Therefore, t = 0 is zero of multiplicity 2 for every point Z of the
plane. In other words, if two projectively linked pencils have a common basic
point, it is a singular point of the quartic k.

If ¢ lies on B, but not on D, in general case (when A is a regular conic)
the tangent of k at ¥ contains the points ' with

gl Az " Dij = 0.
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Obviously the tangent of k at i is the tangent of A at 7.

If A is a singular conic with a singular point i (A =aU®a, ¥ € a, @), the
above-mentioned equation is satisfied for every Z. This means that ¥ is a
singular point on k. If A is a singular conic, but ¥ is not its singular point
(A=aUa, € a, j¢a), the tangent of k at ¢ is given by the equation
7' AZ =0.

If we interpret ¢ as the absolute point F' and the basic conic A as a
special hyperbola, the quartic k is 1-circular (Fig. 1). By choosing a circle
for the conic A, we will obtain 2-circular quartic k touching the absolute line
at the absolute point (Fig. 2). It is easy to conclude that by proper choice
of basic conics it is also possible to get 1-circular quartics that intersect the
absolute line in three points beside the absolute point, or they intersect it
in one point and touch it at another, and 2-circular quartics that touch the
absolute line at the absolute point and intersect it in two points or touch it
at one more.

Fig. 1

It follows that if ¢/ is a basic point of one of the projectively linked pen-
cils, the tangent of the quartic at ¢ is identical with the tangent of the conic
of the pencil linked to the conic of the second pencil which passes through 3.

Fig. 1 displays a 1-circular quartic k. It is generated by the projectivity
linking a pencil of special hyperbolas [A, B] with two basic points on ab-
solute line f and a pencil [C, D] with two basic points at F', while C' is a
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CIRCULAR QUARTICS IN THE ISOTROPIC PLANE 39

special hyperbola. The projectivity is defined by three corresponding pairs:
A< C, B~ D and V < V' where V is a singular conic formed by two
lines, while the absolute line is one of them. The constructive determina-
tion of interlinking pairs of conics of pencils [A, B], [C, D] uses the induced
projectivities on the lines p, p'.

Fig. 2

The quartic k£ shown in Fig. 2 is 2-circular. It is a result of projectively
linked pencils [A, B], [C, D] with the following properties: A is a circle, [C, D]
is a pencil of parabolas with a common isotropic point, C' is a singular conic.
Four intersection points of k and f form their two points of contact.

We can state:

THEOREM 1. Let A, B, C be circular and D a non-circular conic of the
isotropic plane with the absolute figure (f,F) and let w: [A, B] — [C, D] be
a projectivity mapping a conic A+ AB to a conic C' + AD.

The result of m is a quartic k which is 1-circular iff A is a special hy-
perbola or a singular conic with a reqular point F not containing f, and a
2-circular quartic touching f at F iff A is a circle or a singular conic with
a reqular point F' containing f.

The tangent i’ AZ = 0 can also osculate the quartic k. To gain 7 as the
intersection of ¢ and k with multiplicity 3, the coefficient of the polynomial
(1) of #2 has to equal zero. Therefore, osculation is characterized by the
condition

(3) §'Bj-Z2'Cz+4y"Bz-§'CZ—45" Az "Dz - 2T Az " Dy =0,
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for all Z,4/" AZ = 0, while hyperosculation is characterized by (3) and the
condition

(4) §'Bz-Z'Cz+Z"Bz-§'CZ—§"AZ- 2" D7 - z"AZ. ' DZ =0,

for all Z,47TAZ=0. If A is a singular conic with non-singular point 7,
A=aUa, j€a, j€a, then §jT AZ=0 is the equation of the line a. The
condition (3) is fulfilled iff ' BZ- " CZ = 0 for every 7 € a (" AZ = 0) i.e.
iff one of the conics B, C touches a.

Depending on whether [A, B] is a pencil of circles or parabolas (and C'is
passing through F') the constructed quartic k is either 3-circular or 1-circular
having the absolute line as an inflexion tangent.

