SCHUR-CONVEXITY OF CEBISEV FUNCTIONAL
V. CULJAK

ABsTRACT. In this paper the Cebigev weighted functional T'(p; f,g;a,b) is
regarded as a function of two variables
J2p@)f()gt)at [V pt)f(t)dt. [} p(t)g(t)dt
T(p; f,9;%,y) = 7 —(" (T
J2 p(t)dt J2 p(t)dt J2 p(t)dt
where f,g and p > 0 are Lebesgue integrable functions. The property of
Schur-covexity (Schur-concavity) of this function is proved.

), (@,y) € [a,b]x[a, b]

1. INTRODUCTION

Let I be an interval with nonempty interior and x = (z;,22,..,2,) and y =
(Yis Y2, - Yn) in I™ be two n-tuples such that x <y, i.e.

k k

g <Y oy k=1,..,n—1
i=1 i=1

Zl’m = Zy[i]7

=1 i=1

where z[; denotes the ¢ th largest component in .
Definition 1. Function F : I"™ — R is Schur-convex on I™ if

F(wi,wQ;“7xn> S F(yi7y25“7yn)

for each two n-tuples x and 'y such that it holds x <y on I".
Function F is Schur-concave on I™ if and only if —F is Schur-convex.

The next lemma gives us a necessery and sufficient condition for verifying the
Schur-convexity property of F' when n =2 ([4, p. 333], [3, p.57]).

Lemma A 1. Let F : I? — R be a continuous function on I? and differentiable in
interior of I?. Then F is Schur-convez (Schur-concave) if and only if it is symmetric
and

oF OF

(1) (Fy—%)(y—@ >0

holds (reverses) for all x,y € I, x # y.

The authors in [2| were inspired by some inequalities concerning gamma and
digamma function and proved the following result for the integral arithmetic mean:

2000 Mathematics Subject Classification. Primary 26D15, Secondary 26D99.
Key words and phrases. Convex functions, Schur-convex function, CebiSev functional, integral
means.

1



2 V. CULJAK

Theorem A 1. Let f be a continuous function on I. Then
1 y
Faw) = = [ s

y—x
Fz,z) = f(z)

is Schur-convex (Schur-concave) on I? if and only if f is convex (concave) on I.

Also, in [2], applications to logarithmic mean are given.
The authors in [5] proved the Schur convexity of the weighted integral arithmetic
mean of function f :

Theorem A 2. Let f be a continuous function on I, let p be a positive continuous
weight on I. Then

Foeny) = { T o POF@)dE, zy € Loy
f(@), =Y
is Schur-convex (Schur-concave) on I? if and only if the inequality
Jo PO F(dt _ px)f(x) + p(y)f(y)
[Jp)ydt  —  plx)+py)
holds (reverses) for all x,y in I.

The CebiSev functional T(f,g;a,b) is defined for two Lebesgue integrable f and
g on interval [a,b] € R as
I I I
T ; = — —(—— — .
(fgsat) = == [ s~ = [ 10 [ o)
Because the CebiSev functional can be express in the term of the integral arithmetic

mean, we were inspired by above results in Theorem A and in [1] we generalized
these results by proving the Schur-convexity of function

1 v 1 v 1 v
T(fgi9) = — [ 1ot~ (= [ o= [ s,
(x,y) € [a,b] X [a,b)].

Theorem A 3. Let f and g be Lebesque integrable functions on I = [a,b]. If they
are monotone in the same sense (in the opposite sense) then T(x,y) = T(f, g;z,y),
(z,y) € [a,b] x [a,b] € R? is Schur-convex (Schur-concave) on [a,b] X [a, b].

We used the well-known CebiSev inequality:

Theorem A 4. Let f and g be Lebesque integrable on interval [a,b]. If f and g
are monotonic in the same sense ( in the opposite sense) then

T(f,9;a,b) = 0(< 0).
In this paper we will consider weighted Cebisev functional defined as
L gyt [ p) f)dt. | [ p(t)g(t)dt
T(p; f.g;2,y) = 7 —( (7
I, p(t)dt I, p(t)dt I, p(t)at
for f and g Lebesgue integrable functions on I = [a, b] and p a positive continuous

weight on I such that pf and pg are also Lebesgue integrable functions on I.
Let we use the following notations

), (x,y) € [a,b]x][a,b].
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P(a,y) = [ p(t)dt,
fo(z,y) = m [ p(t)f(t)dt and g, (z,y) := W [ p(t)g(t)dt .
So, the T'(p; f,g; x,y) can be rewritten as

Yp(t)f(tgt)dt
10 5.g5.0) = SO 0 5,00, (0200 € 0] ¢ o)
In this paper we obtain corresponding result to Theorem A2 for weighted Cebisev
functional and show the another proof of Theorem A3.

