ON SOME PROPERTIES OF JENSEN-MERCER’S FUNCTIONAL

MARIO KRNIC, NEDA LOVRICEVIC AND JOSIP PECARIC

ABSTRACT. Motivated by results of S.S. Dragomir, J.E. Pe¢ari¢ and L.E. Pers-
son, related to superadditivity and monotonicity of discrete Jensen’s func-
tional, in this paper we consider Jensen-Mercer’s functional, for which we
state and prove analogous results. In particular, these results are obtained
for Jensen-Mercer’s functional under Jensen-Steffensen’s conditions. Integral
versions are also given.

1. INTRODUCTION

As A. McD. Mercer proved a Jensen-type inequality in his paper [6], it was named
the Jensen-Mercer inequality, after both mathematicians involved. Namely, for a
convex function f : [a,b] = R, [a,b] C R, x = (z1,...,2,) € [a,b]", and p =
(p1s-..,pn) a non-negative n— tuple, such that P, := >""" | p; > 0, Mercer proved
that the following inequality holds:

(1) f<a+b—;ZPi$i> Sf(a)+f(b)—%2pif($i)~

In the sequel, the set of all non-negative n— tuples p = (p1,...,pn), such that
P, :=>""  p; > 0 will be denoted with PY.

The difference between the right-hand and the left-hand side of inequality (1) defines
discrete Jensen-Mercer’s functional

(2) M(f.x.p) = Palf (@) + ()] = Y pif (2:) = Puf ( tho o Zpixl) .
i=1 oi=1

For a fixed function f and n— tuple x, M(f,x,-) can be considered as a function on
PV, which is a convex subset in R”™. Furthermore, because of (1), M(f,x,p) > 0,
for all p € PY.

It was proved in [1] that (1) remains valid even when the condition on non-negativity
of p is relaxed, that is, when p satisfies the conditions for Jensen-Steffensen’s in-
equality. More precisely, (1) holds if x = (x1,...,2,) € [a,b]” is a monotonic
n— tuple and p = (p1,...,pn) is a real n— tuple, such that for Py := Zlepi,
k=1,...,n, we have

(3) 0<P,<P, k=1,....n—1, P,>0,

with f being a convex function as before. Here is also Y .-, p;z; € [a, b], (see [1]). In
the sequel, the set of all n— tuples p = (p1,...,pn), satisfying Jensen-Steffensen’s
conditions (3) will be denoted with P,,. In this setting, the associated functional (2)
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is called (discrete) Jensen-Mercer’s functional under Jensen-Steffensen’s conditions.
Now that we introduced the basic notions to be dealt with in the sequel, let us
explain the motivation for writing this paper. In paper [5], S.S. Dragomir and al.
introduced and investigated discrete Jensen’s functional

n 1 n
i=1 =1
They proved that J,(f,x, ) is superadditive on PY, that is, if p,q € P2, then

(5) Jo(f,x,p+a) > Ju(f,x,p) + Ju(f,%x,9),

and is also increasing on P?, that is,

(6) it p>a, then Ju(f,x.p) > Ju(f.x,q) > 0.

(Here p > q means p; > ¢;, i = 1,...,n.) However, monotonicity property (6) had
been obtained by J.E. Pecari¢, (see [7, p.717]), even before Dragomir unified both
properties.

In our paper we are going to prove that superadditivity and monotonicity property
hold in the case of Jensen-Mercer’s functional, too, in all its variants. Namely, in
Section 2 we deal with discrete Jensen-Mercer’s functional and in Section 3 with
discrete Jensen-Mercer’s functional under Jensen-Steffensen’s conditions. In the
last two sections we give integral versions of the results from the first two sections.
In the beginning of the first two sections we list some of the known results needed
for further considerations. These are given in the paper of J. Bari¢ and A. Matkovic¢
(see [2]). The discrete notation given in Introduction is valid in the sequel.