The tangent i’ AZ = 0 will hyperosculate the quartic k iff for every 7
on the tangent the equality ' BZ- 7' CZ+ Z" BZ- " CZ = 0 holds. This is
fulfilled iff both conics B and C' touch a.

By choosing for [A, B] a pencil of isotropic circles and for [C, D] a pencil
of conics with a circle C' as basic conic, while D is non-circular, an entirely
circular quartic k£ will be obtained, Fig. 3.

Fig. 3

Now we study the last case when ¥ is not a basic point of either of the
pencils of conics. The tangent of k at y given by the equation (2) is a linear
combination of the tangents of the conics A, C at that point.

If A is a singular conic with the singular point g, the tangent of k at ¥
is the tangent of C'. The conic C should not be a singular conic with the
singular point 3 at the same time, as the quartic would have a singularity in
¥/ in this case.

Acta Mathematica Hungarica 130, 2011



CIRCULAR QUARTICS IN THE ISOTROPIC PLANE 41

If A is a singular conic with a regular point ¢, (A =aUa,y € a,y € a),
the line a is the tangent of k at ¥ iff C' touches a.

The tangent 7' AZ = 0 of a regular conic A is the tangent of the quartic
k as well, iff C' touches A or C is a singular conic with the singular point 7.

The following theorem is an immediate consequence of our previous re-
sults:

THEOREM 2. Let A, C be circular and B, D non-circular conics of the
isotropic plane and let A and C' have a point of contact at the absolute point.
Let 7 : [A, B] — [C, D] be a projectivity that maps the conics A+ AB to the
conics C'+ AD. The result of m is a quartic k which is 1-circular iff A and
C are special hyperbolas. k is a 2-circular quartic touching f at F iff A and
C are circles.

A necessary condition to gain ¢ as a double point is
(5) §'Byj-§ Cz—§"AZ-§"Dj=0, VZ

as then ¢ = 0 is a zero of multiplicity 2 of the polynomial (1) for all 2’ (and
for all lines ¢ passing through 7). The equations of the tangents at ¢ are
determined by

(6) §'Bj-Z'Cz4+47"'Bz-§'CZ—45 Az ' Dz - 2" AZ- ¢ Dy =0.

The same three cases will be discussed again:

e e B, D,

*ycBy¢D,

e < B,D.

If both B and D pass through ¢, the condition (5) is fulfilled. The
equation (6) is reduced to

§'Bz-g'Ccz— g Az "Dz =0.

If A is a singular conic having ¢ as a singular point, the tangents to k are
given by

§'Bz-g'Cz=0.

This implies the following: If the conics of one pencil touch each other at the
common basic point ¥/, one of the tangents to the quartic at that point coin-
cides with the common tangent of conics. The other tangent to the quartic
coincides with the tangent of the conic from the second pencil that is linked
to a singular conic with the singular point g from the first pencil.

Defining ¢ as the absolute point F' and the conics B, C as special hyper-
bolas results in a 2-circular quartic k£ with double point in F'. If one of the
conics B, C'is a special hyperbola and the other is a circle, k is a 3-circular
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quartic touching f at the double point F'. If B and C are circles, the result
is a 4-circular quartic having F' as the double point at which both tangents
coincide with the absolute line.

If A is not a singular conic with the singular point ¢ and either B or C'
is a singular conic with the singular point ¢, the tangents of k at ¢ are given
by the equation

yTAZ- "Dz =0.

We will obtain a 2-circular, 3-circular or 4-circular quartic depending on
whether we choose A and D to be special hyperbolas, one of them to be a
special hyperbola and the other a circle, or both to be circles.

If A is not a singular conic with the singular point ¥ and neither B nor C'
is a singular conic with the singular point ¢, one of the tangents to k is the
tangent to A at 7 iff ' BZ = ay' AZ or /' CZ = o' AZ, i.e. iff B touches
A or C touches A. Let us suppose this first case. Then B — a4 is a singular
conic with a singular point 3. Now the tangents of k at i are

jTAZlog' Cz - " DZ] = 0.

