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ABSTRACT OF THE DISSERTATION

Applications of the Bellman Function Technique
in Multilinear and Nonlinear Harmonic Analysis

by

Vjekoslav Kovac
Doctor of Philosophy in Mathematics
University of California, Los Angeles, 2011
Professor Christoph Thiele, Chair

Large part of this work is motivated by a question raised by Demeter and Thiele
in [14] on establishing L? estimates for a two-dimensional bilinear operator of

paraproduct type, called the twisted paraproduct. It is given by

T(F,G)(z,y) == Z 22'“(/RF(1: — 5,9) ©(2"s) ds) </RG(:c,y — ) (2%1) dt> :

kEZ

where ¢, 1 are Schwartz functions and @@(5) is supported “near” |£| = 1. We

confirm this conjecture by proving

IT(F, G)

Lr®2) < Cpg | F|lLe@e)l|GllLaee)

whenever 1 < p,q < oo and % = }D—l—é > % As a byproduct of the approach
we develop a rather general technique for verifying multilinear estimates. This
method is subsequently further applied to show LP bounds for a class of two-
dimensional multilinear forms that generalize (dyadic variants of) both classical

paraproducts and the twisted paraproduct.

The remaining material is related to the one-dimensional Dirac scattering

X



transform f H{ZE;’ZS ZEZZ ?) }, defined by the initial value problem

3[ a(z,§) b(z,§) ] _ [a(az,f) b(x,§) ] [ 0 Fz)e2miat
ox b(x,€) a(x,§) b(z, &) alx,§)

a(—00,&) =1, b(—00,&) =0.

Muscalu, Tao, and Thiele asked in [33] if the analogues of Hausdorff-Young in-

equalities are valid with constants independent of p,

I fa(o0, )N sy < Cllfllrm, for 1<p<2, J+L=1.

1
P
We provide positive answer to this question in the case where the exponentials
are replaced by the character function of the “d-adic model” of the real line.

Our main tool for all of the attempted problems, both multilinear and nonlin-
ear in nature, is the Bellman function technique, briefly described as “systematic

induction over scales”.



CHAPTER 1

Introduction and overview of the results

1.1 Some problems in multilinear harmonic analysis

An object that motivated much of the modern multilinear time-frequency analysis

is the bilinear Hilbert transform,

BH (£.9)(0) i= . | flo = t)gla =60 T

where [ is a real parameter and § # 0, 1 to avoid degeneracy. This operator was
introduced by Calderén in the 1960s, and was motivated by the study of Cauchy
integral operator on Lipschitz curves I,

[ I©
(Crf)<2) T 771_>0+ - C - (Z+Z77)

dc, zeTl, feL*D).

Calderén conjectured that BHg maps continuously from L? x L™ to L?, as this
would have implied L?-boundedness of Cr; see [21]. Although the latter result
was established by different methods, the former question became interesting in

its own right, and remained unsolved until the late 1990s. Lacey and Thiele

proved its boundedness! in a pair of breakthrough papers [25], [26]:

IBHs(f, O)llur) Spopa 1 Lo lgllee e

LFor two nonnegative quantities A and B, we write A < B if there exists an absolute constant
C > 0 such that A < CB, and we write A <p B if A < CpB holds for some constant Cp > 0
depending on a parameter P. Finally, we write A ~p B if both A <p B and B <p A.



for % =141"1<pg<oo, 2 <r<oo. Their methods have been successfully
Py 3

adapted to many similar problems.

Demeter and Thiele investigated a two-dimensional analogue of the bilinear
Hilbert transform in [14]. For any two linear maps A, B: R?* — R? they considered
BH4 p(F,G)(z,y) := p.v./ F((z,y)—A(s,t)) G((z,y)—B(s,t)) K(s,t) ds dt,

RQ
where K: R?\{0,0} — C is a Calderén-Zygmund kernel, i.e. K is a symbol
satisfying
0°K (& m)| Sa (€ +7) 712

for all derivatives 0% up to some large (unspecified) order. In [14], the bound

IBHA5(F, G)llure2) SaBpg 1F]le@)]|Glluoe2

is proven in the range 2 < p,q < oo, % = %+% > %, and for most cases depending

on A and B.

Some instances of A, B were handled by an adaptation of the approach from
[25], [26], while some cases lead the authors of [14] to invent a “one-and-a-half-
dimensional” time-frequency analysis. On the other extreme, some instances of
A, B degenerate to the one-dimensional bilinear Hilbert transform or the point-
wise product. Up to the symmetry obtained by considering the adjoints, the only
case of A, B that was left unresolved in [14] is

T(F,G)(z,y) := p.v. /2 F(zx —s,y)G(x,y —t) K(s,t)dsdt. (1.1)

R
This case was denoted “Case 6”7 and, as remarked there, it is largely degenerate
but still nontrivial, so the usual wave-packet decompositions showed to be inef-
fective. This operator can be viewed as the simplest example disclosing certain

higher-dimensional phenomena, or more precisely, complications not visible from



the perspective of one-dimensional multilinear analysis arising in [25], [26], even

in quite general framework such as the one in [13] or [37].

In Chapter 3 we establish bounds on the bilinear multiplier (1.1). It will be
enough to discuss the special case of the symbol
K(gm) =), 2w n),
kEZ

i.e. the kernel

K(s,t) = 3 2%(2s) (24,

kEZ

with ¢ and 1 having absolutely bounded first several Schwartz norms. A standard
technique of “cone decomposition” (see [50]) then addresses general kernels K.
This special case is a two-dimensional bilinear operator of paraproduct? type that
does not fall into the realm of Calderén-Zygmund theory. We call it the twisted
paraproduct; the name was suggested by Camil Muscalu. In Chapter 3 we prove

boundedness of this operator in a certain range of L? spaces:

Theorem 3.1 (restated; also see Section 3.1). Suppose that ¢, € C(R) satisfy

@) [Ze@)], [W@)], v @] S @+,

supp() C {€ € R : F<|¢ <2}

Bilinear operator

T.(F,G)(z,y) = Z 22k</

keZ R

F(z — s,y) p(2Fs) ds> </

Gla.y — ) v(2") dt

satisfies the estimate

|Te(F, G)ller@ey Spa 1FllLe@2)|GllLa2)

whenever 1 < p,q < co l:%—l—%>%.

>

2The general notion of a paraproduct will be discussed later in this section.



It is worth mentioning that our main method proves the bound in the region
2 < p,q < oo only and then we use the result of Bernicot from [1] to extend it to

the case when either p < 2 or ¢ < 2.

Another source of motivation for studying multilinear singular operators (such
as the one above) is from ergodic theory, i.e. the study of general measure pre-
serving systems. The most fundamental ergodic theorem is Birkhoff’s a.e. con-
vergence theorem [3]: If (X, F, ) is a probability space, T: X — X is a measure
u preserving transformation, and f € L'(u), then the limit

1 N-1
lim — ) f(T"z)
n=0

N—oo N

exists for p-a.e. x € X. Of the similar spirit is a result by Cotlar [11] with

averages replaces by the (weighted) series:

"

lim E f(T"z)

N—oo n
—N<n<N, n#0

exists for p-a.e. r € X.

There are many ways to prove Birkhoff’s and Cotlar’s theorems above, but
one possible way is to transfer them from general X to R using Z as a mediator.
This is the simplest instance of transference principles between ergodic theory and
the theory of (linear or multilinear) singular integral operators, called Calderdn’s
transference principle; see [7]. If we introduce the wvariational V" -norm of a

function 6: (0,00) — R by

M 1
f]|y- :=supll(e)| + su O(c) —0(c;_1)|") ",
ol = s 6@+ s (3100 ~olesl )

then it is possible to prove the following variational inequalities for 1 < p < oo,

feLlP(R), and r > 2:

|12 [ st

So 1 fllee)
Vellie(w) '



Sp |1 fller e -

dt
H | [ ra-0%
lt]>e t L2(R)

Vi
Such estimates are first discussed by Lépingle [27]. We might recognize the op-
erators on the left as the Hardy-Littlewood averages and the truncated (linear)
Hilbert transform respectively. These inequalities imply pointwise convergence
theorems, but they are actually more quantitative than “soft convergence results”,

and so harder to prove.

Following this analogy, the objects corresponding to the bilinear Hilbert trans-
form (and to the bilinear Hardy-Littlewood averages) would be ergodic averages
and series of the form

Trx)g(T™"x

n

Y

lim < f(T"2)g(T""z), lim
n=0 —N<n<N, n#0

for a fixed positive integer m. Their a.e. convergence was established by Bourgain
[5] and Demeter [12] respectively. Replacing 7™ by another transformation S

leads to a famous conjecture in ergodic theory.

Conjecture 1.1. If (X, F, u) is a probability space, T,S: X — X are two com-
muting (i.e. ST = T'S) measure p preserving transformations, and f,g € L*°(u),
then the limit

=

I 1
Nl—r>noo N

f(T"x)g(S"x)

Il
o

exists for p-a.e. v € X.

This conjecture is still unsolved and seems to be slightly out of reach of the
current techniques. Convergence of the same averages in the L2-norm sense was
first proved by Conze and Lesigne in [10]. This was further generalized to the

case of several commuting transformations by Tao [46].

When we transfer results from X to R, this leads us to studying “singular



bilinear averages”

p.v./RF(x—t,y) G(x,y—t)% (1.2)

and variational inequalities for them. Unfortunately, even the ordinary L? bounds

are not known at this moment, leaving another interesting open problem that has

attracted much attention recently, this time in harmonic analysis.

Conjecture 1.2. Bilinear operator (1.2) satisfies

dt

Hp.v./RF(x—t,y)G(as,y—t)—

; Sea HF”L”(RQ)HG”L‘I(RQ)

LT

(xR

for some choice of exponents satisfying % = % + %, 1<p,qr<oco.

It is easy to notice that this conjectured bound implies boundedness of the
bilinear Hilbert transform, both one-dimensional and two-dimensional, even uni-
formly over the parameters 3, A, B and including the case (1.1). It also implies

boundedness of the Carleson operator

€na) =suw] [ 1o —nen
related to a.e. convergence of the Fourier series.

Operators in [14] can be viewed as harmonic analysis analogues of ergodic
double averages like
= T
— > f(S"T x)g(STT ) or e > (ST )g(S ),
m,n=0 m,n=0
while the twisted paraproduct operator from Theorem 3.1 is relevant for the

averages

2

-1

LS famasts) - (%:Z;f@%)( o(5"2)).

m,n=0

3
Il
=)

However, the latter are immediately seen to converge a.e. by two applications of

Birkhoft’s ergodic theorem. Here we see that corresponding problems for singular



integrals are typically harder as they require summability over scales, but some-

times other techniques do not provide any better understanding of convergence.

The Demeter-Thiele program (proposed in [14]) suggests to approach Conjec-
ture 1.1 via harmonic analysis methods, by first examining Conjecture 1.2. For
the latter one it was required to begin by establishing bounds on (1.1). Therefore,

Theorem 3.1 accomplishes the first step of that program.

In Chapter 4 we define a class of two-dimensional multilinear forms that nat-
urally generalize both classical paraproducts and the twisted paraproduct from
Chapter 3. Paraproducts first appeared in the work of Pommerenke [43], who
showed that A’ = f'g and h(0) = 0 imply ||hllaz S || fllBmoallgllaz for analytic
functions on the unit disk.®> They were named and used extensively by Bony
[4] in the context of his theory of paradifferential operators. Since then, many
variants have been studied and they have proven to be a useful concept in var-
ious mathematical disciplines. We choose the formulation appearing in [50]. A
multilinear form A is called a (classical) model paraproduct if it is given by

A(f17“'7fn> - Z |]‘1_% H<f17<p§l)>L2(R)

I dyadic interval

S /Rn<ﬁfi(xi)gogi)(xi)>dxl...dxn,

I dyadic interval
where each cpgi) is a smooth bump function adapted to the interval I. We also
assume that for each I at least two of the functions gpgl), ces gogn) have mean zero.

Classical Calderén-Zygmund theory establishes the estimate
A - E)l Sno [T IFlrecey
i=1

for the exponents satisfying > ", pl@- =1and 1 < p; < oo; see [50]. One can

consult [45] for applications and [2], [38] for more recent results and references.

3The author would like to thank Professor John Garnett for correcting the historical reference
on paraproducts.



Significant conceptual complications that do not seem to have been extensively
studied arise as soon as one proceeds to higher dimensions. Dyadic variant of the
(dualized) twisted paraproduct (trilinear) form attains a similar, “paraproduct-

like” shape:

A(F,G,H) = Z F(u,y)G(x,v)H (z,y)

R4
7 (W) ()05 (0)05(y) dudzdvdy ,

IxJ dyadic square

where 90? = ’[|_1/211 and w? = ’[|_1/2(111eft half_llr can be thOUght of as

bt hair)
dyadic versions of bump functions.

In the effort to find a common generalization of the previous two objects, it
turns out convenient to associate the “paraproduct-type forms” to finite bipartite
undirected graphs. Theorem 4.1 is the main result here, proving their L” esti-
mates in certain ranges of exponents depending on the structure of a particular
multilinear form. This time we prefer to work in the dyadic setting only and do
not discuss continuous analogues. Also, we only deal with functions on R2, for

expositional and notational simplicity.

Theorem 4.1 (restated; also see Section 4.1). Let m,n be positive integers,
EC{l,...om}x{l,...,n}, SCA{L,...,m}, T C{l1,...,n}, and assume that
|S| > 2 or |T| > 2. We can interpret E as a bipartite undirected graph, so that
each (i,7) € E determines an edge, and let d; ; be larger size of the two bipartition
classes of the connected component containing that edge. We define a multilinear
form acting on |E| functions by

A(Fij)ager) = > 1] /Rmﬂ ( 1T E‘J(%%’))
(

IxJ dyadic square i,j)€E
(TTet @) TT et ) (TTus ) TT @5 w) dar . dadys . dy,.
€S €8¢ JeT jET*C

4We use the notation 14 for the characteristic function of a set A C R.




Then A satisfies the estimate
IA(Fip)ager)| Smawey [T I1Fusllues g
(i,5)eE

for any choice of exponents such that ZE 1%3 =1 and d; ; <p;; < oo for each
(i,j) € E. e

There seems to be many other higher-dimensional phenomena worth studying.
Already “singular bilinear averages” (1.2) are not well understood at the time of
writing, and are an object of current research. There is also a reason for caution

because (even more singular) bi-parameter bilinear Hilbert transform

ds dt

p.v./ Flx—s,y—t)Gzx+s,y+t)——
R?2 st

does not satisfy any L? estimates, as shown in [31].

1.2 A problem in nonlinear scattering theory

Yet another motivation for research in multilinear analysis comes from the study
of nonlinear differential equations. The following context is taken from [33] or
[48]. Let f: R — C be a compactly supported integrable function. Consider the

generalized eigenproblem for the matrix-valued Dirac operator®:

[ & ][0 fue0] e
f(l‘) _% U($7§) U($7§)

Since the special case f(z) = 0 has the solution

B efm'xf

Aerrixf ]
)

5Since the operator is skew-adjoint, we consider only imaginary eigenvalues and find conve-
nient to write them as mi€.



in general it is natural to make the ansatz

u(z, &) = cz(x75)€7rz‘:r,=§7 vz, &) = b<m7§)e—7rm‘§.

This leads to the following initial value problem, written conveniently in the
matrix form:

0

10

where

a(x, &) b(x, & 0 f(x)e2miat
Gle,g) = | O MO g ey
b(z,§) alz,8) f(z)ermas 0
The problem (1.3) has a unique solution with absolutely continuous functions
a(+, &) and b(-, £) that satisfy the differential equation for a.e. x € R and eventually
become constant as x — —oo or x — co. The limit
a(c0,&) (o, €) | _ [ a(z,€) b, ) ] 14)
b(c0,§)  a(o0,§) b(x,§) alz,€)

is a function in £ € R, called the Dirac scattering transform of f. It is easy to

G(00,€) =

T—00

see that all matrices G(z, ) must belong to the classical Lie group

SU(1,1) ::{{Z E] :a,beC, |&|2—\b|2:1},
a

and so & — G(00,€) is indeed a function from R to SU(1,1). In analogy with
the (linear) Fourier transform on R, we also call it the SU(1, 1) nonlinear Fourier
transform of f, the term originating in [48]. We simply write G(&), a(§), b(§) in
place of G(00, ), a(00,£), b(00,£).

Rewriting the system as

a(z,&) =1+ / ’ f(£)e*™ b(t, &)dt

b6 = [ CF()TE alt, Dt

10



and using Picard’s iteration, we arrive at the following multilinear expansions:

W =1+Y / F (@) @) . f (wans) Faan)

n=1 {:E1>£B2>...>:D2n71>:v2n}

627.”(361_:(:2—1_'"—’_962"_1_962")5 d$1d$2 R dl’gn,ldl'gn

1 -
=1+ §|f(£),z+o(y|f|yi1(R)), for ||l “small”,

weo =>- [ @) T - T 2) fw201)

n=1 J{z1>x2>. .. >29 2>T2n 1}

62m($1_$2+'"_$2"72+$2"71)§ dJZleL'Q . dl‘gn_gdxgn_l

= FEO+O0(If I} ). for |fllim “small”,

where
£ — 27riw§d )
fie) = [ f@em s

This motivates the heuristic approximation

G(§) ~

L+slfer e ] - [ 0 f(© ]
f€) L+ 51f QP f) 0

and we can think of & — G(00,£) as a nonlinear version of the (linear) Fourier

transform f . The above expansions proved to be extremely useful when f &€

LP(R), 1 < p < 2, but there is a reason for caution since even individual sum-

mands can be unbounded for f € L2(R); see [34].