2. PROPERTIES OF DISCRETE JENSEN-MERCER’S FUNCTIONAL
The main results of this section are accompanied with a few consequent results,

one of which is related to a result given in [2]. For that purpose we cite it here.

Theorem A. Let p = (p1,...,pn) and 9 = (q1,...,qn) be two n— tuples from
PY. Let m and M be any real constants such that

m >0, p;—mg >0, Mg —p; >0, i1=1,...,n

If f : [a,b] — R is a convex function and x = (x1,...,x,) is any n— tuple from
[a, b]™, then
MM(f,x,q) = M(f,x,p) = mM(f,x,q).

In the following theorem we are concerned with proving the superadditivity property
of the functional (2).

Theorem 1. Let p = (p1,...,pn) and q = (q1,...,qn) be two n— tuples from PY.
If f : [a,b] = R, [a,b] C R, is a convex function and if x = (x1,...,2y) is an n—
tuple in [a,b]™, then M(f,x,-) defined by (2) is superadditive on PY, i.e.

(7) M(fvxap+q)ZM(faXap)+M(faXaq>ZO-
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Proof. Starting from the definition we have

M(f,x,p+a) = (Po+Qu)fl Zpﬁql
(Pn+Qn)f<a+bW>
= Pl + FO) + Qulf Z pif(o —anqif(xi)
) (P Qs (a0 Zic 1“11‘231 Ziglpotaln),

while, after arranging, convexity of f and Jensen’s inequality yield

it @)e (Xt a)(atb )
f(“”’ Pt Qu )_f( P+ Q. )
f Pn Z?:lpi(a_"b_mi) + Qn Z;L:l qi(a+b—zi)
PTL+QI'L PTL PTL+QTL Qn
© < gt (evs- BRI G <a+b—Z:i—Q1‘W>.
Finally, combining relation (8) and inequality (9) we get
i=1

= M(f,x,p) + M(f,x,q).

Because of (1) we have that M (f,x,p) > 0 and M (f,x,q) > 0, so the proposed
right-hand side inequality in (7) holds. d

The functional (2) satisfies the monotonicity property, as is shown in the sequel.

Theorem 2. Let p = (p1,...,pn) and q = (q1,.-.,qn) be two n— tuples from

PO such that p > q, (i.e. p; > qi,i=1,....n). If f:[a,b] = R, [a,b] CR, is a
convez function and if x = (x1,...,%,) is an n— tuple in [a,b]™, then for functional
M(f,x,-) defined by (2) inequality

(10) M (f,x,p) > M(f,x,q)

holds on PY.

Proof. The monotonicity property follows directly from superadditivity. Since
P > q, p can be represented as the sum of two n— tuples: p — q and q. Applying
(7) we have

M(f,X,p) :M(f7xvp_q+q) Z M(fax7p_q) —|—M(f,x,q)

Finally, since by (1) M (f,x,p —q) > 0, we have that M (f,x,p) > M (f,x,q),
which proves the theorem. ([
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Remark 1. We can easily obtain the result from Theorem A from [2] by means of
Theorem 2. Let p,q € PO and let m and M be real constants such that p — mq
and Mq — p are in PO. If f : [a,b] — R, [a,b] C R, is a convex function and if
x = (21,...,2y) is an n— tuple in [a,b], then by Theorem 2
M(faxvp) Z M (f7xap _mq) +M (f,x,mq) Z mM (f,X7q) .
Similarly we get
M(f,x,p) < MM(f,x,q),
that is
MM (f,x,q) = M(f,x,p) = mM(f,x,q).

Applying Theorem 2, we are able to give the result on bounding the functional (2)
by a non-weighted functional.

Corollary 1. Let p, x, f and functional M be as in Theorem 2. Then
. > > i )
max {p} My (f,x) 2 M(f,x,p) 2 min {pi}My(f, %),

where Mur(f,x) = nlf(a) + F()] = Y0y f(x;) = nf ( - ;Z :c> .