In the case of C', D touching each other at ¥, the second tangent at that
point coincides with the common tangent to the conics of the pencil [C, D]
(Fig. 4).

Both tangents coincide with the tangent to A iff B touches A and the
conic corresponding to the singular conic B — oA touches A. Particularly,
that holds if C', D touch A, B (Fig. 5).

Therefore, if we consider i to be the absolute point F', the pencils of
conics have to be pencils of special hyperbolas. The result of this projectiv-
ity will be a 2-circular quartic intersecting the absolute line in two further
points. Those points can be different or can coincide forming either a dou-
ble point or a point of contact of £ with f. If we consider one of the pencils
[A, B], [C, D] to be a pencil of special hyperbolas and the other as a pencil
of circles, the absolute line f will touch the 3-circular quartic at the dou-
ble point F'. Further, if we consider both pencils to be pencils of circles, a
4-circular quartic & with tangents coincident with f at the double point F,
will be generated.

With suitable choice of projectively linked pencils of conics 1-circular
and 2-circular quartics having double points in an isotropic point (different
from F) can also be obtained.

The quartic k£ shown in Fig. 4 is 3-circular. It is generated by a projec-
tively linked pencil of circles [A, B] and a pencil of special hyperbolas [C, D]
touching at the absolute point F.

If a pencil of hyperbolas had been chosen instead of a pencil of circles,
and a pencil of hyperbolas having a common basic point in an isotropic point
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Fig. 5

instead of a pencil of special hyperbolas, and if we had defined the projec-
tivity in the way that the singular conic V' (containing f as its part) from
the first pencil is mapped to a special hyperbola V' from the second, the
constructed quartic would be 1-circlar.

The quartic & shown in Fig. 5 is obtained by two projectively linked
pencils of circles and therefore is 4-circular.
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If pencils of special hyperbolas touching at the absolute point had been
chosen instead of the pencils of circles, the constructed quartic would be
2-circlar.

Previous studies lead us to:

THEOREM 3. Let A, B, C, D be circular conics of the isotropic plane
with the absolute figure (f, F'). Let m: [A, B] — [C, D] be the projectivity
which maps the conics A+ AB to the conics C + AD. The result of 7 is a
quartic k having I as a double point. If A, B are circles, k touches f at
F (k is 3-circular quartic). The quartic k is entirely circular iff the conic
corresponding to the singular conic with the singular point F from [A, B] is
a circle.

Let us observe the possibility of gaining inflexion in the double point.
One of the tangents at the common basic point 4 of the pencils will osculate
one branch of the quartic if the following equality holds for all z" on the
tangent

7' Bz - Z2'Cz2+2"Bz-4'Cz—§ Az "Dz - 2T AzZ.§"'DZ = 0.

This condition is fulfilled in the case when A is a singular conic, A = aUa,
iy E€a, y€a, B touches A, and C either touches A or is a singular conic
with the singular point . These assumptions provide the line a with the
equation 7' AZ = 0 as an inflexion tangent at .

Let us now discuss the case of 4 lying on A, B, C but not on D. The
condition (5) is reduced to

GlAZ=0, VZ

which characterizes A as a singular conic (pair of lines {a, @} intersecting
in ). It follows that the conics of the pencil [A, B] touch each other in the
basic point 3. The tangents of k at ¥ are determined by

47"Bz-4'Cz— 2" Az "Dy =0.

Since A is a singular conic, ZT AZ is a product of linear factors in the coor-
dinates of 2, i.e. 2T AZ = (qpzo + a121 + a222) (@020 + Q121 + Waza).

If one of the conics B, C' is a singular conic with the singular point ¢/,
the tangents to k coincide with a, a.

We conclude: If one of the pencils of conics is a pencil of pairs of lines
with the vertex in a point different from the basic points of the second pencil,
that vertex will be a double point of the quartic. There is only one conic
from the second pencil passing through the vertex of the first. The pair of
lines corresponding to that conic is the pair of tangents to the quartic at the
double point.
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We can also state: If the conics from first pencil touch each other at a
point % not being a basic point of the second pencil and the singular conic
with the singular point ¢ from the first pencil is mapped to the singular conic
with the singular point ¢ from the second pencil, then k& has i as a double
point at which tangents coincide with the singular conic with the singular
point ¢ from the first pencil. Particularly, if a = @, a cusp will occur in the
double point.