Using elementary contour integration one can show a “nonlinear analogue” of

the Plancherel theorem:

|(21n |a(§)|)1/2||Lg(R) = || fllLee) -

The first appearance of this identity (although in discrete setting) dates back to
[51], [52]. From this equality it seems that (In|a|)!/? is the appropriate measure

of size for matrices in SU(1, 1), so in the spirit of classical Fourier analysis one

11



can consider nonlinear analogues of Hausdorff-Young inequalities for 1 < p < 2:

1 ()N L) < Cp 1/ llrm), (1.5)

where p and ¢ are conjugated exponents, i.e. % + é = 1. Besides the trivial
Riemann-Lebesgue type estimate for p = 1, one can show (1.5) for 1 < p < 2
using the above multilinear expansions, which is first done implicitly in [8], [9]
and formulated explicitly in [48]. These papers also prove the maximal version
of (1.5), i.e. Menshov-Paley-Zygmund type inequality. Even stronger, variational
estimates for 1 < p < 2 are shown recently in [42]. Table 1.1 compares classical

estimates for the Fourier transform with their “nonlinear versions”.

Fourier transform Scattering transform

Riemann-Lebesgue est.

17 1l < £l

l2nla@©)* o < £l

HausdorfT-Young inea. | [ 7., < I/]1s [tnla(D ] <o 1710

1<p<2, 1/p+1/q=1

Plancherel identity ||]?HL2 = fllLz H(an\a({)\)%HLg = fllLz

Menshov-Paley-Zygmund Hsup‘ ff(t)ezmtgdﬂ y N F H sup(1n|a(x,§)|)% L SpllfllLe

1<p<2, 1/p+1/q=1 Lo ¢ ’ ¢

Strong Carleson est. Hsup‘ [ ft)erm it o NFillE H sup(ln|a(w,f)|)% .y SNz
T —o0o A x A

(conjectured)

Table 1.1: Analogy between the linear Fourier transform and the Dirac scattering

transform.

However, the truncation method from [8], [9] or [42] gives constants C, in (1.5)
that blow up as p — 2—. For that reason Muscalu, Tao, and Thiele raised the

following conjecture in [33].

Conjecture 1.3. There exists a universal constant C' > 0 such that for any pair

of conjugated exponents 1 < p < 2 and 2 < g < oo and every function f as above

12



one has

1 [a(€))*|la@y < C llfllur -

It is interesting to notice that, although we have (1.5) in the endpoint case
p = 2, we still cannot conclude uniformity of C), for neighboring values of p.
Such anomalies are not possible for linear operators due to the Riesz-Thorin
interpolation theorem. However, our transformation f + (Inla(-)|)/? is not
linear, and no standard interpolation result can be applied directly to prove the

conjecture.

We support Conjecture 1.3 by instead proving the case when the exponentials
are replaced by the character function of the d-adic model of the real line. A

rigorous statement is the following theorem, the main result of Chapter 5.

Theorem 5.1 (restated; also see Section 5.1). Suppose that in the definition of

W (z,€) the exponentials e*™*¢ are replaced with

Ed(.’ll', 6) = 6(2”/01) Y nezTné—1-n
for base d expansions x = Znez epd, € = ZneZ € 4" Then

H(ln\a(f)\)mHLg(R) Sa |l fllee )

whenever 1 <p < 2, 117—1—5:1.
It is important to emphasize that the implicit constant depends only on d and

not on p, q.

Let us remark that our qualitative assumption on f is crucial in order to
be able to define the scattering transform properly. If f is merely in LP(R)
for 1 < p < 2 (but without compact support), then from maximal inequalities
in [8],[9] it follows that the limit in (1.4) exists for a.e. £ € R, but this is a

rather nontrivial result. However, for f € L*(R) that is still an open problem,
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commonly known as the nonlinear Carleson theorem; see Table 1.1 again. Its
Cantor group model variant is proven in [33]. One can still extend the definition

of the scattering transform to L?(IR) using density arguments, as in [48].

1.3 A few words on the techniques

After discussing the problems and the results, let us say something about the
methods we develop and apply. Exposition of these tools is quite general and
somewhat informal in this section. One should refer to the following chapters for

a rigorous treatment.

The most important feature of all problems we attempt in this work is the
finite group structure, either explicit in the problem statement, or implicit in the
approach. This structure can be set up by replacing the real line with its dyadic
(a.k.a. Walsh) model or more general d-adic (a.k.a. Cantor group) model, having
different binary operation, different topology, different character function, etc;
see Section 5.1. However, we often only utilize the fact that in these models it
is most convenient to work with dyadic step functions instead of smooth bump
functions; that the Haar system is the “ideal” wavelet basis and there is no need
for more subtle wavelet constructions as in [28],[29]; etc. In all of the treated
topics these finite group models are variants of the corresponding better-known
continuous models. Sometimes the result can be easily transferred from the finite
group version to the continuous version (as in Chapter 3), but sometimes we
cannot count on that. In the latter cases we hope that the proof in the dyadic or
d-adic model lights the way on how to approach the (typically harder) continuous
analogue. It has been a very fruitful practice in time-frequency analysis to first
prove the corresponding (carefully formulated) problem in a finite characteristic,

most often in the dyadic case, and then work on the technicalities required for
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the continuous case; compare [49] with [25] and [26], or [35] with [36].

Our main tool is the Bellman function technique, but we understand the term
quite loosely, so that it can be used interchangeably with “telescoping over scales”
or even simply “induction over scales”. The very basic idea is that, if we want to
control a multiscale quantity 25:_01 A, it is enough to construct a controllable

quantity B, that satisfies |A,| < B,+1 — B,, since then we have
N-1
> A
n=0

Sometimes even the special case A,, = 0 is interesting if already the monotonicity

< By —DBy.

By < By < ... < By_1 < By yields worthwhile information. Furthermore, the

above quantities are often sums over d-adic intervals (or squares),

Av=d™ > A, By=d" > B,

[|=d=" [|=d="

which reduces the construction to a single interval (or a square) and its d (or d?)

children, and thus hopefully just to a finitary computation.

Bellman function methods are first successfully applied in probability and
functional analysis by Burkholder [6], who used them to compute L” norms of
martingale transforms. The first application to a problem in harmonic analysis
is due to Nazarov, Treil, and Volberg in [41]. They also popularized the term
“Bellman function”, developed the idea into a systematic theory in a series of
papers beginning with [39], and explained connections with Bellman’s original
work in optimal control theory, [40]. Very often Bellman functions provide a sim-
pler alternative to “stopping time arguments”, especially when reproving classical
results. We make a compromise between the two perspectives and benefit from
both of them, as our approach reveals its full power when applied locally, i.e. to

a single tree of dyadic intervals or squares.
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In Chapter 2 we develop a particular instance of the technique that is suited
for proving L” estimates for two-dimensional multilinear forms having a certain
paraproduct-type flavor. Dyadic variant of the twisted paraproduct also falls
into that category, allowing its treatment in Chapter 3. Then it turns out very
convenient to use the square function introduced by Calderén and generalized
by Jones, Seeger, and Wright in [22]. That way we transfer the result to the
continuous case, thus finally settling boundedness of (1.1). Chapter 4 is a rather

general realization of the technique from Chapter 2.

Chapter 5 deals with d-adic version of Conjecture 1.3. The method of the proof
is simply a monotonicity argument over scales, which is typically a privilege of
finite group models. The main idea is taken from the “local proof” of the Cantor
group model Plancherel theorem given in [33]. A new contribution is the con-
struction of the modified “swapping function” [, that satisfies a certain LP — L9
estimate uniformly in 1 < p < 2, % + % = 1 and thus allows us to construct a
Bellman function B independent of p. In the proof we use linear Hausdorff-Young

inequalities on Z/dZ, as a substitute for some cancellation identities from [33].

The scheme of dependencies between chapters is given in Figure 1.1.

-Chapter 3
[en

(Chapier 1] T G

" [Chapier 3

Figure 1.1: Chapter dependencies.
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CHAPTER 2

Bellman functions and multilinear estimates

2.1 The general multilinear setting

In this chapter we set up the Bellman function machinery appropriate for prov-
ing certain estimates for multilinear operators acting on higher-dimensional func-
tions. Our primary motivation is the twisted paraproduct operator introduced
in Chapter 3, but as we will see, the same technique can be used for establishing

boundedness of a larger class of multilinear operators.

The main difference between our setup and the Bellman function theory de-
veloped in [39], [40], [41] and the subsequent papers by the same authors and their
collaborators is that we do not insist on optimality conditions and our approach
can only be used to establish positive results about boundedness of operators.
This simplifies the theory, since otherwise the corresponding Bellman functions
in the sense of optimal control theory would necessarily have to be “infinite-

dimensional”, i.e. would not depend on finitely many scalar parameters.

For conceptual and notational simplicity we will only work with functions
on R2, but all results and examples easily generalize to higher dimensions. On
the other hand, dimension 2 already leads to certain complications that do not
seem to have been extensively studied prior to this work. Informally, we say
that functions appear in a certain “twisted”, “entwined”, or “entangled” way

in definitions of some multilinear operators — again the simplest and the most
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representative example being the twisted paraproduct.

In all of the following, functions are assumed to be nonnegative, measurable,
bounded, and compactly supported. The general case can always be deduced
by splitting into positive/negative, real/imaginary parts, and invoking density

arguments.

Let D denote the family of all dyadic intervals, i.e.
D:={[2",2"(1+1)) CR : k1€ Z}.

For each dyadic interval I, we denote its left and right halves by [y and Lgne

respectively. Let C denote the collection of all dyadic squares, i.e.
C={IxJCR*:I1,JeD, |I|=]|J]]}.

We write |@Q| for the Lebesgue measure of Q € C. Every dyadic square ) par-
titions into four congruent dyadic squares that are called children of @), and

conversely, () is said to be their parent.

Ileft X Jright Iright X Jright

Q=1xJ=

Dt X Jiegt | Lright X Jleft

Figure 2.1: A “parent square” divided into four “children squares”.

Consequently, each function F' defined on a dyadic square ) can be decomposed

into four restrictions of F' to children of Q).
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Our method requires working with structured families of dyadic squares called
convez trees. A tree is a collection T of dyadic squares in R? such that there exists
Q7 € T, called the root of T, satisfying Q C Q7 for every Q € T. A tree T is
said to be convex if whenever Q1 C Q2 C @3, and QQ1,Q3 € T, then also Q» € T.
We will only be working with finite convex trees. Informally, convex trees “do
not skip any scales”. A leaf of T is a square that is not contained in 7T, but its
parent is. The family of leaves of 7" will be denoted L£(7T). Notice that for every

finite convex tree T squares in £(7) partition the root Q.

Figure 2.2: A finite convex tree (left) and the partition of its root into leaves

(right).

For a function f on a dyadic interval I we denote

1
= @heer = 77 [ fla)do,
1] Jy
1
P = f@ser = ([ fla)de— [ fa)de).
| ’ Doty Tiignt
We prefer to emphasize the variable in which the average is taken, as for instance

in [F(x,y)]zer and (F(z,y))zer we deal with functions of more than one variable.

We simply write [F(z,y)], and (F(z,y)). if the interval I is a generic one or is
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understood. Notational shortcuts such as

<(I3(.’L',£E, y Ty — <<< x $/’y)>zel>x’61>y€J’

LR FPRIUES JOO ( LCTISNN) N FOO I

are also allowed. Finally, for a dyadic square ) = I x J and a function F' on it

we denote

1
[F]Q = @/QF((E’y) dxdy = [F(w’y)}xef,ye]'

Let us now turn to multilinear (and multi-sublinear) operators we want to

study. A broad class of interesting objects can be reduced to
Ar(F . F) =) (@ Ag(Fy, ., B, (2.1)

QeT

where 7 is a finite convex tree of dyadic squares and A = Ag(F,...,F)
is a “scale-invariant” quantity depending on several two-dimensional functions
Fi,..., F, and a square ) € T. (A rigorous definition of paraproduct-type terms
will be given in Section 2.2.) Several illustrative examples (used later in the text)

are

Arxs(F) = 3[[F (@, y)]aer(F(@,9))ze1] e s
AI><J F G :< $ y $€I>y6J< x y)]xel>yeja (22)

Arxs(F,G, H) := ([F(u,y)G(z U)H(q:,y)]w,ueﬁy,ve]. (2.3)

Sometimes we want to deal with sums over infinite collections of squares @,
but this extension is immediate if we do not allow any constants to depend on T .
A special instance is when 7 is replaced by the collection of all dyadic squares

C, but in certain applications this specialization is not general enough.

Let B = Bg(Fi, ..., F;) be another “scale-invariant” quantity depending on
functions Fi,..., F; and a dyadic square (). We define the first order difference
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of B, denoted B, as the following quantity:

1 1
DBIXJ(Fh SRR Fl) = legllechJleft(Flv SRR Fl) + ZBIIeftXJright<F17 s 7Fl)
1 1
+ZB[rigl\tXJleft (F17 R E) + ZBIright ><Jright (F]-’ tet 7E)
_BIXJ(Fla .. aﬂ) .

For instance,

Brxs(F) = [[F(x,9)]zer] ey (2.4)

[[F(w7 y)]ielleft] YEJright

le [[F(z, y)]ielright] ye

B | =

[F(l': y)]iElleft] YE€Jett +

+
+

PG e o
— [F@y)Pel,,
1G9 Een] s + 5 [F 0 e e — [F@ 0B,

[[F (@, )]eer(F (@, 9)zer] e - (2.5)

J, right

Above we used obvious identities

)
X Z‘GI}eft f(x>]$elright)’

[f ()
(I €Lt f(x)]fﬂefright)’ (26)

and %(A + B+ i(A—B)3— A3 =3AB%.

We provide more examples in the following two tables. Table 2.1 contains
examples where all functions have (z,y) as their argument and in those cases we
omit writing the variables x,y. Therefore, F' stands for F'(z,y), etc. In Table 2.2
we give a couple of examples with several different variables involved, and thus

those variables have to be explicitly denoted. Some entries in these tables would
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require rather lengthy computation. Much more convenient way of obtaining

such identities is using Theorem 2.2 from the next section.

B OB
712, [(F)2]
73], 3 [[Fla(F)2]
[F12., 3 [Flay ([{F)aly + ([Fla)y + (F)2) + 6 [(F)aly, (Fla)y (Fay
[(FI2], [Gley | [(F)2], [Glay + ([F12), ([Gla), + ((F)3), (Gl2),,
+2[[Fla(F)zl, (G)aly + 2([Fla(F)z)y (Gay
F2,(Cloy | (P2 H{FL2H(F)2,) [Gley
+2 ([Flay [(F)a],+(Fay ([Fla), ) (G)aly
+2 ([Flay ([Fla)y+(Flay [(F)a], ) ([Gla)y
+2 ([Floy (Fley+([Fla)y [(Faly ) (Glay
Table 2.1: A sample table of first order differences.
B OB
[Flwy)H . y)2],, {<F< D)2+ (F G ) H )R,
+(F ) ( YY)
[P 0) G 0], [<F< O], 0+ (F )P0,
P,y Flu,0)2),

Table 2.2: More complicated examples of first order differences.

Let us now suppose that we have found a quantity B such that A < 0B, i.e.

more precisely

Ao(Fy,...,F) < OBo(F.,....F), (2.7)
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for all squares () € T and all nonnegative functions Fi,..., F;. By fixing an
[-tuple of functions and applying (2.7) to an arbitrary @ € T, we get

1
Ao(Fy,.. Fi) < 5 > By(F,....F) = Bo(F,....F).

Q@ isachildof @

Multiplying by |@| and summing over () € T we obtain

Ar(F . F) < Y 1QI Bo(Fs ... F) — Q7] By (Fi,... . F)  (28)
QeL(T)

for A7 as in (2.1). To verify (2.8), one only has to note that each term

Q| Bo(Fi, ..., F) for @ € T\ {Q7}

appears exactly once with a positive sign and exactly once with a negative sign
and thus all terms but those appearing in (2.8) cancel themselves. Here is where
we crucially use the tree structure — a general collection of squares would not

work.

The expression B can be called a Bellman function for Ay. It is certainly
not unique and other properties required of B in the actual problem will further
narrow the choice. Usefulness of (2.8) is in the fact that it reduces controlling?
a multi-scale quantity A7 to controlling two single-scale expressions: one on the
level of the “finest scales” £(7) and another one on the level of the “roughest

scale” Q7.

Let us illustrate this with an example that is an immediate consequence of

Table 2.1. More important examples are given in Section 2.3. Define

2(F,G) = Y x| (F@y)lier), e, (Gl y)leen) ey -

IxJect+

Hf we want to control | A7, then we also need to find B with —.A < 0B, or better immediately
choose B satistying |A| < OB.
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where C*7 is a collection of all dyadic squares in the first quadrant of R?. This
is a particular, quadratic, and dyadic case of one of the forms appearing in [14]
and can be handled using the theory of maximal truncated singular integrals.