Proof. Let pmin € PY be a constant n— tuple, i.e. pmin = ( min {p;},..., min {pl}> .
1<i<n 1<i<n
Then for any p € P? we have p > Pmin. So applying Theorem 2 we have

(11) M(faxvp) ZM(f7xapmin)-
On the other hand,

M (f.,Puin) = min {pi} {nwa) +I0]= X @) = nf ( th- Zx) } 7

1<i<n

ie. M(f,X,Pmin) = 1I<Ilii£ln{pi}./\/l/\[(f, x), which is the required non-weighted

bound. The left-hand side i_nequality is obtained similarly, by exchanging the roles
of min and max. O

3. PROPERTIES OF DISCRETE JENSEN-MERCER’S FUNCTIONAL UNDER
JENSEN-STEFFENSEN’S CONDITIONS

The main results of this section are accompanied with a few consequent results,
related to some results given in [2]. For that purpose we cite them here. These
results in [2] are obtained for normalized Jensen-Mercer’s functional.

Theorem B. Let p = (p1,...,0n) and q = (q1, - - -, qn) be two n— tuples satisfying
(12) 0<PQu<l, k=1,....n—1, P,=Qu=1.

Let m and M be real constants such that

(13) m>0, P.—-mQr>0, (1—PFP,)—-—m(l—-Qr)>0, k=1,...,n—1
and

(14)  MQy—Py >0, M(1-Qy)-(1-PF)>0, k=1,...,n—1L
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If f : [a,b] — R, [a,b] C R, is a convex function and if x = (x1,...,2y,) IS @
monotonic n— tuple in [a,b]", then

(15) MM(f,x,q) =2 M(f,x,p) = mM(f,x,q).

The following corollary of Theorem B was also given in [2] and will be of inter-
est in the sequel. It considers the uniform distribution u = (£,..., 1) and the

corresponding nonweighted functional

M(f,x) := M(f,x,u) :f(a)Jrf(b)—%Zf(xi)—f <a+bizxi>.

Corollary A. Let p = (p1,-..,pn) be an n— tuple satisfying
0<P. <1, k=1,....n—1, P,=1.
For ke {1,...,n} denote Py := Zle p; and define

P, 1-P;

mo :n-mm{k,n_k

:kl,...,nl},

~ P, 1—-P

My ::n~max{kk, n—kk :k’:l,...,n—l}.
If f : [a,b] = R is a convex function and if x = (x1,...,2,) € [a,b]™ is any
monotonic n— tuple, then
(16) M()M(f7x) ZM(f7X>p) szM(.f)X)

Just like in the previous section, we are first going to discuss the superadditivity
property of the functional (2), this time - under Jensen-Steffensen’s conditions.

Theorem 3. Let p = (p1,...,0n) and 4 = (q1,...,qn) be two n— tuples from
Pun. If f: [a,b] = R, [a,b] C R, is a convex function and if x = (x1,...,2,) is
a monotonic n— tuple in [a,b]™, then M(f,x,-) defined by (2) is superadditive on
Pn, i.e.

(17) M(f,x,p+q) > M(f,x,p) + M(f,x,q) >0.

Proof. The proof follows the same lines as in Theorem 1, but for the right-hand
side inequality in (17) we use Jensen-Mercer’s inequality under Jensen-Steffensen’s
conditions. (]

In order to adjust monotonicity property (10) to functional (2) under Jensen-
Steffensen’s conditions, we are going to impose some extra conditions on n— tuples
p and q from P, as follows.