If none of B, C is a singular conic with the singular point g/, one of the
tangents to k will be one of the lines a, @ iff one of the conics B, C' touches
that line.

If B touches a, ij' BZ = f3a, the pencil [4, B] contains conics osculating
each other at ¢. The tangents are:

a[4B-§"CZ— 4" Dj-al =0.
The tangent a osculates the quartic iff for all 2’ € a the equality
§'Bz - Z'Cz2+2'BZ-¢4'Cz2—§ Az 2" D7 - ZTAZ. ' DZ=0

holds as in that case t = 0 is the zero of the polynomial (1) with multiplic-
ity 2. This condition is obviously fulfilled iff C' touches a, too.

Fig. 6

By identifying a with the absolute line f and ¢ with the absolute point
F' an entirely circular quartic will be obtained (Fig. 6).
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If the conic A is a double line touched by the conics B, C', both tangents
to k coincide with that line.
We conclude:

THEOREM 4. Let A, B, C be circular and D non-circular conic of the
isotropic plane with the absolute figure (f,F) and let w: [A, B] — [C, D] be
the projectivity mapping the conics A+ AB to the conics C'+ AD. The result
of m is a quartic k having a double point in F iff A is a pair of isotropic
lines. If [A, B] is a pencil of circles osculating at F, k touches f at F (i.e.
k is 3-circular).

Let us now consider the case of i on A, C' but not on B, D.

If A is a singular conic with the singular point ¢, the condition (5) is
fulfilled iff C' is a singular conic with the singular point 3. The tangents at
the double point are determined by

g 'By-Z'Cz—2TAZ "Dy = 0.

Obviously, the lines of which A consists cannot be the tangents to k.

If A is not a singular conic with the singular point ¥, the condition (5) is
fulfilled iff 7/ is a singular point of the conic " Bij- C' — 4" Dij- A. Tt follows
that C' necessarily touches A, however that condition is not sufficient.

It is left to us to observe the case of a triple point on k. The necessary
condition to gain a triple point at g is that the coefficients of the polynomial
(1) next to ¢ and ? vanish:

(7) J'Bij-j CZ— Az Dj =0,

§'By-Z'CZ+ 47" BZ-§'Cz— 47" AZ-§'DZ— 7" AZ-§'Dj=0, Vz.
The tangents are given by
(8) ¢'Bz-Z'CZ+ 7' Bz.¢'Cz—g'AZ.- "Dz - 7"AZ. ' Dz =0.

If  is a basic point of the pencils [A, B], [C, D], the condition (7) is
reduced to

(9) 7' Bz.-§'Cz— 4§ AZ-§'DZ=0, VZ

Now we will discuss the following two cases: Either A is or is not a
singular conic with a singular point 7.

In the first case the condition above is fulfilled iff at least one of the
conics B, C is a singular conic with a singular point . We arrive at three
subcases:
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(1) B, C are singular conics with a singular point 3. Tangents to the
quartic are described by ZT A7 T DZ = 0, or written in the other way

a-a -y DZ=0,

where a, @ are lines forming A or more precisely linear factors representing
them. A cusp will occur iff either D touches a (or @) or a = a.

Therefore, [A, B] is a pencil of degenerated conics (pairs of lines) and
[C, D] is a pencil of conics touching at the vertex §. One of the tangents at
the triple point ¥ is the common tangent of the conics from [C, D]. The other
two tangents coincide with the lines from the first pencil that are linked to
the singular conic with the singular point ¢ from the second pencil.

(2) The conic B =bUb, i € b,b. Tangents are now

b-b-y'CZ—a-a -y DZ=0.

One of the tangents coincide with « iff C' touches a.
(3) The conic C' = cUZE, § € ¢, €. Tangents are determined by

§'BZ-c-tc—a-a-y DZ=0.