Instead, we present a simple Bellman function proof of

2(F,G) // y)* + G(z,y)°) dv dy,

for nonnegative functions F' and G.

To keep arguments finite, we also introduce
Cxt={IxJeC:1,JC[0,2Y), [I|=|J|>2""},
for any positive integer N. Define B = By ;(F,G) by the formula:

[[F1a], + s [Fl2y + (1], [Gley + [F12y[Glay + 2[F ey (G2, + S[G;

3 z,y z,y z,y 3 Ty "

Using the entries from Table 2.1, rearranging and grouping the terms, and trans-

forming some terms with the aid of (2.6), we arrive at the expression:

0B = ([F xymﬁwﬂm Waet)yes

+[F( xd%4< (2.9) + G )], ey, + (Gl plocr)le, )
([r(

ﬁ

2
:pel yeJ F(x,y) +2G(z,y }m€I>y€J

+ o+

2

et ) + 6 hena)er]
{

2

y)]
+ )]xel F(g;7 y) + [G(x, U)]veJright>er] YE Triaht

ﬁ
g
[G(JJ, ]xel,yechft [<F<177 y) + 2[G(z, U)]vGchft>ieI

(G sy | (F@9) + 206G @ e ) re;

(z,
(z,y
Y)

+

] IS Jleft

+
N~ N~ N~ N

:| yeJright

2Note that = is not always nonnegative and that for illustration we only bound it from
above.
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F(J}, y)} zel, y€Jiett [<F(CL’, y) + G(ZE, y)>:v€1] Z2J€J1eft

_|_

F@y)],ep yern (F@y) +Glay), 10,

+

+

<F($a y)):tél] ieJleft [G(l‘, y)} z€l, y&€Jiest

(F @ 9)aer] e (G aer e

+
NN RN =N -

— o o

Since we have assumed F,G > 0, each row but the first one is nonnegative,
so OB > A, where A = Ay ;(F,G) is defined by (2.2). Inequality (2.8) with
T = C}" then gives

> U xJ| ([Fle,p)l) (Ga,yl), < Y, [IxJ| Bry(F,G).
IxJectt 1,JC[0,2N)
[|=|J|=2"N"

Observe that for nonnegative f by Jensen’s inequality for powers we have
F@)oer < @8 < [F@))5
which easily implies
Brs(F,G) < 6(1F(z,9) aeryes + [G@.1) acrves )

We have obtained

> 1 (PG, (G, <6

I><JECIJ(,+

2N noN

/0 (F(z,y)® +Cla,y)?) dedy.

and it remains to let N — oo.
2.2 First order difference formula for paraproduct-type
terms

In the previous example we see that the main effort of finding an appropriate
Bellman function B relevant for bounding Ay = > o, |Q] Ag consist of the

following steps:
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e Deciding which terms By, ..., By, will appear in the Bellman function.
e Computing [IB; for each of these terms B;.

e Assembling B as a linear combination of these terms, B=ayB+. . +ay By

In the mentioned example, we did not give any motivation for the first step and
we did not give any hints on how to easily perform the second one. Fortunately,
there is a special type of terms B; for which a simple rule for determining [IB;
applies. Moreover, the inverse procedure of finding the needed terms B; from

their first order differences is even more straightforward.

Definition 2.1. A paraproduct-type term is a formal finite product consisting
of finitely many two-dimensional functions F, G, H, Fy, F», ...in finitely many
variables u, v, x,y, T1, T, ..., with finitely many inserted brackets of two types,
[-] and (-), each with a variable in its subscript, and satisfying the following set

of rules:

o The brackets are either nested or enclose disjoint factors of the product, i.e.

the string is a “meaningful algebraic expression”.

e Fach bracket is subscripted with a single variable taking values in either I

or J and every pair of nested brackets has different subscript variables.

e Fach argument variable of any of the functions also appears in a subscript

of some bracket enclosing it.

An averaging paraproduct-type term is a paraproduct-type term containing only
brackets of type [|. Linear combinations of paraproduct-type terms are called

paraproduct-type expressions.
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We also regard B = 0 to be a (trivial) averaging paraproduct-type term. All
terms in Tables 2.1 and 2.2 are paraproduct-type terms, but only the terms in
the left columns are averaging. Note that formally our definition does not allow
appearance of any nonlinear operations, but powers can be interpreted simply as
abbreviations for products of repeating factors. Thus, for example (2.4) is just a
shorter form of

[F (@, leerlF (e, )er[F (2. 9) e | (2.9

yeJ

Theorem 2.2. Let B be an averaging paraproduct-type term. Then OB is equal
to the sum of all non-averaging paraproduct-type terms obtained by replacing some

brackets of type || with brackets of type (-) in any possible way such that:

e The number of replacements corresponding to variables in I is even.
o The number of replacements corresponding to variables in J is even.

o At least two replacements are made, i.e. the derived terms are not averaging.

In particular, if B contains m brackets corresponding to wvariables in I and n
brackets corresponding to variables in J, then OB will consist of 2™t"2 — 1

(possibly repeating) terms.

For instance, take (2.4) and first rewrite it as (2.9). There are 3 brackets
corresponding to variables in [ and 1 bracket corresponding to a variable in J,
giving us only 237172 — 1 = 3 possibilities. All 3 of these terms are equal and we
arrive at (2.5). As another example, take the last entry in Table 2.1, and rewrite
it as

[F (@, )eetlye s [1F (@ 0)leerlye s G )leer]ye s -

There are 3 brackets corresponding to variables in I and 3 brackets corresponding

to variables in J, leaving us with 23732 — 1 = 15 choices. We see that the result
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in Table 2.1 also has 3 +2-2+2-2+ 2.2 = 15 terms. Easy combinatorial

reasoning recovers all of them.

Proof of Theorem 2.2. The first step is to realize that every averaging para-

product-type term can be written in the following standard form:

B = [@(wl,...,xm,yl,...

’ yn)] Tl @m €I, Y1,0,yn€J ’

Here ®(z1,...,2m,y1,...,yn) depends on functions Fi, ..., F;. To achieve that
reduction, one has to rename all duplicate variables, i.e. those variables x that ap-
pear in the original term in the subscript of more than one bracket [-],. After that
is done, one has to gradually “move” all terms inside the brackets, concentrating

on one bracket at a time. For example, (2.9) can be rewritten as

[f?(xl, y)F (z2,y)F(x3, y),]

g

r1,x2,23€1, yeJ *

D(z1,22,23,Y)

After this simplification, the main statement can be formulated as?

OB = Z |:<q)(x1,...7~§Umay1,..-,yn)>xi€[foriesi|xielforiesc,
SC{1,...,m}, TC{1,....,n} y;€J for j€T ~ y;€J for j€T*
S|, T even, (S,T)#(0,0)

which can in turn be rewritten (using the definition of [IB) as

1
4 [(I)(a:l’ o Tmy YLy e ’yn)]xl,.-.,meHem Y1 Yn € Jleft
1

+ 1[0y )] e cn T
1

+ [Py )] e e (2.10)
1

+ Z [(I)(xl’ s lm Y, ’yn)]xl,---,wmehighm Y1, Yn€Jright

= Z |:<(I)(SC1,...,l'm,y1,...,yn>>zi€[ for ieS:| xz;€1 for i€5¢ -
SC{1,..,.m}, TC{1,....,n} y;j€J for j€T ~ y;€J for j€T*

|S|,|T| even

3Here S¢:={1,...,m}\ S and T¢:={1,...,n}\T.
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For the purpose of the proof, we denote (for a dyadic interval I)

1, for z € L,
Ir(w) =9 —1, for z € Ligu,
0, forax¢gl

and immediately observe that
<f(x)>$el = [f(x)ﬁl(x)]xel?

[f(@))aet, = [f(@) (1 +90(2))] s (2.11)
[f(xﬂxelright = f(l‘)(l - ﬁl(m))]xe]‘

We start from an obvious algebraic identity

(f[ 1+ ot (x;)) )(ﬁ(1+ﬁﬁj(yj)))
- > a‘s‘ﬁ'T'<Hz91 20)) (TT0sw)) (2.12)

SC{1,...,m} i€s JET
TC{1,...,n}

—

proved simply by multiplying out the product on the left hand side. Choosing

four particular values for the parameters «,:

(0576> S {(17 1)7 (17 _1)7 (_17 1)7 (_17 _1)} )

(100 ([T00) + (TT0000) (T -25600)
e 5(IT0-nte ><ﬁ >+i<n1 o)) (110-020)

Multiplying this equality by ®(x1, ..., Tm, Y1, - - -, Yn), averaging over xy, ..., T, €
I and 41, ...,y, € J, and using (2.11) gives the desired Identity (2.10). O
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Let us state a part of the presented proof as a separate lemma. We will need

it in Sections 4.2 and 4.4.

Lemma 2.3. We add up all expressions of the form

(. . <<\I/(x1,x2, . ,xm)>m1€]>x2g e >zm€l

where an even number of parentheses (-) is replaced with brackets of type (-) and
the remaining parentheses (-) are replaced with brackets of type [-]. (Possible

repeating terms are added multiple times.) The resulting sum is equal to

1 1

5 [\I/(arl, Toy ... ’Im)}xhx%--wxme[left + 3 [\Il(zm, T,y ... ’xm)}x17xz7--~7xmelﬁgm )
In particular, if V(xy,x9,...,2,) > 0, then the sum in question will also be
nonnegative.

Proof. We are using the notation from the proof of Theorem 2.2 and Identity
2.12 with («, 8) = (£1,0). The sum in question is

E [<\Il(x1,x2,...,xm)> }
xz; €1 for 1€S Jz; €I for i€S°

SC{1,...,m}
|S] even
- Z [W(mlaxQJ'--,$m>Hﬁl(mi>:|
; T1,L2,..., Em ET
SC{1,...,m} e
|S| even
:1 |:‘I/(.I'1,£L'2,..., ﬁ(l_i_ﬁl xz :|
2 i=1 1,22, Tm €l
+ 1 |:\Ij( ﬁ 1— 19 }
- T1,To, ..., & (2;)
2 1 2 =1 ! xl?xQ?"wmeI
1 1
- 5 [qj(xl’ e 7$m)]$1,$2,...,xmejleft * 5 [q](ml’ L2y - ’mm)]xl,xz,...,aﬁme.’right ’
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2.3 Two examples

Examples in this section are relevant to the twisted paraproduct mentioned in
Chapter 1. We find it convenient to prove the key estimates here and use them

as separate results in Section 3.2.

One of the main objects studied in the next chapter can be written in terms

of averages as

M(F.G H)y= Y [Ix J|{[F 2O H @), ver)y ey (2.13)
IxJeC

Proposition 2.4. Trilinear form Aq satisfies the estimate

Aa(F, G H)| S P2 |G ez @2 [ H ||Lae) -

Besides this type-(4,2,4) estimate, one could similarly obtain type-(2,4,4)
estimate, and then use multilinear interpolation. However, A4 is actually bounded
in a larger range and the latter proof will require additional ideas and will span

over most of the next chapter.

Proof of Proposition 2.4. Note that

A(F,G. H)= Y |IxJ| As(F,G, H),

IxJeC

with A = A;;(F, G, H) defined in (2.3). For a positive integer N we denote
Cn:={IxJeC:1,JC[-2V2Y) |I|=|J|>27"}.

Observe that Cy consists of 4 finite convex trees, and that Cy exhaust C as

N — oo.

This time, let us build the Bellman function B = By ;(F, G, H) systemati-
cally. We are searching for B such that OB > |.A], but also

Brs(F.G H)| < [F@,9) ey + (G2, 9) oy + [H(@,y) oy - (2.14)
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We rewrite Ary s (F,G, H) as

[<F<u, y)H(l’, y)>y<G(l’a U))”} z,u

and realize (using |[AB| < $A% 4+ £ B?) that it is dominated by

[(Flw.y)H(z,y)),],, and  [(Gz,0))5],

The second term is simply O([[G(z,v)]7] ), so we “add” [[G(z,v)]2]  to our

v v

Bellman function. From Theorem 2.2 we know that the first term appears in
O[[F(u,y)H(z,y)]2] , and we use the same theorem to compute the actual ex-
pression, see Table 2.2. Now we see that one has to dominate the remaining two

terms in the same table entry:

(FpH@y)k),, ad  (FayHEy)?),,.

We can rewrite them respectively as

([F(u,y)H (z,y)F(u,v)H (z, U)]y7”>x,u

= [(F(u,y)F(u,v))u(H (2, y)H(z,v))s]

y7v

and

(F(u, y)H (2, y)F (u,0) H(z,v))

= ((F(u,y) F(u,0))u(H (2, y)H(x,0)).)

y,v

Both of these terms are controlled by

[(Fu,y)F(uv)y],,  and  [(H(z,y)H(z,v))]

Y0

The first of the above two terms appears in O[[F(u,y)F (u, v)]i]y ,» 50 Theorem
2.2 applies again and provides the answer in Table 2.2. (The term with H is
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completely analogous.) The procedure stops at this point, because the remaining

terms in the same table entry add up to a nonnegative expression by Lemma 2.3.

<[F(uvy > +< u U)> >yv

_ <[F<u,y W)F(z,y)F(z, ﬂ syt F@NFOF@ ) F@0),
= [(Fu,y)F(z,9));],., + (Flu,9)F(,9)7),

= %RF(U y)F( y)>y€J:|:pu€II £t + %RF(u’y)F( y)>y€‘]}$“€1rlght 20

The above reasoning can be graphically represented in the form of a tree

diagram, see Figure 2.3.

[(F(u,y)H (z,9))2] [(G(z,v))?]
l T - —
| - - - -
Y T~ s
([F(u,y)H (z,y)]?) ((F(u,y)H (z,y))%)

Figure 2.3: Bellman function tree for type-(4,2,4) estimate for Aq.

If one decides to choose the coefficients carefully, the resulting Bellman function
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is

[F () Flu, o)), + 5 [He, ) Hw )], (2.15)

and its first order difference is

1

W, + (PG 2],

<F(x, y)F(x,v)+ H(z,y)H (z, v)>2

I] Y,0E€EJleft

O
&
I
- Q
&
<

+ + ol

SRR | = o — 0o —

<F(x, y)F(x,v) + H(xz,y)H (z, v)>2

$:| y:UEJright

+

(F, y)F (0, 0))2e; + (H(z,y)H(w, v))2 |

yeJleftv UEJright

_|_

[(F (0, 9) P 9)e] s en + 1 L0 F @0
[(H ) H (0], e+ 5 [0 B0 e] e

> (G o) (P H )], | = 14

+

Also note that B clearly satisfies (2.14), for instance

[F(u,y)H(z,y)]5],, <

—

[ (u,y) H(z, )],

[Flu9)"],, + 5 [H9)",,.

IN
N —

to the four trees that make Cy and then

~—

Applying the general Inequality (2.8
using (2.14) gives

S IxJ AL (F.GH)| < Y |IxJ| Bry(F.G H)

IxJeCy 1,JC[0,2N)
[|=|J|=2"N"

2N 2N
,S/ / (F(:E,y)4+G(x,y)2+H(g;,y)4) dx dy .
_9NJ _9N

Since N was arbitrary, we have established

Aa(F, G H)| S 1P llgse) + 1Gl2@e) + 11 H [l -
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To prove the desired inequality, it remains to use the “homogeneity trick”, i.e.

F G H N
1N 1Gl2? 1 s

replace F, GG, H respectively with

Before we start the next example, let us introduce one notion from additive
combinatorics, primarily for notational convenience, but also to emphasize the
(somewhat surprising) connection. For any dyadic square @) = I x J we first

define the Gowers box inner-product of four functions F, Fs, F3, Fy as

1
Iy, Fy, Fi, Filv) = — / / / / F(u, 0) Fy(,0) By (u, y) Fi(w, y)duddudy
|Q| I1JI1JJJJ
= |:F1 (U, U)FQ(xa /U)F3(u7 y)F4<.’L', y)}u,zel, vyed

Then for any function F' we introduce the two-dimensional Gowers box norm as*

1/4

It plays an important role in a paper by Shkredov [44], while its appearance in
an expository paper by Tao [47] is the one we find most inspiring in this context.
Gowers box norms (even higher-dimensional ones) arise from the work of Gowers
[16], [17] and are more systematically studied and applied in [18] and by Green
and Tao in [20]. All these norms can be viewed as particular instances of averaging
paraproduct-type terms, this time for functions in R", containing precisely two

variables in each dimension.?

It is easy to prove the boz Cauchy-Schwarz inequality, as stated in [47], [18],
or [20]:

[Fy, By, By, Fil=@) < 1P llm) 1 P2llee) 1 73 e [ Fall=e) - (2.16)

4We borrow a comment from [47]: If F(x,y) restricted to Q is discretized and viewed as a
matrix, then || F[[—q) can be recognized as its (properly normalized) Schatten 4-norm, i.e.
norm of the sequence of its singular values. This comment gives yet one more immediate proof
of Inequality (2.17) below.