Theorem 4. Let p = (p1,...,pn) and q = (q1,.-.,qn) be two n— tuples from
Pn. Let P, > Qp, P, — P. > Q, — Qr, k=1,....,n—1, and P, > Q,, where
P, = Zle p; and Qp = Zle gi- If f : [a,b] = R, [a,b] C R, is a convex function

and if x = (z1,...,2,) 18 a monotonic n— tuple in [a,b]", then for functional
M(f,x,-) defined by (2) inequality
(18) M (f:x,p) 2 M(f.x,q)

holds on P,,.
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Proof. Write M (f,x,p) = M (f,x,p — q+ q) . Now, if we could apply superaddi-
tivity property (17) to p — q and q, monotonicity property would also be proved.
And that would be the case if the n— tuple p—q = (p1 —q1, ..., Pn — ¢n) belonged
to P,. Hence the following conditions need to be satisfied: 0 < P, —Qr < P, — Qn,
k=1,....n—1, and P, — @, > 0, which yields: 0 < P, — Q, Pr — Qr <
P,—Qn, k=1,....,n—1, and P, — @, > 0. Now, taking into account that by (1)
M (f,x,p—q) >0, we have

M(f,x,p):M(f,X,p—q—i-q) ZM(faX7p_q)+M(f7X7q) ZM(f,X,Q)
O

Remark 2. We can easily obtain the result of Theorem B by means of Theorem
4. Let p,q € P, and let m and M be real constants such that p —mq and Mq—p
are in P,,. If f : [a,b] — R is a convex function and if x = (z1,...,2,) € [a,b]" is
any monotonic n— tuple, then by Theorem 4 is

M(f,x,p) 2 M(f,x,p —mq) + M (f,x,mq) = mM(f,x,q).
Similarly we get
M(f,x,p) < MM(f,x,q),
that is

(19) MM(f,x,q) = M (f,x,p) = mM(f,x,q).

Since p — mq € P,, implies P, > mQy and (P, — Pr) > m(Q, — Q), and since
Mq—p € P, implies P, < MQy and (P, — Py) < M(Qn — Qr), k=1,...,n—1,
which are the assumptions of Theorem B (only in a non-normalized form), by
obtaining (19), we proved Theorem B.

Applying Theorem 4, we are able to give the result on bounding the functional
(2) by a nonweighted functional. But, almost the same result, only in a slightly
specialized form, is given in Corollary A, cited from [2]. Our proof would then be
the alternative one, obtained via Theorem 4. Hence the detailed analysis is given
in the form of a remark.

Remark 3. In order not to derange our former consideration, we write Corollary
A in a slightly different form, namely, for P, > 0 :
Let p = (p1,-.-.,pn) be an n— tuple from P,. Define

. P, P, — P u P, P,— Dy
= min _— = max —_—,
m 1<k<n—1 | k' n—k |’ 4 E’ n—k [’

where P, = Zle pi and P, = >0 pi. If £+ [a,b] — R is a convex
function and if x = (x1,...,2,) € [a,b]™ is any monotonic n—
tuple, then

MMy (f,x) 2 M(f,x,p) 2 mMy(f,x),

where My(f.%) = nlf(@)+F(4)] =y £ (@) -nf ( tho o Zx> .
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Alternative proof of Corollary A: Let qmin € PY be a constant n— tuple, i.e. guin =
(o, ..., ), where @ > 0, for @, := >_1, ¢ > 0 must be satisfied. Provided
P.>Qr=ka, P, — P, >Q,—-Qr=mn—-kla,k=1,...,.n—1,and P, > Q,, =
na, Theorem 4 can be applied. Further, these imply corresponding conditions
concerning « :

i) a<fe, k=1,....n—1,

(i) a< B=fe k=1, ,n—1,

P,

(iii) o < ==
In order to prove the right-hand side inequality, let us first denote

: b, P, — Py
= min {—,———}.
m 1<k<n—1 | k' n—k
Obviously, m satisfies conditions (i) and (ii), and is a candidate for the choice of

a. However, (iii) needs some extra considerations. Fix k € {1,...,n}. Then (i) and
(ii) imply na < P,, ie. a < % Now we distinguish two cases:

)

P,
1° a < —*. Condition (iii) is instantly satisfied and Theorem 4 yields
n

M(f,x,p) Z'/\/t(.](laxaqmin)-

2° o = —= ie. P, =nao. From (i) we get nao — P, > na — ka, i.e. Py < ka.
n
But from (i) is also Py > ka, hence P, = ko, k =1,...,n—1. Since in that
case p = (@, @, ...,Q) = Qmin, inequality

M (f,X,p) >M (f?xaqmin)
holds again.