2. RESULTS

Theorem 2.1. Let f and g be Lebesgue integrable functions on I = [a,b] and let p

be a positive continuous weight on I such that pf and pg are also Lebesgue integrable

functions on I = [a,b]. Then T(p;xz,y) :=T(p;f,g;2,y), is Schur-convex (Schur-

concave) on I? = [a,b] x [a,b] if and only if the inequality

) B ~ B
plx x,y) — j(x)) gz, y) —glx)) +Dp xr,Y) — xr,Y) —

T(p:z.y) < (@) (fp(2,y) = f(2))(gp(@,y) = 9(2)) + (W) (fp(z,y) = Fy)(fy(2.9) —9(y))

p(z) +p(y)

holds (reverses) for all x,y in I.

Proof.To prove the Schur-convexity of T(p;x,y) by Lemma Al the inequality
(1) it is sufficient to prove (dT(gj’y) - dT(g;x’y))(y —1z) >0, for all z,y € [a,b],

since the function T'(p; x,y) := T(p; f,9;x,y) is evidently symmetric.
T (piz.y) 5519 2L(@sw.y) .
Jy ox .

Now, we calculate

oT(p;z,y) plx) . T
o m[T(P,xay)_(fp_f(x))(gp_g(x))]’
8T<gyw> _ Pfg% =T(p;2,9) + (F, — F®)) @, — 9()]

Direct calculation yields that

T (pyz,y)  OT(p;x,y)

(FE B2 )y )
_ [p(=) + )]
P(z,y)
. p(@)(fp = f(@)) (G, — 9=) + W) (o = f W) G —9W) |,
Since Py(;z) > 0, then a necessary and sufficient condition for Schur-convexity

of T(p;x,y) is that holds

p()(fp — f(@))(@, — 9(x)) + pW)(fo — FW)(G, — 9(¥))
p(x) +p(y) '

Similarly, we conclude the Schur-concavity of T'(p; x, y).

T(p;x,y) <
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For special choice p( )=1,t € [a,b] and using the short notation for the integral
means: f(z,y) P L [V g(t)dt and g(z,y) T L [7g(t)dt. in Theorem 2.1 we
can obtain the followmg result

Corollary 2.1. Let f and g be Lebesque integrable functions on I = [a,b]. Then
T(z,y) :==T(f,g;2,y), is Schur-convex (Schur-concave) on I? = [a, b] x [a, b] if and
only if the inequality

(3) T(z,y)éé(?(x,y)*f(x))(g( ) —g(@) + (f(@,y) — fW)(Flz,y) — 9(y))

holds (reverses) for all x,y in I.

Remark 2.1. Using Theorem 2.1 for special choice p(t) = 1,t € [a,b] i.e. Corrolary
2.1 we can obtain result in Theorem A8 according conditions that functions f and
g are monotone in the same sense (in the opposite sense).

Another proof of Theorem A3:

There are three cases to be considered according monotonicity of functions.

Case 1. Let f and g be two increasing functions on [a,b] and x < y. So, we have

f(z) < f(t) < fly) and g(z) < g(t) < g(y) and it yields
4) (fly) = fENf@) = f(2)) = 0,
5) (9(y) —9®)(g(t) —g(z)) > O.

In the proof in [1] we showed that then the inequality (3) holds.

So, Corrolary 2.1 implies the property of Schur-convexity of T(f,g;x,y).

We have to remark that for x >y the inequalities in (4) and (5) still are valid
and we can find that

T(f.g;y,x) < %[(?(% y) — fW) @@ y) —9(y) + (f(x) — Flz,9)(9(x) — gz, v))].

As the T is symmetric, it is obvious that

—~

%[(7(96, y) — f)@(z,y) —9(y) + (f(x) — f(z,9))(9(z) — G(x,y))]
1

= 3 [(f(z,y) = f(@)(@G(x,y) — g(x) + (f(y) = F(z,9)(9(y) — gz, 9))]-

Again, the inequality (3) holds and Corollary 2.1 implies Shour-convexity of
T(f, g;2,y).

Simillary as in [1] for Case 2. we suppose that f and g are both decreasing
functions on [a,b] and x < y. Since f(x) > f(t) > f(y) and g(z) > g(t) > g(y) the
inequalities in (4) and (5) again are valid and the proof is the same as in Case 1.

Case 3. Let f be an increasing function and g decreasing function. Note
that we can consider Case 1. for function f and —g and in [1] we proved reverse
inequality in (3) for functions f and g. Similarly as in Case 1., according Corrolary
2.1 reverse inequality (3) implies the Schur-concavity of T(f,g;x,y).

T(f,g;x,y) <
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