5The author would like to thank Professor Terence Tao for pointing out the analogy between
averaging paraproduct-type terms and higher-dimensional Gowers box norms.
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To see (2.16), one has to write [Fy, Fy, F5, Fil—~g) as
([P (,0) Pa(a, o) o [Fa(u, ) Falw, )l |

and apply the ordinary Cauchy-Schwarz inequality in (u,z) € I x I. Then one

rewrites the result as

(13 (0, 0) By ()l Ba(, 0) Bo(a )|

v’y

[N

(s, 0) By, )] Faa, 0) Fa(w, )

'U,y

and applies the Cauchy-Schwarz inequality again, this time in (v, y) € JxJ. From
here it is also easily seen that || - ||=g) is really a norm on functions supported on
@. On the other hand, a straightforward application of the (ordinary) Cauchy-
Schwarz inequality yields

1/2

1 1/2
1Pl < (57 /Q Py dady) " = [P, (2.17)
An alternative way to verify (2.17) is to notice that it is a special case of the

strong (%, %, %, %) estimate for the quadrilinear form
<F17 F27 F37 F4> — |Q|2[F17 F27 F37 F4]:](Q) .

) is in the convex hull of (1,0,0,1) and (0,1,1,0), we can use
complex interpolation, and it is enough to verify strong type estimates for the

latter points, which is trivial.

Note that we have already encountered expressions of that type. For example,

the right hand side of (2.15) can now be written as
1

1 1 1
2[17G’17G}D(Q) + §[F7H7F>H]:1(Q) + §[F7F>F7F]D(Q) + E[H’ H, H, H]D(Q)7

where 1 is the constant function.

Let us now provide another elegant example of our Bellman function machin-

ery. For any finite convex tree 7 we introduce a quadrilinear form

O7 (I, Fy, I3, Fy) := Z 11 x J| <[F1(U7U)F2(9U7U)F3(Uay)sz(%?J)}uJe)v,yeJ-
IxJeT
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In the next chapter, we will need the following inequality.

Proposition 2.5. Quadrilinear form ©1 satisfies the estimate

4

’@T(F1,F2,F3,F4)‘ S ’QT‘ QmED%HFH:](Q)

Proof of Proposition 2.5. Denote
A= AIXJ(Fh Fy, F3, F4) = <[F1(U, U)F2($7U)F3(U>Q)F4($a y)}

u,:cEI>v,y6J

and define the Bellman function B = Bg(Fy, Fy, F3, Fy) by the formula

1 1
B = §[F17F27F17F2]:1(Q)+2[F37F4’F3’F4 +

DN | —

4
> F Fy Fy Fileg) -
7=1

This choice can be justified similarly as in the previous example and we summarize
the reasoning in the form of another tree diagram, see Figure 2.4, where we omit

writing treatment of the right (analogous) branch.

[(FluUngv o(F5(u, y) Fa(z,y))y

/\

[(Fi(w, ) Pa(z,9)3], [(F3(u, y) Fa(w,9))5] 0
Y = s
<[F1(u7 y)FQ(xv y)]12/>u,x <<F1(u7 y)FQ(xJ y)>§>u,:c

[<F1(ZL‘,U)F1(£U,y)>C2C] [(FQ(.%,’U)FQ(.%,:I/))%]

U?y U?y

Figure 2.4: Bellman function tree for ©7.

Using Theorem 2.2 or Table 2.2 and rearranging the terms with the help of (2.6),
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we get

L]
=
I

—
—~

Fiw9)Fa(a )2, + 5 [Fslu ) Fale, )],

Fl(x,y)Fl(x,v) + F2<J},y)F2(ZL‘,'U)>i-

1y, w€Jiett

Fi(z,y)Fi(z,v) + Fz(%@/)@(%“)i—

- yy'UeJright

+ o~
—

+

T 1
7~

: Fs(x,y)F3(x,v) + Fy(z,y)Fy(z, U)>i

- yavejlcft

=

(z,y)F5(z,v) + Fy(z,y)Fa(z, v)>i

+

- y7U€Jright

+ +
B~ —= 00|~ 0|+ ool |+~
P

|:<E7 (x7 y)F] (Q?, 'U)>C2E€Ii| yejlefty'l)EJright

<
Il
—

M-

(LE ) F (902 ] sens + [P ) F@)2e], er )

<
Il
-

+
>~ =
VM”;

All rows are nonnegative, so
0B 2 | [(Fy(u,v) (e, 0)) o By, ) il )by, | = 1A
and an immediate consequence of (2.16) is
4
BQ(F1>F27F37F4) 5 Z||Fj||4EI(Q)' (2'18)

The main Inequality (2.8) combined with (2.18) and the fact that £(7) partitions

QT gives
The same homogeneity trick as before completes the proof. O]
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CHAPTER 3

Boundedness of the twisted paraproduct

3.1 Formulation of the result

Let us denote dyadic martingale averages and differences by

Egf:= Z (ﬁ [ )1, Apfi=Egpf —Eif,

|T|=2—F
for every k € Z, where the sum is taken over dyadic intervals I C R of length 27%.
When we apply an operator in only one variable of a two-dimensional function,

we mark it with that variable in the superscript. For instance,

(B} F)(z,y) = (BxF(-y))(x).
The dyadic twisted paraproduct is defined as

Ty(F.G) =Y (EVF)(AYG). (3.1)

keZ

In the continuous case, let P, denote the Fourier multiplier with symbol ¢, i.e.

P,f:=fx*p.

Take two functions ¢, 1 € C'(R) satisfying

le@)] |G e@)] (@), [ Zo@)] < @+ ]al) (3:2)

and

supp(v) C{E € R : §<¢) <2}
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For every k € Z denote op(x) := 2Fp(2Fz) and o (x) := 2% (2%x). The associ-

ated continuous twisted paraproduct is defined as

T.(F,G) =Y _ (PUF)I(PYG). (3.3)

kEZ

We are interested in strong-type estimates
|T(F, G)||Lposwromey Spa 1F o2 [|GllLags) (3.4)
and weak-type estimates
a [{(z.y) e R ¢ [T(F,G)(a,9)| > a}| """ S0 Pl |Gllaes)  (35)

for (3.1) and (3.3). The exponent £L is mandated by scaling invariance. When

p = 00 or ¢ = 00, we interpret it as ¢ or p respectively.

The main result of the chapter establishes (3.4) and (3.5) in certain ranges of

(p, q)-

Theorem 3.1. (a) Operators Ty and T, satisfy the strong bound (3.4) if

+ = >

N =

1 <p,qg< o0,

D=
=

(b) Additionally, operators Ty and T, satisfy the weak bound (3.5) when

p=1 1<qg<oo or gq=1, 1<p<o.

(¢) The weak estimate (3.5) fails for p =00 or ¢=00.

The name twisted paraproduct is indicative because there is a “twist” in the
variables in which the convolutions (or the martingale projections) are performed,
as opposed to the case of the ordinary paraproduct. No bounds on (3.1) or (3.3)

were known prior to this work. A conditional result was shown by Bernicot in
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[1], assuming boundedness in some range and expanding the range towards lower
exponents using a fiber-wise Calderén-Zygmund decomposition. We repeat his
argument in the dyadic setting in Section 3.4, for the purpose of extending the

boundedness region established in Section 3.3.

= Q|

Tl

0 A(5.0) 1

Figure 3.1: The range of exponents for the twisted paraproduct operator.

Figure 3.1 depicts the range of exponents in Theorem 3.1. The shaded region
satisfies the strong estimate, while for two solid sides of the unit square we only
establish the weak estimates. The two dashed sides of the square represent ex-
ponents for which we show that even the weak estimate fails. The white triangle

in the lower left corner is the region we do not discuss.

The proof of Theorem 3.1 is organized as follows. Section 3.3 proves estimates
for Ty in the interior of triangle ABC. In Section 3.4 the rest of bounds for Ty
are obtained. Section 3.5 establishes bounds for 7¢. by relating 7. to Ty. Finally,
in Section 3.6 we discuss the counterexamples. Recall that in Section 2.3 we gave

a simpler proof for points D and E only.
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Before going into the proofs, we make several simple observations about Tjy.
Note that Theorem 3.1 also gives estimates for a family of shifted operators
1 2
(F.G) = Y (B, F)(AYG)
kEeZ

uniformly in kg € Z, because the last sum can be rewritten as
D(2—k071) Td (D(2k071)F, D(2k071)G) .

Here D(,,1y denotes the non-isotropic dilation (D¢, 1)F)(z,y) := F(a 'z, y).

If F" and G are compactly supported, then one can write
Ty(F.G) = FG - > (AVF)(E2,G). (3.6)
keZ
Combining this with the previous remark and the fact that the pointwise product
FG satisfies Holder’s inequality, we see that the set of estimates for Ty(F,G) is
indeed symmetric under interchanging p and ¢, F' and G. We use this fact to

shorten some of the exposition below.

Furthermore, Theorem 3.1 implies bounds on more general dyadic operators

of the following type:

| Y aEnnPe Spa 1P Gl (3.7)

keZ

Lpa/(p+a)

for any numbers ¢, such that |c¢;| < 1. Here we restrict ourselves to the interior
range 1 < p,q < oo, % + % > % One simply uses the known bound for T4 (F, é)
with G = > kez Ch A,(S)G, and the dyadic Littlewood-Paley inequality in the
second variable. Note that the flexibility of having coefficients ¢, is implicit
in the definition of T,, and indeed we will repeat a continuous variant of this

argument in Section 3.5.
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3.2 A single tree estimate

This short section serves only to make a connection with the theory developed in

Chapter 2, and to retrieve the key result from Section 2.3.

For any dyadic interval I, denote the Haar scaling function ¢9 := |I|~'/21; and

the Haar wavelet ¢¢ := |I|71/2(11left -1

.. ). Martingale averages and differences
right

can be alternatively written in the Haar basis:

Eef) (@) = > (Jo fw)pi(u)du) of(x),

[T|=2—*

Aef)@) = > (Jo fw)ys(w)du) ¢ (z).

[I|=2-*
Consequently, Ty can be rewritten as the sum over the collection of all dyadic
squares:
TAFG)w9) = 3 [ PlunGla) dltuel@io)s) dudo.
IxJeC

It will be more convenient to work with the dualized trilinear form
M(F.GH)i= [ Ta(F.G)wy) Hlz.y) drdy
R2

and notice that it can be written in terms of averages introduced in the previous

chapter:

M(F.GH) = 3 [ )Gl o) Ha,y) e (00005 o) dudzdvdy

IxJeC

= Z [T x J| <[F(U,y)G(fL'y'U)H(x7y>}u,zel>v,y6}'

IxJeC

We have justified (2.13) and thus Proposition 2.4 establishes the estimate for Ty
corresponding to point E in Figure 3.1. Point D is then handled by symmetry
following from (3.6).
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For the purpose of proving estimates in a larger range we will have to work lo-
cally, rather than immediately trying to bound expressions over all dyadic squares.

For any finite convex tree 7 we introduce a local version of the trilinear form:

Ar(FGH) = Y [ PGl o)) @00 (00 (0) dudedudy

IxJeT

and a more symmetric quadrilinear form:

Or(Fi, o, Fy ) = Y / Fy(u, 0) Fy (2, v) Fy(u, y) Fa(, y)
e ()} (2) ) (o)) dudzdudy

Z |I X ‘]| <[F1(U7U)F2(Z‘,U)Fg(u,y)F4(l’,y)}u,m€I>v7y€J,
IxJeT

which was already mentioned in Section 2.3. Observe that Ay (F,G, H) can be

recognized as ©7(1,G, F, H), where 1 is the unit constant function on R

Here is a key local estimate, which will be “integrated” to a global one in the

next section.

Proposition 3.2 (Single tree estimate). For any finite convex tree T we have

[Ar(F, G H)| 5 107! ( max [1Fllsg)) ( max [1Cllsig) ( ma 1 =) -

It is an immediate consequence of Proposition 2.5 with F} = 1, Fy, = G,

F=F F=H.

3.3 Proving the estimate in the local L? case

In this section we show the bound

[Aa(E, G H)| Spagr 1 |ee |Gl | H e (3.8)

Y.

for Il) + % - % =1, 2<p,q,r < oo. By duality we get (3.4) for Ty in the range

2 < p,qg< o0, % + % > % The following material became somewhat standard
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over the time, and indeed we are closely following the ideas from [49], actually in

a much simpler setting.

Let us fix bounded, compactly supported, measurable functions F, G, H > 0,
none of them being identically 0. To make all arguments finite, in this section
we restrict ourselves to considering only dyadic squares Q satisfying |@Q| > 272V
for some (large) fixed positive integer N. Since our bounds will be independent

of N, letting N — oo handles the whole collection C.

We organize the family of dyadic squares in the following way. For any k € Z

we define the collection
Pl ={Q : 2" < sw |Flloey < 24},
Q'2Q

and let MI" denote the family of maximal squares in P with respect to the set
inclusion. Collections PY, M§, PH, M} are defined analogously. Furthermore,

for any triple of integers ky, ks, k3 we set
Preskoks = P NPe NPY

and let My, , r, denote the family of maximal squares in P, , ks-

For each @) € My, i, i, note that

To = {é € Prikoks : QC Q}

is a convex tree with root ) and that for different () the corresponding trees 7¢
occupy disjoint regions in R?. These trees decompose the collection Py, k, ks, for

each individual choice of kq, ko, k5.

We apply Proposition 3.2 to each of the trees 7;. Consider any leaf @ €
L(Tg), and denote its parent by Q. From Q' € Tg C P, ky.ks We get

1F oo < IFlee) <29,
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thus [[Fllog) S 2F1 and similarly 1Gll=@) S k2, 1Hl o) S 2ks so “single

tree estimate” implies

|ATQ<F7Ga H)’ S 2k1+k2+k3 ’Q| :

We split Aq into a sum of A7, over all ky, ko, k3 € Z and all Q € My, g, 1, In
order to finish the proof of (3.8), it remains to show
> 2kt N Q] S 1P e 1G e HIlwr - (3.9)
k1,k2,k3€Z QEMyy kg kg
The trick from [49] is to observe that for any fixed triple ki, ko, ks € Z, squares
in /\/lg1 cover squares in My, , ., and the latter are disjoint. The same is true
for /\/lkG2 and /\/l,gH3 Thus, it suffices to prove
> i (3 1QL Yo IRL Y 1Ql)

ki,k2,k3€Z QEM[  QeMT  QeMiL

Spar [Fllue[|Gllud[Hlr - (3.10)

Consider the following version of the dyadic maximal function

1 S\ 1/2
Mo F := sup (— |F| ) 1g.
eec \@Ql Jo
For each Q@ € M{, from (2.17) and ||F||—q) > 2* we have Q C {MyF > 2¥}, so
by disjointness

Y 1QI < HMaF = 2}

QemMfF
Also note that

S H{MF = 20|~y IMLFIE, S, [IFL
keZ

because M, is bounded on LP(R?) for 2 < p < oco. Therefore

S SRS IFI (3.11)

keZ QeMYF
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and completely analogously we get

D253 1R S IGHE, D 2F Y1l S IH

keZ QGMkG keZ Qemll
A purely algebraic “integration lemma” stated and proved in [49] deduces (3.10)
from these three estimates. The idea is to split the sum in (3.10) into three parts,

depending on which of the numbers

opk1 2qk2 orks
IFIIL " NIGIE " [1HI]E

is the largest. For instance, the part of the sum over

Sii= {(k17k2,k?3) 73 2 > 20%2 2rk1 > 2rks3 }

IFIe = NGILq” 1FITy = IHIL-

is controlled as

L 1
S 2(Sle) S (Al ()
1L N S ok JI[F|E, ) \ 2 J[FIE, )~

k1€Z ko k3 €Z

k1 (k1,k‘2,k3)€51

which follows from (3.11) and by summing two convergent geometric series with

their largest terms at most 1 and ratios equal to %

3.4 Extending the range of exponents

Extension of the main estimate to the range p < 2 or ¢ < 2 follows from the
conditional result of Bernicot in [1]. Here we repeat his argument in the dyadic
case, where it is a bit simpler. His idea is to use one-dimensional Calderén-

Zygmund decomposition in each fiber F'(-,y) or G(z,-).

We start with an estimate obtained in the previous section!:

I Ta(E, G)lluparieace < NTalF, G)llsasera Spg 1F e [|Glla (3.12)

Here || F||pe. := sup,qa|{|F| > a}|'/? denotes the weak LP norm.
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for some 2 < p,q < o0, % + % > % If we prove the weak estimate
[ Ta(F, G)lwswrvee Spa [|F e |Gl (3.13)

then Ty will be bounded in the whole range of Theorem 3.1, by real interpolation
of multilinear operators, as stated for instance in [19] or [50]. We first cover the
part p > 2, ¢ < 2, then use (3.6) for p < 2, ¢ > 2, and finally repeat the argument

to tackle the case p,q < 2.

By homogeneity we may assume ||F||» = ||G||.r = 1. For each = € R denote

by J. the collection of all maximal dyadic intervals J with the property

1
m/J|G<x,y>|dy>1.

Furthermore, set

E=J J{a}xJ).

z€R JEJJ)

If G is a dyadic step function, i.e. a finite linear combination of characteristic
functions of dyadic squares, then the set E is simply a finite union of dyadic

rectangles. Using disjointness of J € J,

Bl= [ |Jydxg4(zl\a(x,y>|dy) de<1.  (3.14)

R jeds JETs

Next, we define “the good part” of G by

- - \_=1f| [, G(z,v)dv, foryeJeT,,
Clay),  for (ry) ¢ E.