So m is a good choice for a. Now, respecting notation from the corollary statement
we get

M%) = (nma) FIO) =Y 5w i ( ol Zw))
i=1 i=1
= mMun(f,x).

Lower bound provided by the non-weighted functional is then
Upper bound is obtained similarly, by exchanging the roles of p and q, and with

- P, P,— P,
M1<rl?<a¢}z(1{k’ n—k }

4. PROPERTIES OF INTEGRAL JENSEN-MERCER'S FUNCTIONAL

In [3] Cheung, Matkovié¢ and Pecari¢ have proved that if (2, A, ) is a probability
space and z: Q — [a,b], (—o00 <a <b < o0,) is a measurable function, then for
any continuous convex function f : [a,b] — R the following inequality holds:



8 MARIO KRNIC, NEDA LOVRICEVIC AND JOSIP PECARIC

(20) flavo- [odn) <r@+ 10~ [ 1@ dn
Q Q

It can analogously be proved that for a measure space (2, A, u) with 0 < 1 (Q) < oo
the integral version of Jensen-Mercer’s inequality

1 1
(1)  f “*b‘u(msjm‘ <f(a)+f(b)—u(m9/f(:v)du

holds. In a special case, when Q = [«,f], where —0c0 < a < f < oo and
A:fa, 8] = R is any nondecreasing function such that A(8) # A(«) inequality

(21) becomes
B
f <a+b— m/ (1) dA(t))

B
(22) < F@)+F0) = st [ S o,

Inequality (22) can also be rewritten as:

B
f(w)iw/a (a+b—2(t)) dA(t))

B
(23) < s / (f (@) + £ (b) — F(a(t))) dA(2).

Let us abbreviate the former notation by setting A(3)—A(c) := A\3. Now we consider
the corresponding integral Jensen-Mercer’s functional

B
M(f,2,A) = Ni[f(a) + f(b)] —/ f((8)) dA(E)
8

(24) oYy <a+b—)\1g /a x(t)dA(t)).

Because of (22) we always have M(f,z,\) > 0. For the sake of the considerations
in the next section, let us denote with A, 5, —00 < a < 8 < oo, the class of all
functions X : [a, 8] — R which are either continuous or of bounded variation and
satisfy the conditions

(25) Ma) A1) SAB) forall tela,fl, AB)—Aa)> 0.

As for now, we notice that any nondecreasing function A : [a, 5] — R with A(8) —
A(a) > 0 belongs to Ay g and are concerned with such functions, while dealing
with the integral versions of the results from Section 2. We start with the integral
analogue of Theorem 1.

Theorem 5. Let A and p be two nondecreasing functions from A, g and let o :
[a, 8] — [a,b], —00 < a < b < o0, be a continuous function. If f : [a,b] —
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R is a continuous convex function, then functional M(f,x,-) defined by (24) is
superadditive on A, g), i.e.

(26) M(f, 2, A+ p) 2 M(f,2,A) + M(f, 2, 1) 2 0.