One of the tangents coincides with a iff B touches a. This leads to the
statement: If the conics of one pencil have a common tangent at the point ¥
and if the conics of the second pencil have a common tangent at the point
(not necessarily the same line) and if a singular conic with a singular point
i/ from the first pencil is linked to a singular conic with a singular point
from the second pencil, then the common basic point is a triple point of a
quartic. Furthermore, if 3/ is the intersection of the conics from one pencil
with multiplicity 3, their common tangent will be tangent to the quartic.

Fig. 7 presents an entirely circular quartic generated by the projectively
linked pencil of pairs of isotropic line and a pencil of circles. By exchanging
[C, D] with a pencil of special hyperbolas, we will obtain a 3-circular quartic.
It is also possible to get a 1-circular quartic if we interpret [C, D] as a pencil
of special hyperbolas with one further basic point on the absolute line and
at the same time [A, B] is a pencil of pairs of lines with the vertex in the
isotropic point.

In the case when A is not a singular conic with a singular point ¢/, it
necessarily follows from (9) that either ' BZ = wif' AZ or §j' C7 = wij' AZ
holds. Let us suppose §' BZ = wij' AZ which implies that the conics from
[A, B] intersect in ¢ with multiplicity 2 and ¢ is a singular point on the
singular conic B — wA from that pencil. The condition (7) becomes

jrAZ [wy'CZ—§ ' DZ] =0, vz
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Fig. 7

and is equivalent to the fact that ¢ is the singular point on the singular conic
D — wC from the pencil [C, D]. We are now in a position to conclude: 7 is a
triple point of the quartic k iff the singular conic with the singular point i
from [A, B] is mapped to the singular conic with the singular point ¥ from
[C, D].

The tangents to k at ¢ are given by

yT Az [71(D —wC)z] — ' CZ- [FT (B —wA)Z] = 0.

Since the equations of the singular conics can be written as the products of

linear factors in the coordinates of 2z, ' (B —wA)Z=h-h, 2 (D —wC)Z
= ¢ - g, the equation above is transformed into

G'AZ-g-g—§ CZ-h-h=0.

One of the tangents to the quartic is identical to the common tangent to
the conics from the first pencil iff one of the lines §'CZ =0, h =0, h =0 is
identical to the line /" AZ = 0. Similarly, a tangent to the quartic is identical
with the common tangent to the conics from the second pencil iff one of the
lines ' AZ =0, g=0, g =0 is the line §' CZ = 0.

Therefore:

— In the case when the conics from one pencil osculate each other (and
the conics from the second pencil touch each other), one tangent to the quar-
tic at the triple point coincides with the common tangent to the conics from
that pencil.
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— If both pencils have the same common tangent, the tangent will be the
tangent to the quartic at the triple point.
Giving isotropic interpretation to these results we can state:

THEOREM 5. Let A, B and C, D be conics of the isotropic plane with I
as an intersection point with multiplicity 2. Let w: [A, B] — [C, D] be the
projectivity which maps the conic A+ AB to the conic C + AD. The result
of 7 is a quartic k having a triple point in F iff the singular conic with the
singular point F' from [A, B] is mapped to the singular conic with a singular
point F' from [C, D). The quartic k is entirely circular iff one of the pencils
contains isotropic circles osculating at F' or both pencils are pencils of circles.

3. Conclusion

We did not observe all the possible cases of projectively linked pencils of
conics, but those that we did observe allow us to construct the quartics of
all degrees of circularity and all types.

REMARKS. 1. In this paper we have observed the projectivity 7 : [A, B]
+— [C, D]. Fixing B = C and studying the projectivity = : [A, B] — [B, D]
in the same manner would allow us to construct almost all types of circu-
lar quartics. The problem in this less general case appears when we try to
find the conditions for obtaining a quartic osculating the absolute line. It is
caused by the fact that if ¢/ is an intersection of A and B with multiplicity n,
then it is an intersection of A and k with multiplicity 2n.

2. Similar observations have been made in [3] for the entirely circular
quartics in the hyperbolic plane.
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