By the construction of 7, we have |G|~ < 2, and from |G|l < 1 we also get

|G||Le < 2, so using the known Estimate (3.12) we obtain

() : ITa(F. O )] > 1} S 1. (3.15)
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As the last ingredient, we show that

(/R (G(a,0)~C(x,v)) ¥, (v)dv> V5 (y) =0 (3.16)

for every J' € D, whenever (z,y) ¢ E. Since G(x,-) — é(m, -) is supported on

U,es, /, this in turn will follow from

([ (6. 0)=Gla) v (0) 1s(0) dv) () = 0 (3.17)

for every J € J,. In order to verify (3.17) it is enough to consider J N J" # ()
and y € J', and since y ¢ J, we conclude that J is strictly contained in J’. In
this case ¢, (v) 1,(v) = £[J'|7/?1,(v), so we only have to observe [, (G(z,v)—
é(x, v))dv = 0, by the definition of G.

Equation (3.16) immediately gives Ty(F, G—G)(z,y) = 0 for (z,y) & E, so
{(@,y) : |Ta(F,G)(w,y)| > 1} C EU{(2,y) : [Ta(F,G)(z,y)| > 1},
and then from (3.14) and (3.15)
{(@.y) : [Ta(F.G)(@, )] > 1}] Spa 1.

This establishes (3.13) by dyadic scaling.

3.5 Transition to the continuous case

Now we turn to the task of proving strong estimates for 7. in the range from part

(a) of Theorem 3.1:
ITe(F, G)llwwarara Spag 1F e[| GllLa

for 1 < p,q < o0, ]l) + % > % In order to get the boundary weak estimates, one

can later proceed as in [1].
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Let ¢ and ¢ be as in the introduction. If [, ¢ = 0, then T (F, G) is dominated
by
1/2 ) 1/2
(S pwrE) (Y pRer)
keZ kEZ,
and it is enough to use bounds for the two square functions. Otherwise, we have

0<|[zel S1,s0let us normalize [, ¢ = 1.

A tool that comes in very handy here is the square function introduced by
Calderén and generalized by Jones, Seeger, and Wright in [22]. It effectively
compares convolutions to martingale averages, allowing us to do the transition
easily.

Proposition 3.3 (from [22]). Let ¢ be a function satisfying (3.2) and [, o =1.

The square function

SJSW#;f = (Z ‘Pka — ]Ekf‘Q)l/Q

keZ
is bounded from LP(R) to LP(R) for 1 < p < oo, with the constant depending only

on p.

Let ¢ be a nonnegative C* function such that (&) = 1 for [¢] < 2796, and
B(6) = 0 for |¢] > 27%4 We regard it as fixed, so we do not keep track of

dependence of constants on ¢. For any a € R define @q, Ua, pa by
$al(€) = $(27°¢),
0a(€) 1= G(27°7) = B(27%) = Pur1(§) — dalé),
pa(§) == P(27700¢) — (2770%¢),

so that in particular

~

Vs =1 on supp(fa), (3.18)
2?2_20 Pr+0.1i =1 on supp(lﬁk) ; (3.19)
S o Prro1i =0 onsupp(Yy) if [K — k| > 10. (3.20)
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We first use Proposition 3.3 to obtain bounds for a special case of our contin-
uous twisted paraproduct:

T,00(F,G) =Y (POF)(PY G), (3.21)

Fap
kEZ

where b € R is a fixed parameter. The constants can depend on b, as later b
will take only finitely many concrete values. Since we have already established

estimates for (3.1), it is enough to bound their difference:
| Tp06(F, G) = Ta(F, G) || yastpry Spas |1 F Lo Glla - (3.22)
We introduce a mixed-type operator
1 2
Ta.UX,b(F’ G) = Z (E](c )F) (P’l(9k)+bG> *
kEZ
Using the Cauchy-Schwarz inequality in k& € Z, one gets

‘wa(F @) — Tous(F, G)| <Z|P‘(P113F_E’(€1)F|2>1/2<Z‘P1(92k)+bG‘2>1/2

kEZ keZ

The first term on the right hand side is S}é)w,(pF , while the second one is the
ordinary square function in the second variable, as fR ¥y = 0. Next, one can

rewrite Touxp and Ty as

Taux,b(Fa G =FG - Z G) ’

kEZ

¢k+1+b

Ta(F,G) = FG = > (A F)(ER,G).
kEZ
Subtracting and using the Cauchy-Schwarz inequality in k£ € Z, this time we
obtain

Toal £.0) - Tu(F.G)| < (S |A0F) (D12 6 - BPaf)

kEZ keZ
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The first term on the right hand side is just the dyadic square function in the
first variable, while the second term is S g?w 4,G- The Estimate (3.22) now follows

from Proposition 3.3 and bounds on the two common square functions.

Actually, we need a “sparser” paraproduct than the one in (3.21):

T (F.G) =Y (PO} F)PY G, (3.23)

©,pb,l $P105+1 P105+1+b
JEZL

for 1 =0,1,...,9. To see that (3.23) is bounded too, we define
Gy = Z P;?)HM)G.
jEZ

Notice that because of (3.18) we have

G _ Py LG, for k=10j+1€ 10Z+1,
bl —

0, forkeZ, k¢ 10Z + 1

and the Littlewood-Paley inequality gives
1Ghille S IG]ILa

It remains to write

TX% (F,G) = T,9(F, éb,z)

P:p;byl

and use boundedness of (3.21).

Finally, we tackle the original operator (3.3). The following computation is

possible because of (3.19) and (3.20).

9

D @e©br(n) =D Gr0j41(E)dr0(n)

kezZ =0 jez

9 20
= Z Z Z92710j+l(£)ﬁ10j+l+0.1i<n)¢10j+l(77)

=0 i=—20 jEZ

9 20
- Z Z Z@10j+l(f)ﬁ10j+l+o.1i(77)‘i’l(77)

=0 1=-20 jeZ

52



Above we have set U; := ZmEZ Y1omar- This “symbol identity” leads us to

9

20
T.(F.G) = Z Z T;,Opz,o.li,l(pa PSI?)G) . (3.24)

1=0 i=—20
Since 1 has a compact support and [ (n)], |%}1ﬂ(n)| < 1 by (3.2), scaling gives
U (n)| < 1, ‘d%‘ill(nﬂ < |7t and thus the Hormander-Mikhlin multiplier

~Y

theorem (in one variable) implies

PG Sas

|Gl

It remains to use (3.24) and boundedness of (3.23).

3.6 Endpoint counterexamples

We give the arguments in the dyadic setting, the continuous case being similar.

First we show that Ty does not map boundedly

L>°(R?) x LY(R?) — L%>®(RR?)
for 1 < g < co. Take G to be

G(z,y) = 1o (2) > Ri(y).

k=1
for some positive integer n, where R, denotes the k-th Rademacher function® on
0,1), ie.
Ry = Z <1Jleft - 1Jright) :

JClo,), [J]=2-k+1

Recall Khintchine’s inequality, which can be formulated as:

n n 1/2
2
Hkg_l ckRkHLq g <,§_1 || ) , for 0 < g < o0,

?Linear combinations of Rademacher functions 3, ¢ Ry (t) are dyadic analogues of lacunary
2kt

trigonometric series ), cie
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giving us [|G||Le ~4 279n'/2. Observe that

(AI(f)G)(x’ y) — 1[072*")(1')Rk+1(y)7 for kf = 0, ].7 Ce ,n—]. .

We choose F supported in the unit square [0,1)? and defined by

2R;(y) — Rjp1(y), forx e 277,279 j=1,... . n—1,

F(z,y) =
R,.(y), for z € [0,27 1),

Note that ||F|lp~ < 3 and (E"F)(z,y) = Rpu(y) for z € [0,27), k =
0,1,...,n—1. Since the output function is now simply T4(F, G) = n 1 2-n)x[0,1),

we have
| 74(F, G)||rae > 27"/ — /2
| F |l |G || La ~1 9-n/qpl/2 ’

which shows unboundedness.

The remaining estimate ||74(F,G)||lLe S || F||lL<||G||lL~ is even easier to dis-

prove. For a positive integer n, take

1, for xz e |J'[27%1L27%), ye0,1),
Finy) Upss! » ye
0, otherwise

and G(z,y) := F(y,z). It is easy to see that |T4(F,G)(x,y)| ~ n on the square
(z,y) € [0,272")%,
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CHAPTER 4

Two-dimensional paraproduct-type

multilinear forms

4.1 Generalized paraproducts

This chapter is devoted to a study of a somewhat general class of multilinear forms
that generalizes ordinary paraproducts as well as the twisted paraproduct from
Chapter 3. This time we confine ourselves to bounding only dyadic model sums
using the machinery from Chapter 2, because the simple transference trick used
in Section 3.5 (from the dyadic to the continuous model) is no longer available.
Some continuous results can still be obtained by averaging over translated and
dilated dyadic grids, but we do not discuss those ideas here. Furthermore, the
“fiber-wise” Calderén-Zygmund decomposition from [1] does not apply either (as
it did in Section 3.4), so there does not seem to be a pre-existing result allowing
any extension of the exponent range. Thus, Theorem 4.1 below does not include
Theorem 3.1. On the other hand, the generalization presented in this chapter

requires more involved combinatorial reasoning.

Let m,n be positive integers and choose
EC{l,...om}x{1,....,n}, SCA{l,...,m}, T C{l,...,n}.

It will be convenient to represent F as the set of edges of a simple bipartite

undirected graph with vertices {zi,...,2,} and {y1,...,y,}, where z; and y;
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are connected by an edge if and only if (i,j) € E. Also, we regard elements
of S and T as “selected” vertices from these two vertex-sets respectively. We

additionally require

S| >2 or |T|>2.

Figure 4.1: Graph interpretation of a triple (F, S, T'). Selected vertices are circled.

To each such triple (E, S,T') we associate a multilinear form A = Ag g1 acting

on |E| functions by

A((FJ (i.4) EE = Z 1[*~ m+n/ H Fy (@i, v >

IxJeC Rmin 2t G ieE
(TTet @) (Tt @) (TTvs ) TT @5 ws) dar . o dys . dy.
€S eS¢ jeT jET*"

As before, C denotes the collection of all dyadic squares in R? and
9 = |I|_1/2]‘I’ sz? = |I|_1/2(111eft - 1Iright) N

To make sure that the above summand is well-defined for each I x J € C and that
all of the succeeding arguments are finitary, we suppose that F; ; are measurable,
bounded, and compactly supported functions.! Since this is only a qualitative

assumption, any quantitative bounds can be extended by density arguments. The

! Absolute convergence of the series > rxsec Will be a part of Theorem 4.1.
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normalization |I|>~(™*")/2 is chosen so that A is invariant under simultaneous

dyadic dilations of all functions:

A((DaFij)aper) = 22 M(Fij)ager) -

where | € Z and (Dy F)(x,y) := F(27'z,27y).

We can describe the structure of A in words:

e Every edge (z;,y,) contributes with a function F; ;.
e Each vertex, z; or y;, carries a “dyadic bump function” (either ¢ or ¢4).
e Selected vertices carry “dyadic bump functions” of mean zero (i.e. ¥9).

e At least one bipartition class, {1, ..., 2} or {y1,...,y,}, contains at least

two selected vertices.

The last condition is an analogue of the standard cancellation condition for clas-

sical paraproducts, see Section 1.1.

The form A can be rewritten using the notation from Chapter 2 as

M(Faper) =D 1Q1Ag((Fiy)user)

QeC

with

A ((Fij)gyer) = [< 1T Fi,j(xiayj)>:ci61 for €S } wicl for icSe -

(i,j)EE y;€J for jeT ™~ y;eJ for j€T*
The latter formulation also justifies the factor |I|>~(m+™)/2 in the definition of A.

Let d; ; denote larger size of the two bipartition classes of the connected com-
ponent containing an edge (x;,y;). In more details, the graph described above

splits into connected components, i.e. maximal connected subgraphs. Suppose
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that there are & components that contain at least one edge and list their vertex-
sets as
XiUY, XoUYs, oo XpUY,,
where X; C {xy,..., 2z} and Y, C{y1,...,yn} for L =1,... k. We define d, ; to
be
d;; = d® .= max{| X[, |Y}|}

if z; € X;, y; €Y, for some [ € {1,2,...,k}. Since d;; depends on the compo-
nent only, we sometimes prefer to write it as d). Vertices in {z1,...,7,,}\ (X3 U
S UXg) and {yr, ., un b \ (Y1 UL UYL are isolated, i.e. no edge is incident to

any of them. For notational convenience we also denote
X = {ie{l,...,m} : aciEXl},
Y, = {jE {L,...,n} 1 y; EYI},
forl=1,... k.

Connected components are useful because the associated form factorizes ac-

cording to the splitting.

X1 Xle
Xl[ X2 \ Y2 Y,
xz[ *a Ys

X4 _
X[ Xs N,

X6 \ Ys |

X7 y6] Y3

Figure 4.2: An example of a bipartite graph and its splitting.

An illustrative example is given in Figure 4.2 and it has
m=7 n=6 E={(1,1),(12),(13),(2,1),(2,2),(3,4),(4,4), (4,5), (5,6) },
S=0, T={1,4}, dii=dio=dig=do1=ds2=3, dsa=dsa=ds5=2, dss=1.
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The splitting into connected components is
Aﬁ 21{1,2}7 Jﬁ :3{1,2,3}, A& ::{3,4}, J@ ::{4,5}, A% :3{5}, J@ ::{6}.
The form we associate to this graph is

A=) |QIAY AD A

Qec

where
AW = [<F171(931>yl)F1,2(£E1,y2)F173(931,y3)F2,1(-iE2,?/1)F2,2(5E27y2)>y1}
A@ — [<F3,4(x3,y4)F4,4(x4,y4)F4,5(x4,y5)>y4]

A® = [F56(x5,96)]

1,42,Y2,Y3’
3,24,Y5’

5,96
Now we state the main result.

Theorem 4.1. Let (E,S,T) and (d; ;)i jyer be as above. (Recall that we assume

|S| > 2 or |T| > 2.) The associated form A satisfies the estimate

IA(Fipipee)| Smmeen ] 1l @)

(i,7)EE

whenever the exponents (p; ;). jer are such that p_l_ =1 and d; j <p;;<oo
(if)eB
for each (i,7) € E. Moreover, the series defining A converges absolutely.

Before the proof, let us comment on a couple of already familiar particular

instances.

Classical paraproducts.

m=n, E={(i,i):ie{l,...,n}}, |S|>2, T=0, di,=1.

This special case leads to ordinary two-dimensional dyadic paraproducts?

AF,. By =Y |1|2—”(H<Fi,¢?®w‘}>L2(R2))(H <Fi,90?®90‘}>L2(R2))
€S

IxJeC 1€5¢

*Here (-,-)12(r2) denotes the standard inner product on L?(R?).
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X1® ]/1

Xo® Y2
X3 Y3
Xn Yn

Figure 4.3: Bipartite graph corresponding to a classical paraproduct.
and Theorem 4.1 yields the inequality

AFL . B Sapo [TIE e @2
=1

for Z?:u%:la 1 <p; < oo.

Twisted paraproduct.

m:n:2, E:{<172)7(271)7(272)}7 S:®7 T:{172}7 divj:2'

X1 >< Y1
X2 Y2

Figure 4.4: Bipartite graph corresponding to the twisted paraproduct.

This case is exactly the dyadic variant of the twisted paraproduct (2.13) and

Theorem 4.1 claims Estimate (3.8) in the range % + % +% =1, 2<p,qr<oo

only.

The next two sections are devoted to the proof of Theorem 4.1. Note that

isolated vertices contribute to the form A in a trivial way. If z; is a non-selected

isolated vertex, then no functions F; ; will have z; as a variable, so the contribution

of x; is only in the factor

IR / o) dei =1,
R
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On the other hand, if x; is a selected isolated vertex, then that factor will be

I / i (as) das = 0,
R

so consequently A = 0. The same reasoning holds for isolated vertices y,. There-
fore, from now on we assume that the associated bipartite graph has no isolated

vertices.

In addition, we may suppose that all the functions F; ; are nonnegative, since
otherwise they can be split into positive and negative (real and imaginary) parts

and one uses multilinearity of the form.

4.2 A single tree estimate

The main step towards the proof of Theorem 4.1 is an estimate for a single tree,
similar to Proposition 3.2. We retain the notation and all assumptions from the

previous section.

As in Chapter 3, we need to introduce a local version of A. For a finite convex

tree of dyadic squares 7 we define
AT((F (i,9) eE = Z Q| |AQ ) (3.9) GE)‘
QeT

Notice an absolute value in the definition, which makes A7 only multi-sublinear.

Proposition 4.2 (Single tree estimate). For any finite convex tree T with root

Q1 and leaves L(T) we have?
i,J 1/d1]
Ar((Fiiger) SmnlQrl [ max  [FL7]] (4.1)

(e QETUL(T)

3Indeed, it is easy to see that the maximum in (4.1) must be attained at some leaf, so it can
be replaced by maxges (7). We do not use this fact as it does not simplify any arguments in
Section 4.3.
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Note that the implicit constant is independent of the tree 7 and the functions
F; ;. We can allow it to depend on the graph, because for each pair (m,n) there
are only finitely many choices for (£,S,T). Moreover, d;; are determined by
the graph. By homogeneity of Estimate (4.1) and its invariance under dyadic

dilations we can normalize the tree and the functions by |Q7| =1 and

i1/ diy .
Qer%lgg(ﬂ [FJ }Q =1 for every (i,7) € E. (4.2)
Thus, our task is to prove
AT ((Fij)gper) Sma L. (4.3)

4.2.1 Proof of Proposition 4.2 for complete bipartite graphs

Most of our effort will be spent in this special case, when £ = {1,...,m} X
{1,...,n}. In particular, there is only one connected component and d;; =

max{m,n}. Later we will reduce the general case to this one.

We begin with a simple estimate for functions on a single square.

Lemma 4.3. For nonnegative functions G;; on a dyadic square I x J the fol-
lowing inequality holds,

max{m.n 1/ max{m,n}
I o], < T [em) .

. , Y IxJ
1<ism Y1y €J 1<i<m
1<j<n 1<j<n

Proof of Lemma 4.3. Because of the obvious symmetry, we can assume m > n.
With two applications of (generalized) Holder’s inequality for n and m functions

respectively, we estimate the left hand side as

I CYER

i~ Ylye-Yn

n

< [HH i3 (i, ;) i/n

] Y1s--5Yn

= [T (Gt 0] < TITT Gt ]2
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By Jensen’s inequality for the power function with exponent ™ > 1 we have

(G, )] ™" < [Gagl )™,

xT

SO

[[Gustar )], < [Guste)™)

T Y - T,y

which completes the proof. O

In the following discussion, all constructions and (implicit) constants are un-
derstood to depend on m and n, but not on the tree 7 or the functions F;j ;.
We introduce the notion of a selective (m,n)-partition as a (2m + 2n)-tuple of
integers

p:(a17"'7am; bla"'7bn; A1y .oy O ﬁl?"'aﬁn) (44)

satisfying:
e 0<<aq; fori=1,....m and 0< B; <b; for j=1,...,n,

ea+...+a,=m and by +...+b, =n,

a1+ ...+ a, and B+ ...+ B, are even,

a1+ ...+a,#0or fi+...+ 6, #0.

The set of all selective (m, n)-partitions will be denoted €2,,, ,,. To every p € Q,,,,
we associate a paraproduct-type term AP = A(IF;)J((Fi,j)(ijj)eE) by

P ._ (W), )
AIXJ T |:< H H E’j(xi ’yj )>x§“)61 for all (7,u) :| xE“)GI for all (i,u)

1<i<m 1<pu<a; such that 1<u<a; - such that a;+1<p<a;
1<j<n 1<v<b; y§u)€J for all (j,v) y;V)EJ for all (j,v)
such that 1<v<fg;  such that g;+1<v<b;

Pairs (7, ) with a; = 0 or b; = 0 do not exist in the above product as we interpret

(sub)products over empty ranges to be identically 1. In words, we average the
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product of mn terms of the pattern F; ;(z;,y;) that contains precisely a; copies
of x; and b; copies of y;. Averages of type (-),, are taken over «; of the z;’s
(i.e. these x;’s are “selected”), while averages of type [-|,, are taken over a; —q;

remaining ones. Similarly for y;’s. For instance, to
p=(2,0; 2,0,1; 0,0; 1,0,1) € Q3
we associate

AP, =[(Fra(ze, y1) (e, yy) Fus(e, ys)

Fua(@y, ) P (2, y) Fs (e, y3)>y1,y3€J}x1,x’1€I, e

For p € Q,,, given by (4.4) we define the composition type of p to be the

vector of first m + n components,

comp(p) := (a1, ..., am; by,...,b,),

and the partition type of p (and A®)) to be an (m + n)-tuple

part(p) = (ai7 st 7a:n; bT?‘ N ‘7b:’<L)7

where a},...,a’ is the decreasing rearrangement? of ay, ..., a,, and b3, ... b" is
the decreasing rearrangement of by, ..., b,. The set of all these partition types
will be denoted €, . Note that €2  has py(m)py(n) elements, where py(n)
denotes the number of distinct order-independent positive integer partitions of

n, i.e. the number of Young diagrams with n boxes. Actually, we only use that

Q| and [, | are finite numbers depending solely on m, n.

Finally, we define a strict total order relation < on 2*

m,n

simply as the re-

striction of the inverse of the lexicographical order on (m + n)-tuples of inte-

4 : .k * * * 2 . :
This means: af > ... > a}, and af,...,a}, is a permutation of the multiset a1, ..., am.
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gers.> Since every finite totally ordered set is isomorphic to an initial segment
of positive integers, we have a natural rank (i.e. order) function, ord: Q = —
{1,2,...,px(m)py(n)}. We simply write ord(p) for ord(part(p)). For example,
the total order on )3 5 and its rank function are
(2,0:3,0,0)<(2,0:2,1,0)<(2,0; 1,1,1)<(1,1;3,0,0)<(1, 1;2,1,0)<(1,1;1,1,1) .
ord =1 ord = 2 ord = 3 ord =4 ord =5 ord =6

Our goal is to dominate all terms A®) by OB for some averaging paraproduct-

type expression B = B ((F;7j)(i7j)€ E) that is controlled in the sense

QGI”PL?Z{(T) }BQ((E'J)(LJ‘)EE” 5m,n L. (4~5)

This expression B will be the desired Bellman function. The goal will be achieved

by mathematical induction on ord(p) and for this we will need the following

crucial reduction lemma.

Lemma 4.4. For any p € (),,,, there exists an averaging paraproduct-type term
B®) = B(QI’)((EJ-)(M)GE) satisfying (4.5) and such that for any 0 < § < 1 we have
the estimate
AP < OB® + C,,67" Z AP + Cpd Z |A®)|
ﬁeﬂm,n ﬁeﬂm,n

ord(p)<ord(p) ord(p)>ord(p)

with some constant Cy, , > 0.

Proof of Lemma 4.4. We distinguish two cases depending on positions of selected

vertices, i.e. on the last m + n coordinates in (4.4).

5Lexicographical order on partitions of a single positive integer extends the common domi-
nance order, which is only a partial order. Even though the latter one is already strong enough
for intended purpose, we prefer to have linear order to avoid invoking well-founded induction in
the proof. For the same reason we decide to order pairs of partitions totally (for two numbers
m and n), although we will only need to compare partitions of a single number.
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Case 1. «; # 0 for at least two indices ¢ € {1,...,m} or f; # 0 for at least two
indices j € {1,...,n}.
By symmetry we may assume that a;,as > 1 and a; > as. In this case we

simply take B®) = 0. Using [(f(y))y| < [[f(y)|]y and |AB| < 5:A% + $B? we

estimate:

AP < “< H FLj(xl,y] > < H Fy( 1‘27% >

1<j<n 1<j<n *2
1<v<b; 1<v<b;
11 [ 1] Fte "y } W} ®)
(1,1)#(1,1),(2,1) 1<5<n Zi " Jall Y;
1<v<b;
1 ONG
= 20 < H Fuany, )>z H [ H Fij(z; ,yj Lm @)
1<j<n Y £(1,1),(2,1) 1<i<n i Jdally;
1<v<b; 1<v<b;
(5 . )\ 2 v
5 < H 2 -1'2,y] >>x H [ H ’] z 7y] :|a:(.“) )
1<j<n ) £1,1),(2,1) 1<j<n i dall y)
1<v<b; 1<v<b;

L4 sam).

Here p, p € Q,,,,, are defined as follows. If p is given by a (2m + 2n)-tuple (4.4),

then p and p will have coordinates:

a1+ 1, fori=1, a;—1, fori=1,
a; =14 ay—1, fori=2, a; =494 ay+1, fori=2,
a;, fori # 1,2, a;, fori # 1,2,
_ {2, fori =1, _ {2, for i = 2,
0, fori#1, 0, fori+# 2,

b

Z_) b, B}:@:o for every j .

Observe that a; appears to the left from ay in the list a} > ... > a;,. Therefore
simultaneously increasing a; by 1 and decreasing as by 1 we produce a lexico-

graphically larger partition of m, so we conclude ord(p) < ord(p). On the other
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hand, both ord(p) < ord(p) and ord(p) > ord(p) are possible, where in the

former case we use § < § 1.
Case 2. «; # 0 for at most one index ¢ € {1,...,m} and S; # 0 for at most one
index j € {1,...,n}.

Without loss of generality we assume o; = 0 for ¢ # 1 and 3; = 0 for j # 1.

Note that a; and (3; are even and at least one of them is nonzero, say a; > 2.

Since
2
) A ()
Pl < {< H F1,](x1,yj )>x1 H [ H Z ,y] } W] o
1<j<n (i) £(11),(12) 1<5<n i al g
1<v<b; 1<v<b;

we can also assume a7 = 2, #; = 0. Consider

BP .
IX'] |: H H F’j i ’yJ ):| IEMEI for all (i,u)

1<i<m 1<p<a; y(,weJ for all (j,v)
1<j<n 1<v<b; ’

Indeed, B®) depends only on q = comp(p). Observe that Lemma 4.3 and Nor-

malization (4.2) guarantee Condition (4.5). Theorem 2.2 gives the equality

o0B® =} <S/) A®) (4.6)

P EQm,n
comp(p’)=q

() - 1) 1)

=1 =

where

Note that 1 < (;‘,) Sman 1. Let us split the summation set
Qrng = {P € U, : comp(p’) =q}
into three parts,

QW {p € Qg a; # 0 for exactly one ¢ and 6 = 0 for every j}

mnq

Qi,mq —{p € Ung - ﬁ # 0 for exactly one]}

67



Q(S)nvq = {D' € Qung : @ # 0 for at least two ¢ and 3 = 0 for every j}

m,

U{p' € Qumngq : B # 0 for at least two j} .

First, observe that p € Qﬁ?n’q and that

20
= |:< H Eo;j(xio7yg('y))> , H |: H 7, 7yg ] (“)}all y(u)z 0

; x \
1<j<n 'O (4,1) such that 1<j<n i
1<v<b; i#ig or u>20 1<v<b;

for every p’ € Qm n.q, Where 4g is chosen such that aj, = 20 # 0. In particular,

< > < ) (4.7)

p’ Q(U

m,n,q

Next, Lemma 2.3 applied to

U= \I’((arg”)hgigm, 1<p<a;)

n [b5o/2] .
X (BT A T[T Auelf)] 20

jo=1 7=1 1<i<m Yio (j,v) such that 1<i<m
1<p<a; J#jo or v>21 1<p<a;

(where 8} = 27 # 0) yields

3 (3,) AP > 0. (4.8)

2
pleggn?n,q

Finally, each A®") for p’ € Q,(i)n,q can be controlled as in Case 1 to obtain

AP < 57 YT AR 5 Y AP (4.9)
}N)EQm,n ﬁeQm,n
ord(p)<ord(p) ord(p)>ord(p)
Combining (4.6)—(4.9) proves the stated inequality. O

Figure 4.5 depicts partition types in {25, and ways of controlling AP) as in
Case 1 of the previous proof. Different kinds of arrows represent different possi-

bilities for various p € 54 with the same part(p). Labels § and ! represent
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5,671

(L1 1,1,1,1) = =% = = (2,0, 1,1,1,1)
:5,5*1 o561
v 55— v
s( (1,1 2,1, 1,0)- == - = (2,0; 2,1, 1,007 )s
05,61 05,671
v 5,671 v
s (1,1;2,2,0,0)- 2% — = (2,0; 2,2,0,0) s
5,5—1:\5 mf :5,5—1/
2SO\
(1,1; 3,1,0,0) - 22 = = (2,0; 3,1,0,0)

5,671

(1,1;4,0,0,0) - =% = = (2,0; 4,0,0,0)

Figure 4.5: Recursive control of partition types in €3,

coefficients in the “reduction inequality” for A®). It is important that always at
least one arrow (the one marked by 6~') points to a partition type with smaller

rank, i.e. points downwards or to the right in the picture.

Lemma 4.5. There exists a “universal” averaging paraproduct-type expression
Bmn) = Bff’;j‘ ((Fij)ig)er) satisfying (4.5) and
Z AP < OBmm
PEQm,n
Proof of Lemma 4.5. We prove the following claim by mathematical induction
onk€{0,1,2,....,pa(m)pg(n)}: For every 0 < e <1 there exists an averaging

paraproduct-type expression B2 satisfying

Qerﬁgl}:{(T ‘B 1) ((Fi,j)(i,j)EE)‘ Sm,n,a 1

and

Z AP < OB 4 ¢ Z | AP

peQ"L,’IL peQ'm,n
ord(p)<k ord(p)>k
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The bound we need to prove is a special instance for £ = pg(m)px(n) and any
g, since then the sum on the right disappears. On the other hand, the sum on
the left is 0 for k = 0, so the inequality (trivially) holds with B*¥) = 0. We take

k = 0 as the induction basis.

In the induction step we suppose that the claim holds for some 0 < k <
pu(m)py(n)—1. To prove the claim for k + 1 we take arbitrary 0 < ¢ < 1.

Let C,,,, be the constant from Lemma 4.4. Induction hypothesis applied with

g = (m)z gives B*#) such that
AP £ 05 4 (gt Y ML
pEQm,n EQm n
ord(p)<k ord(p)>k
Lemma 4.4 applied to each p € Qy, 1, ord(p) < K+ 1, and ¢ = oo Yields
4Cm n|Qm nl
Z AP < Z OB® S A Z|A(p)| + £ Z|./4(1))|7
peQm,n pEQm n peQm,n pEQm,n

ord(p)<k+1 ord(p)<k+1 ord(p)<k

which combined with (4.10) leads to

2 2 ,
NP < N oB® CnnlmnD Opiee) 4 2 37 A

pEQ'm,n peQm,n peQm,n
ord(p)<k+1 ord(p)<k+1

It remains to split > according to ord(p) < k+ 1 or ord(p) > k + 1,

PEQm,n
move the former summands to the left hand side, and multiply the inequality

by 2. We set

Bn—‘rla - 9 Z B 80mn|an| Bna .

peQTn/ n
ord(p)<k+1

]

Let us finally complete the proof of Proposition 4.2 in this special case. Even

though the general term A of A is not necessarily among AP p € Qo it
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can still be easily dominated by two of these terms. Without loss of generality

suppose |S| > 2 and take i1,y € S, i1 # is.

Al < “< HFzm Tiyy Yj > < HFlz,J Liys Yj >

1<j<n Tiq 1<]<n Tig )
I | | | FJ x“y‘]
1.
i#i1,00 1<j<n Y1, Yn
1
5 | | El,j «rllvy] | | | | F,] fL’z,yJ 1.
1<j<n i i#i1,40 1<j<n A Y1, Yn
|: ||E2] «rlgvyj> || ||F’] fL’Z,yJ
1.
1<]<n iz 2 i1 4 1<j<n dY1,eeYn

mlr—k wlra

+A

Above p, P € (,,,, are given by their components:

2, fori=i, 0, fori =1,
a; =< 0, fori=i,, a; =4 2, fori=iy,

1, forz’#il,ig, 1, fori#ilai%
~ { 2, fori=i, _ { 2, for i =1y,
o = a; =

0, fori+# i, 0, fori # 1y,

b =b; =1, Ejzﬁj:o for every j.

Lemma 4.5, Bound (4.5), and the general Bellman function Estimate (2.8) estab-
lish (4.3).

4.2.2 Proof of Proposition 4.2 in full generality

Let us now consider a general triple (£,S,T). By taking F;; = 1 whenever

(1,7) € E and “completing” each component of the graph, we can assume
E:(Xl Xy1>UU(Xk><yk)

Note that the completed graph still has the same characteristic quantities d; ;

and that functions F;; identically equal to 1 do not contribute to either of the
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sides in (4.1). The associated form splits as

AT((F, (i.5) eE = Z Q| H }-AQ 4,7 )(4,5) Eszyz)| )

QeT =1
with
Apes = [(IT Pstens)) ]
IxJ = i,j\Tis Yj) ) wiel for ieSnx; | ai€l for i€S°NA; -
IEX, y;j€J for j€TNY, " y;€J for jETNY;
JEV
We distinguish two cases with respect to the distribution of selected vertices

in the graph. Recall once again that |S| > 2 or |T'| > 2, which guarantees that

the following two cases cover all possibilities, although they are not disjoint.

Case 1. |SNX,| >2 or |[TNY,| >2 for some index [y € {1,...,k}.

In words, some connected component contains two selected vertices in one of
its bipartition classes. From the previously proven case of Proposition 4.2 applied

to the complete bipartite graph with vertex-sets Xj,,Y;, we have the estimate

(lO) ato)q1/dt)
> QAR (Fip) ey <ony) | Sman 1Q7] H pmax [F5T]0 =1
QET

JGMO
Applying Lemma 4.3 to the functions (£} ;)icx,, jey, We get
@ 1/d(l)
|AQ (( 7] (4,§)EX XV ’ < [H x“yj }xlel for 1€ X) < H Q S 1
i€X; y;€J for jEY, i€X]
JEN JEV

for each Q = I x J € T and each [ # [y. This establishes (4.3).

Case 2. SNA, #0#SNA, or TNY, #0#TNY, for two different indices
li,lo e {1,... k}.

In words, there exist two connected components each containing at least one
selected z-vertex or each containing at least one selected y-vertex. Without loss

of generality suppose SN AX; # 0 and SN A, # 0. Using Lemma 4.3 we can
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estimate the general term as
1
Al = [AD||A@AB)| .. |AP| < |AD]|AD)| < 5(A(l))? + —(A(2))2.
By symmetry it is enough to handle (A™)? and by renaming vertices we may

assume Xy = {1,...,mi}, 1 ={1,...,ni},and 1 € S.

If m; =ny =1, then by a simple computation using Theorem 2.2,

(AD? = [(Fia(z,)es, or (Fra(z,m))2, .,
< [(Fra(en,y))els, + (Fralen,y))s, 0 + (Fralen, yn)le)i,

= D(£F171(1‘17 yl)]?m,yg) :

v

B

We separate this special case because now d) = 1 (as for classical paraproducts),
so the normalization (4.2) does not control averages of higher powers of F} ;.

However, the first power is enough here:

2
ma Bo(F = ( ma; F ) =1.
QETUZ((T) Q( 1’1) QeTuZ((T)[ 1’1]Q

On the other hand, the condition d¥) > 2 is ensured if m; = 1, n; > 2, so

then we bound (AM)? as

(A < {’<1<E[an1,j(fElayj)> r

1

< {< 11 Fl,j(xlayj)>jl]

1<5<ny Yiseees Ynq

We can recognize the last row as A®) for p € 2y, given by

ap=0ay =2, ay=ay =0,

gj:1, gjzo fOI'lSanl.

Thus, (AM)? < A® <OBZ™) | where B®™) is from Lemma 4.5.

73



If m; > 2, then one can write with the help of the Cauchy-Schwarz inequality
and Lemma 4.3 once again:

(A2 < “< HF1J$1 y]> [ HF2J$27?JJ}

1<j<ny 1<j<n;

[T [ 1T #enn)] |

3<i<my 1<5<ny

)

< < H Fl:j(xlvy] > H [ H E] L, Yj ] :|
- 1<j<m V3<i<my  1<j<ny il yryeyng
A(ﬁ)<|:|5<m1 ni)
<|[ I Pestea], T [ I Astonnl], |
- 1<j<ny 3<z<m1 1<i<ny Tily,..., Ynq

<1

where p € ,,,, », has coordinates

2, fori=1,
a; =4 0, fori=2,
1, for3<i<my,

=1,

a:{z, fori =1,
’ 0, for2<i<my,

;=0 for 1 <j<my.
and Bmm) ig from Lemma 4.5.

In all three possibilities above the proof is finished by invoking the general
Estimate (2.8).

4.3 Completing the proof of Theorem 4.1

To establish the global estimate we adapt the approach by Thiele from [49].

Proof of Theorem /4.1. Fix a positive integer N and consider only squares with

sidelength at least 277,

cN;:{szxJec:m:uyer}.
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We prove the bound
> QI AQ((Fiy)iner)| Smanwen ] 1Fuillesme . (4.11)
QeCn (3,9)€EE

with the implicit constant independent of N, so that it implies the result for the

whole collection C. Using homogeneity, this time we normalize

| Fijllirii@ey =1 for every (i,j) € E.

For each | E|-tuple of integers k = (k; ;). 5er € ZF! we denote

Py = {Q €Cy : 28 < sup [ﬂd;’j];/,di"" < 2kt for every (4,7) € E} .
QeCy
Q'2Q
Note that squares in Py satisfy |Q| < 27Pis(kis=b for any (i, j) € E, which limits
their size from above. To verify this, we take () € Py and choose )’ O () such

that [dej” ];/,di’j > 2kii~1 By the monotonicity of normalized LP norms

PR i dz i 0.5 0,7 — ;. — ..
27 < [F1o™ < (7)™ = 1@ I Bl < 1@

and thus |Q| < |Q'| < 27Pus(kis—1),

Define My to be the collection of maximal squares in Py with respect to the

set inclusion. For each () € My the family

7223:{©€73k1@§Q}

is a finite convex® tree with root ) and for different squares Q € My the cor-
responding trees cover disjoint regions in the plane. For each é € To by the

construction of Py we have [Edjj]gdj < 2kt Also, if Q € £(Tg) and @ is the

parent of @, then

R

w'lg S AlEy g <2

Q Q

GConvexity of Tg follows from monotonicity of @ = SUDG ey 000"
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Therefore, Proposition 4.2 gives

ATQ((EJ)(Z'J)GE) S Q) 9> (ig)er Kig

We decompose” and estimate,

Z |Q| |AQ i,J (z,] EE Z Z ATQ 2] ,])EE)

QeCn kezZl Bl QeMy
mmzﬁwwﬂiﬂm. (4.12)
kezl Bl QeEMy

For any d > 1 it is a classical result® that “power d variant” of the dyadic

mazimal function

1/d
(MaF)(z,y) = sup [|F|"]
QeC
s.t. (z,y)€Q

is bounded on L?(R?) whenever d < p < co. We have ZIFl = Utio.joye 2 Ktio o)

where the subsets K are defined by

ZO ]0
Kiogo) = {k = (kij)G.i)er * Piookiojo = Pijkiy for every (i,j) € E}.

Observe that for (z,y) € Q € Py we have by the definition of Py,

d; 1/d;
Mg o) 9) = S/lljp [Finge®lg " 2 2kio.do
Q'eCn

SO
U@ € {@y) e B : My, Fop)(y) > 2o}
QEePx

This together with disjointness of My gives

Stlel=| U Q| =| U e| = (M, Fi > 250} (4.13)

QeMy QeMy QePx

"Here we use that for each @ € Cn \ Uxeziz Px at least one of the functions constantly
vanishes on @, so the corresponding summand is equal to O.

80ne simply writes MyF = (M1 \F\d) 1 d, where M, is the standard dyadic maximal function.
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for any choice of (i, jo) € E.

Combining (4.12) and (4.13) allows the final computation:
Z Q| |AQ ) EE)’

QeCn
S S e (M R 2250

(i0,J0)EE KEK (i) 50)

S X et (M Fip > 2en)

(iO ,jO)EE kioJo €L

| | E 9 ki,j = Pig.gokig.io/Piri

(3,9)EE ki ]EZ
(4.9)#G0.d0) ki < pig,gokig.i0/Pi.s

S Y, >l 2o My, Fi g > 2500 ]

(i0,J0)EE kioyjo €Z

Pic.
S Z HM%JO Zo,yo||LZp0ig,(}o(R2)

(io,jo)€E
2
S/(di,j)v(pi,j) Z HFiodo nggoao (R2) N|E\ L,
(f0,jo)EE
which is exactly (4.11). We used >_; o p” = 1 and added up |E|—1 geometric
series with initial terms in (3, 1] and common ratios equal to 3. O

4.4 An example that illustrates the proof

In this short section we a take the example from Figure 4.2 and show how steps
from Section 4.2 should be performed in a concrete case. These steps gradually
reduce the general term of A to the “simpler” ones and the procedure is presented
as recursive rather than inductive, i.e. we only care about paraproduct-type terms

relevant for dominating A. We keep assuming F; ; > 0 and Normalization (4.2).

In order to deal with more symmetric situation, we “complete” the graph by
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introducing Fo3 =1 and F35 = 1. Since |T'| = 2, we decide to rewrite

«4(1) = [<F1,1(5L‘1,?/1)F2,1($2,yl)>y1 [F1,2(5131,y2)F2,2($2,yz)}yg

[F1,3($U1, yz)Fz,g(iUz, ys)}

)
yS] T1,T2

AP = [<F3,4(9C3, y4)F4,4($4, y4)>y4 [F3,5(!E3, y5)F475(x4, y;,)}

5

y"] 3,24

and start by estimating the general term as in Subsection 4.2.2, Case 2,

A = |AD] 14143 < (A(l))2+ (.A(Q))Q

N | —
N | —

IN

1
5 [<F1,1($17?/1)F2,1(902, y1)>zl [Fis(x1, ys) Fas(ao, ys)}yg]

[\

Z1,T2

A@
X [[Fm(%, Y2) Fo 2 (2, yz)EQ [F1,3(5517 y3) Fy 3(22, y3)]y }

N

1,22

g

<1

2 ]
Y41 g3,y
g

1
+ 3 [<F3,4($37?J4)F4,4($4=y4)>

(.

A®)
X [[Fgé(l'g, y5)F4,5(1’4: yS)};5:|

g

<1

x3,T4
J

Let us proceed with A® since A®) was already handled in Section 2.3. Following

the approach from the proof of Lemma 4.4, Case 2, we define

BW = “Fm(xh Y1) Foq (o, yl)]; [Fia(z1,y3) Fas(zo, y3)}y3]

21,3
= | [Fa(en o) Fua(n,y) Fiater,ws)],,
[F2,1<«T2uy1>F2,1($27y1)F2,3(x2;y3)]$2i| oo
Y1.}ys
By Theorem 2.2 every term in OB is either A®, or
A = [<F1,1(931,?/1)F2,1($2a yl)>y1 [Fua(wr, 51) Fo (o, yl)}yl
(Fus(a1, y3) Faa(wa, y3)>y3]x17x27
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or is of the form

A — (<F1,1($1791)F1,1(I1,yi)FLs(iEl,yS)>x1

<F2,1(9527 Y1) Foq (2, 3/1)&,3(9527 Z/3)>x2) i
Y1,Y1,Y3

where parentheses () are understood as either [-] or (-) for each of the variables
y1,Y,,y3 independently. We dominate A®, A as in the proof of Lemma 4.4,
Case 1.

1 -
\A(6)| < = <F1,1(x17yl)F2,1(3727y1)>?2/1 [Fl,l(xhyl)FQ,l(-TZayl)]yl}

o 2(5\ T1,22
A®)
o 2
+ 3 (Fy3(21, yg)F273(x2,y3)>y3 [F1 (1, y1>F2,1(3327y1)}y }
L T1,T2
A©)
17 2
AN < 3 <F1,1(1?1,y1)F1,1($1,yi)F1,3(SU1,y3)>w1L1 Vo
L 'Y1s
A(10)
17 , 2
+ 3 <F2,1($2,yl)F2,1($2>?/1)F2,3($2;y3)>x ]
2\_ *lyiyiys
A401)

Since A® is analogous to A®, the algorithm loops (with a small “weight” 0)
and we continue with A® only. Also, by symmetry, we can consider A% and

disregard AM).

To control A® we define

B0 = [[Fson ) Faston )

Z1,22

= “Fl,l(mlayl)Fl,l<xlayi)FLl(xlayil)]xl
[F2,1($2, yl)F2,1($27 ?JDF2,1($2: yi’)}

IJ e
Every term in (OB® different from A®) is of the shape
A1) = (<F1,1(l‘1,yl)Fl,l(Ihyi)Fl,l(Il,yi’)>ml
<F2,1(5E2, yl)FQ,l(an yi)F2,1<l‘2a y'{)>

x2> vy, Y
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and is estimated as

1 2
AT < 5 [<F1,1(5E1,y1)F1,1($17yi)FLl(ﬂﬂl,yi’»xl} o,
N ylvylvylj
A(13)
1 2
+5[<F2,1($2,y1)F2,1(fE2yy/1)F2,1($27?/Y)>x2} Lo
Y1,Y1,Y1

Finally, A™) corresponds to a partition with the smallest rank. We introduce

2

x1

6(13) — |:|:F171($1’/y1)F1,1($1,yi)Fl,l(x17y/1/):| :| ;oo
Y1,971,Y1

!
1,%]

3
= “F1,1(1’1>yl)F1,1($/1,yl)]y1]
and observe that by Theorem 2.2 each term in OB different from A% is of
the form

/
z1,T)

2
<<F1,1(x1, y)Fra(ey,m)), [Fua(eny) Froaley, yl)]y1>
Sum of these terms is nonnegative by Lemma 2.3 and can be discarded as it only

increases [1B(13)

On the other hand, to deal with A9 we define

B — “Fm(xh y1)F1,1($17 yi)Fl,:a(xh 93)}311]

Y1,Y1,Y3

= “F1,1(1317 ?/1)F1,1($/17 yl)]; [F1,3(371> Z/3)F1,3(SU/17 y3)}y3}

!
z1,T]

Every term in OB other than A"? takes either the shape

(<F1,1(ZU17 Y1) Fra (e, ?/1)>§1 [Fis(@1, y3) Fus(ad, ?/3)]y3> ;

/
1,%]

or the shape

(P ) Fualalm),, [Fua e m) Faltm),,
<F1,3($1,?/3)F1,3(95/1ay3)>y3> o
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Sum of the former terms is nonnegative by Lemma 2.3, while the latter ones are

treated similarly as A®©).

A concrete Bellman function B satisfying |.A| < OB and (4.5) under Normal-
ization (4.2) can be assembled from all averaging paraproduct-type terms that
appear in the proof, including the omitted ones. Estimate (2.8) gives (4.3) once

again.

We close this chapter by a comment on the setup from Section 4.1. Even
though it is possible to associate multilinear forms to general undirected graphs,
the machinery from Chapter 2 cannot be applied to forms arising from graphs
that are not bipartite. For instance, a multilinear form associated to a triangle,
i.e. a cycle of length 3, could be
MEGH) = 30 1P [ )Gl ) Hea) @i () do dy s,

1,J,KeD

[|=[J]=|K]
e(I,J,K)=0

where ¢(/,J, K) = 0 is some constraint, making the sum effectively indexed by
only two of the intervals. Such forms seem to share many characteristics with
“singular bilinear averages” (1.2), for which no I” bounds are known at the time

of writing.
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CHAPTER 5

Uniform constants in Hausdorff-Young
inequalities for the Cantor group model of the

scattering transform

5.1 Statement of the main result

Fix an integer d > 2 and denote Z, := Z/dZ. For any x,& € [0,00) that can be
written uniquely® in base d number system as z = YonezTndtand § =7 &ud,

we define

Ed(l’, 5) = 6(27Ti/d) ZnEZ Tné—1-n .

Then the L™ function E;: [0,00) x [0,00) — S! is called the Cantor group char-
acter function. To justify the name, we identify [0, c0) with a subgroup A, of the

infinite group product ZZ given by

Ay = {(g;n)nez D Ty, € Zyg for every n € Z, and there exists

ng € Z such that x,, = 0 for every n > no} ,

via the identification Ag — [0,00), (% )nez = D,z ¥nd"™. Then Eq4(-,-) realizes

duality between A, and its dual group Ad =~ Ay

!Because of ambiguous base d representation of some reals, the function Ey is not well-
defined on a set of measure zero. The same comment applies to the later identification of A,
with [0, 00).
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For a compactly supported integrable function f: [0,00) — C and £ € [0, c0)

consider the initial value problem on [0, c0):

0

5,08 =G OW(w.9), G0, = { }

where

Gl ) = [ 0 TW RS ]

, Wiz, &) =
] ) [f(w)Ed(waf) 0

The limit

be) a©) ] b6 a9
defines a function £ — G(§) from [0, 00) to SU(1, 1), which we call the Cantor

G(¢€) = [“@ b@];: oo | aled) b(x,@]

group model Dirac scattering transform of f. Dependence on d is not notationally
emphasized but is understood. If for some interval I C [0,00) we replace f by

f1;, then we will denote the corresponding G, a, b respectively by Gy, ay, b;y.
Our main result on this topic is the following theorem.

Theorem 5.1. For every integer d > 2 there exists a constant Cyq > 0 such
that for any pair of conjugated exponents 1 < p < 2 and 2 < q < oo and every

compactly supported integrable function f one has
1 ]a(€))IlLa@) < Call fllure) -

In the following exposition we need a couple of simple facts proven in [33].

Lemma 5.2 (from [33]). If I and w are two d-adic intervals® with |I||w| = 1,

then & — |ar(&)| and & — |b;(&)| are constant functions on w.

2These are intervals of the form [d’“l7 d* (1 + 1)) for some k,l € Z, 1 > 0.
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We will be working in the phase space Ay X Ad, which is identified with
[0,00) x [0,00). Tiles and multitiles are rectangles of the form I x w for two
d-adic intervals I, w satisfying |I||w| = 1 and |I||w| = d respectively. Every
multitile / X w can be partitioned into d tiles by subdividing either / or w into
d congruent d-adic intervals. Lemma 5.2 motivates us to define Gp, ap, bp for

any tile P = I x w simply as G(&,), ar(&,), br(&y), where &, is the left endpoint

of w.
Qi
PR [P :
0 1 d-1 Ql
Qo

Figure 5.1: A multitile partitioned in two ways.

Lemma 5.3 (from [33]). Suppose that a multitile is divided horizontally into tiles

Py, ..., Py and vertically into tiles Qo, ..., Qq—1, as in Figure 5.1. Then

L o
o [ e
bo, g, 1 3o L bp, e*™IHY ap,

for k=0,1,...,d—1. (The matriz product has to be taken in ascending order.)

5.2 Proof of Theorem 5.1

This section proves the main theorem assuming that the following proposition
holds. This way, the main technical construction is postponed until the next

section.
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Proposition 5.4. There exist a constant Cy > 0 and a function B4: [0,00) —

[0, 00) such that for every {Z g € SU(1,1)
Cyt(nfa)® < Ba(lBl) < Ca(inlal)*?, (5.1)
and whenever matrices {aﬂ' E], [Ak E} e SU(1,1), j,k=0,1,...,d—1 satisfy
bj aj Bk Ak
A Be | _Tr| a0 e (5.2)
B &) gwlpese g | |

then for any pair of conjugated exponents 1 < p < 2 and 2 < q < 0o one has
= 1 d—1
(5> 8u1Bu)) " < (D2 Ballbsl)” (5.3)
k=0 5=0

This proposition is proven in the next section, by giving an explicit construc-

S =

tion of ;. The construction might seem a bit tedious, but we have to satisfy
(5.3) with the exact constant at most 1, since we will be repeatedly applying that
inequality in the proof of Theorem 5.1. Iterating an inequality with a constant

C > 1 would not yield an estimate independent of the number of scales.

A consequence of Lemma 5.3 and (5.3) is that for Py, ..., P;1,Qo, ..., Qa1

as above we get

(éz Bullbau)?) ' < (§5d<|bpj|>P);. (5.4)

Proof of Theorem 5.1 assuming Proposition 5.4. We can consider 1 < p < 2, as
for p = 1 the estimate is an immediate consequence of Gronwall’s inequality. Fix
a positive integer N (large enough) so that f is supported in [0,d"). In all of the
following we consider only those tiles I x w that are subsets of [0,d™) x [0,d").

For any n € Z, —N <n < N consider the following quantity:

B, = ( S (Y ﬂd<rbm\>q)5>p.

I|=dn ~ |w|=d~"
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In words, we consider all tiles P of type d” x d~", then we take normalized (?-
norm of the numbers 54(|bp|) for all tiles in the same column, and finally we take

fP-norm of those numbers over all columns.

The quantity B is our “Bellman function”, but in this case an appropriate
name would be a monovariant (a common term in combinatorial game theory),
because we only need its monotonicity over scales and do not require that it
dominates any extra terms. Let us prove that B, is decreasing in n.

D
Bla= D, (din Aty ﬁd(|blxw'|)q)q
|I|=dn+1 |w|=d—" w'Cw
|w1|:d—n71
using (5.4) for the multitile I x w

< (d—nz (> 5d<rbmw>p)f’)z

|I|=dn+1 lwj=d—n  I'CI
j1'j=a

using Minkowski’s inequality, since ¢/p > 1

<SS (@Y Al =B

[I|=dn+1 I'CI |w|=d—n
|=d"

Furthermore, when n = —N we have:
j2 5 1 P A
B n= ( Z (dY)a ﬁd(’be[O,dN)Dp>p = Cd(dN)E( Z (ln’m(())‘)?)p
T|=d-N |T|=d—N

< Cud)s (30 IFLIE) " < Call s

\T|=d—N

Here we have applied the trivial L!-L> estimate, a.k.a. the nonlinear Riemann-
Lebesgue estimate, a consequence of Gronwall’s lemma, (In|a;(0)[)Y/2 < || f1;]|1:

and Holder’s inequality || f1/||.r < ||f17||lLe||17]|re. On the other hand, for n = N
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we have:

Q=

>0 (4 Y (la(e))t)”

|w]=d—N

~c'( (o2 de)

By = (diN Z ﬂd(’b[o,dN)waq)

£
g\“
z

Above &, denotes the left endpoint of w and we have used that £ — |a(&)] is
constant on intervals of length d=%, by Lemma 5.2. From the monotonicity of

(B,,) we conclude:

aN 1
(/ (Infa())? de )" < CuBy < CaB < C3flle
0

and by taking limy_,., we deduce the theorem. O]

5.3 The swapping inequality

This technical section is devoted to the proof of Proposition 5.4. An arbitrary
function on Z, can be presented as a complex d-tuple (zg, 21, . . ., 2z4—1). Its Fourier

transform is the d-tuple (Zy, Z1, ..., Z4_1) given by

d—1
Zk — E zj €2mjk/d )
J=0

Lemma 5.5. For a pair of conjugated exponents 1 < p < 2 and 2 < g < 0o and

(2j), (Zk) as above, one has
= 1 d—1 1
(G>1zd7) < (XLl
k=0 Jj=0

Lemma 5.5 is a particular consequence of the general theory of the Fourier
transform on locally compact abelian groups (see [15]). Indeed, one observes that

the (non-stated) case p = 1 is trivial from the triangle inequality, while for p = 2
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we indeed have an equality that follows from orthonormality of group characters.
Intermediate cases are deduced by interpolating these two endpoint ones using

the Riesz-Thorin theorem, since the transformation (z;) — (Zj) is linear.
For any integer d > 2 let t; be the unique solution of the equation
te™ = (2d) V1 + arsinh ¢
that lies in [0, 1]. One can easily see
275d7% <ty < 27470, (5.5)

and indeed ¢4 = (2d)™° + 2(2d)™° + O(d"*®) as d — oo, but we do not need

bounds on ¢, that are more precise than (5.5).

Now we define ;: [0,00) — [0, 00) by the formula

te™t, for t < tg,
ﬁd(t) =
(2d)75v/1 + arsinht, for ¢ > t4.
]
|
| (2d)°v/1+ arsinht
|
|
| |
| | te
| |
! !
id :II. t

Figure 5.2: Graph of §;. Not drawn to scale.
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Using only basic calculus, one can easily establish the following properties of §;:

270075 /In(1 +12) < Bu(t) < 2+4/In(1+12), (5.6)
Ba(t) < te !, for 0 <t <1, (5.7)
Ba(t) < (2d)"° V1 + arsinht, for any t > 0. (5.8)

Since (5.6) is exactly (5.1), it is enough to verify (5.3).

By performing matrix multiplication in (5.2), one can write By, explicitly as

a sum of 297! terms of the form

ag ... ajl_lbjlaﬁH e aj2_1bj2aj2+1 Ce aj3_1bj3aj3+1 e

. e - . . . o(2mik/d)(j1—Jo+j3—...—Jar+j2r+1)
Qa1 by, Ty i1 - - 'aj2T+1_1b]2r+1a’]2r+1+1 -..Qg-1-€ rJar

where the summation is taken over all integers 0 < r < [%j and over all possible
choices of indices 0 < 71 < jo < ... < Jorr1 < d—1. In particular, observe that
each term contains an odd number of b’s. Terms that contain exactly one of the

b’s could be called linear terms, and so the “linear part” of By is
By, := Zagal Sa_1bjajq1 ... Qg1 e2mikld - for k=0,1,...,d—1.

Other terms in By are called nonlinear terms. Observe that Lemma 5.5 gives

d—

(5 dZ\B 1) < (Z|b'|p) (59)

= ‘]_
where 0} 1= ag ... @;_1bjaj41...aq-1. In the case when some [b,,| is “large” and

all other |b;|, j # m are “small” we find the following variant more useful:

"o 2mijk/d
By E Co---C—1bjCjt1 ... Cp—1QmCy1 - - - Cqg—1 € /

_— 2mimk /d
+ ¢ Cm_lbmcm+1 ...Cq—1€ /

2 2mijk/d
-+ Co.--Cm—10mCm+1 - - - Cj—lbjcj+1 ...Cq—1€ ik/ s

j=m+1
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where we have denoted ¢; := a;/|a;|. This time Lemma 5.5 implies

d—1

(éleg‘q)é < <]bm|p+\am|p2\bﬂp>;' (5.10)

= J#Fm

The proof strategy is to compare By to B) or B; by estimating nonlinear
terms, and then use inequalities (5.9) or (5.10). As we will soon see, [3, is carefully

chosen so that it compensates for the perturbation caused by nonlinear terms.

Choose indices m,m* € {0,...,d—1} such that |b,,| is the largest among the

numbers |b;|, and |b,,+| is the largest among the numbers |b;|; j # m, i.e. the

second largest among |b;|. We distinguish the following three cases.
Case 1. |bj| < t,4 for every j.

Recall that |a;|? — |bj|* = 1, which implies |a;| < 1+ [b;| <1+ t;. We begin
with a rough estimate obtained using (5.5):
-1
Bl < DIl [0l +10)) < dtal+2t0)" < 27,

=0 I#]

which guarantees |By| < 1, and thus B,4(|Bx|) < |Bile™ P+ by (5.7). Therefore it

is enough to prove

1 d—1 1 d—1 1
(3 !Bk|qe—Q‘Bk')q < (Zlbﬂpe—p'bﬁ')".
k=0 j=0
Lemma 5.6.
1 d—1 1 1 d—1 1
(52 1Bulre ) < (53 Bt 27 b (5.01)
k=0 k=0
1 d—1 1
(22 1B #40) < e (5.12)
k=0
d—1 1
||b/||gp €—||b/||zp S <Z |bj|pe—l7\bj‘> P 2_3d_2|bm* |2 (513)
=0

Here we have denoted ||V || = (Zj;é 017 s
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The desired inequality is obtained simply by adding the three estimates above.

Proof of Lemma 5.6. We start by showing (5.11). Since By — B, contains only
nonlinear terms and these have at least 3 b’s, we have the following error estimate:
Be= Bl < > Iballballbal( T (ol + b))

J1<j2<J3 l#51.,52,73

< | by| [ b |2 (1 4 2t4) 473 < 273d 72 |bye |2

(For d = 2 this difference is 0.) By the mean value theorem for te~":

|Bile!Bxl — | Bile 1Brl| < 273d72|b,4 |2,

and it remains to use Minkowski’s inequality.

In order to prove (5.12) we consider the function ¢(t) := te~%"""  which is
increasing and concave on [0, 1] since:

1
g0/<t> — efqtl/Q<1 . tl/q) > O7 SOll(t) _ gefqtl/qtl/q71<_1 _ q + qtl/q> < 07

for 0 <t < 1. Now (5.12) follows using Jensen’s inequality and (5.9):
= = d—1 4
s <o (3 1) <o ((Xr)).

k=0 k=0 =0

To show (5.13), we observe that [b:]| > |b;|, and thus it suffices to prove

1 d-1 1
(Z \bﬂ”e‘p'bﬂ")p - (Z |b}!”e‘1’”b”ﬂ’)” > 273 by . (5.14)

J=0 J=0

From the mean value theorem we obtain
e Pl — emplbler > ) o= lbller (||b||£p — |bj|) ’
and using e Plbler > o=pdlbm| > % we come to the inequality
[bPe P — b reP IVl > %\bﬂp (P 1oller = p1bs| = T [ laul” + 1)- (5.15)

I#j
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Another application of the mean value theorem, this time for the function /7,
gives

p Il —oloy| = a7 (32 )
1]
On the other hand, we estimate:

H )P —1< H )’ —1= H(l Fbf?) =1 < el g

I#5 I#5 I#5

< 2N P < 2(2 |bl|p)’2’ < 2d !bmlz"’(z !bz|p) ,

1] 1] 1]
to conclude for every j # m:
pliblle = plosl = [ [l +1 > 0,
I#5
and for 7 =m:
plblle = plom| = [T lalP +1 = 271 b7 |- P
l#m

Now by summing (5.15) over all j =0,...,d—1 we get

d-1 d—1
‘bj|pefp\bj| o Z ’b;’pe*p\\bﬂep Z 272d71|bm|’bm* p7
j=0 J=0

and then finally obtain (using the mean value theorem for ¢'/7):

d—1 1 d—1 1
(Z |bj,pe—p|bj\> P_ <Z ‘bg‘pe—pubuw) g
§j=0 7=0

1
> = (d|by|P)? " 272d by by
p

P > 273072 | b |2 P |byne [P > 273d 72 by |2

This is exactly (5.14), which completes the proof of Lemma 5.6. O
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Case 2. |by,| > tq, but |b;| <ty for every j # m.

By (5.8) it is enough to prove

d—1

(2d)° (é 3" (1 + arsinh |B,€|)q/2>3

k=0

< ((2d)57(1 +ansind [b, )2 + 3 by e )

i#m

and because e~ lbml > e~ta > %, it suffices to show

U

-1

1
(E (1 + arsinh |Bky)q/2)
0

b
q

< (1 + arsinh |b,,|)?/? + 2*°dP|b,,- [P (5.16)

e
Il

Lemma 5.7.

&.

~1

1 ‘

(c_l (1 4 arsinh |Bk\)q/2) < <1 + arsinh (
0

(1 -+ arsinh (

U

—
-

[SS]

|Bk|q)Q) (5.17)

ol
Il
ISHE
il
(e

QL

-1

[NIiS]

\Bk\q>q) < (1—i—aursinh]mep/2

+ ﬁ ((é dz |Bk\q)é - |bm|) (5.18)

SN

£
I

0

d—1

1

(3 \Bkl) (|b P+ lam[P) 16, |p) + 2P|y by [P (5.19)
k=0 Jj#m

<|bm|p+|am|pz |bj|p)5 < o] + 277 Ld® |y | [bre [P (5.20)

Jj#Fm
Estimate (5.16) follows by successively substituting left hand side of each In-
equality (5.18)—(5.20) into the preceding one. Also, we may assume (%>~ ]Bk|q)$

> |by| in (5.18), since otherwise the desired Estimate (5.16) trivially follows from
(5.17).

Proof of Lemma 5.7. In order to prove (5.17), we consider the function

Y(t) = (1 + arsinh(tQ/q))g.

93



One can calculate:

'(4) = $2/a-1 4/q)—3 an(2a)?
P(t) =t (14972 (1 + arsinh(t*/?) ,
iy

1
W'(t) = —2—152/%2(1 + )2 (1 + arsinh(t2/4))
q

- (2((g—2)+q /) arsinh(t2/) + (q=2) (1+£/9)3 ~2/9)" 4 (q—2) + 444/7)

and conclude (using ¢ > 2) that ¢ is increasing and concave on [0, c0). Jensen’s

inequality and elementary inequalities between power means (see [30]) give (5.17):

é:z (| By|?) <w( Z|Bk\q/2><w(($§‘3k’q)%>'

A couple of applications of the mean value theorem, for (1 + ¢)?/? and for
arsinh ¢, together with 1 <p <2, /1 + |b;n|? = |am], yield (5.18).

For (5.19) we first estimate the perturbation due to nonlinear terms:

Bi= Bl < > Ibillballbal( T (il + D)

J1<42<33 1#51,52,73

< A1+ 2t) 3 (|am| + [bm|) b= |* < 443 ||| D+ |2

and furthermore compare:

1B = BY| < |owl (T el = 1) + Z a5/ ( TT Jaal = 1)
I#£m

l#m,j

< dyamy(H lat] — 1) < djan)| <e§2z¢mlbzl - 1) < &) by |?
l#m

where in the last line we used e* — 1 < e®x for £ > 0. These two estimates can be
combined, so that Minkowski’s inequality, together with (5.10), 5d3 < 2%P~14°
and | by, |?

S |bm*

P gives (5.19).

To deduce the last Estimate (5.20), we use the mean value theorem for /7,
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1
D 1_
o7 +lan > 15,17)" = bl < ()7 anl”Y o]

N

j#m j#m
Plp . |P
= W < 2Oy b < 27 0y by 7
This proves Lemma 5.7. O
Case 3. |by| > tq and |by| > 4.
Observe that it suffices to prove
d—1
Bal|Bkl)* <> Ba(lbs])?,
§=0
for every k = 0,...,d — 1, because then by elementary inequalities for ¥ norms
(see [30]) we have
= ) d—1 ) d—1 )
q 21\ 2 P
(5 kzoﬂdww) < max ul|By) < (Zoﬂd(!bj!) ) < (Zoﬁd(!bjl)p) .
= J= J=

The rest of the proof is a simple observation taken for instance from [33] or

[48], but we include it for completeness. Split the set of indices {0, ...,d—1} into
Jbig = {j : ‘b]‘ > td} and Jamall = {] : |b]‘ < td},

so in this case | Jyig| > 2. Since the spectral norm of any {Z g € SU(1,1) is equal

to |a| + |b|, using submultiplicativity of operator norms and (5.2) we deduce
d—1
Akl + Be] < T x| + (b)),
=0
which can, after taking logarithms, be written as
d—1

arsinh | B | < Zarsinh |b;].

J=0
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By (5.8) one always has
Ba(|Be|)? < (2d) (1 + arsinh |By]) ,
and thus we estimate:

Ba(|Bi|)? < (2d)‘10(1+ 3 arsinh [b;] + |Jsmu|arsmhtd)

J€Jbig
d—

< (2d)71°) (1 +arsinh b)) = Y Ba(lbs])? Z (1b;])?

jerig ]erlg Jj=0
In the above calculation we used darsinht; < dty <1 and |Jue| > 2.

This concludes the last case and therefore Proposition 5.4 is established.

Let us conclude this topic with a somewhat deterring remark about the cor-
responding result in the real case. While the estimate of Theorem 5.1 is indepen-
dent of p, the proof makes it seriously dependent on d. It is not clear if the latter
dependence can be avoided, but if so, it would require genuinely new methods.
Suppose for a moment that we can construct g = 4 as in Proposition 5.4 that
does not depend on d. If we take d — oo in (5.3), we will recover an analogue
of Conjecture 1.3 on the group Z (as stated in [48]), and by an easy transfer-
ence principle the actual Conjecture 1.3 (on R) would also follow. Therefore,
uniformization of the constants in d turns out to be an even harder problem than

the original one.
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