Proof. Since A and p are nondecreasing functions, so is A + u, so M (f,x, A+ p) is
well defined. From the definition we have

8
M (fz, X+ p) = (A3 + p2) [f(a) + £(0)] —/ f((0) dA + p)()

s 8 1 ’
(27) —(\a+un)-f <a+b— /\57’3/ w(t)d(AJr/«L)(t)) ,

a T Ha Ja

while convexity of f and (integral) Jensen’s inequality yield

B
f(mb-@/ x(t)d(A+u)(t)> -

(X Jlavboa@)arn) ol [Jatb—a() du()

NS+ b Vi Sy 2

A2 y J2(a+b—z(t) dA(t) P y J2(a+b— () du(t)
PV AS Ao+ b T4 '

Finally, combining the last inequality with (27) we get
M (fz, A+ p) 2

B ﬁx
> A[f(a) + ()] —/a F@@)dA(E) — A2 - f <a+b_fa()t\)gdA(t)>
B ﬂx
1@ + 10— [ @) an) g -1 (avp- =200
a ul

M(f,2, )+ M (f, 2, 1)

Because of the inequality (22) we have that M (f,z,A) > 0 and M (f,x,u) > 0, so
the proposed right-hand side inequality in (26) holds. O
We proceed with the integral analogue of Theorem 2.

Theorem 6. Let X\ and p be functions from Aj, gy, let x : [a, f] = [a,b], —o0 <
a < b < oo, be a continuous function and f : [a,b] — R be a continuous convex

function. If u and p := X\ — p are nondecreasing functions, then for functional
M(f,x,-) defined by (24) inequality
(28) M (f,z,A) 2 M(f, 2, )

holds on Ay g)-

Proof. Since p and p := A — pu are nondecreasing functions, so is the function .
Hence M (f,z,\), M (f,z,u) and M (f,z, A — p) are all well defined. If we write
M (fyx,\) = M (f,z, A\ — p+ p), we can apply (26) in the following way:

M(f,x,A):M(f,x,A—u+u)ZM(f,:c,)\—,u)JrM(f,x,,u).
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Since by (22) M (f,z, A — u) > 0, we have that M (f,z,\) > M (f,x,u), which
ends the proof. ([

Remark 4. Theorem A, cited from [2] in Section 2, has its integral version, also
given in [2]. Hence the latter one can easily be obtained by means of Theorem 6.
(Follows the same lines as in the discrete case, in Remark 1.)

Just like in the discrete case (Section 2), we are able to give the result on bounding
the functional (24) by a nonweighted functional. Almost the same result, only in
a slightly specialized form, was given in [2]. What we obtain here is its alternative
proof, via Theorem 6. Hence we give our consideration in the form of a remark.

Remark 5. According to our former considerations, we slightly alter the notation
from [2], so that the result reads:

Let X be a nondecreasing function from A, g). Let x : o, B] — [a, b],

—00 < a < b< oo, be a continuous function and let f : [a,b] = R

be a continuous and convex function. If m and M are defined by

m:= inf {inf{w,a§8§5,3¢t}}a

a<t<p t
M := sup {sup{M,agsgﬂ, s%t}},
a<t<f t—s
then
(29) MM(f,z) > M(f,z,\) > mM(f,x),
where

M(f,2) = (B=a)lf(@)+ B - [ flat) dt—(5-a)f (a+b— 5 [ a(t)at).

Proof. Let us prove the right-hand side inequality in (29). According to the defini-

Alt) — A
tion of m, m < M It follows that A(t) — mt — (A(s) —ms) > 0. Let u be a

—s
function from A, g), such that u(t) = mt, u(s) = ms. Function p is nondecreasing.
Function p := A — p is also nondecreasing, since p(t) > p(s). Hence by Theorem 6
we have that

(30) M(f,2,A) = M(f, 2, X — p+p) > M(f, 2, ).

On the other hand, we have

8
M(f,z,p) = (mB —ma)(f(a) + f(b)] */ f(x(t)) d(mt)

(03

B
—(mB —ma)f <a +b— _ / x(t) d(mt))

mfB — mao
(31) — mM(f, ).
Now, combining (30) and (31) we have the right-hand side inequality in (29) proved.

The left-hand side inequality is obtained similarly, by exchanging the roles of A and
I ([
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5. PROPERTIES OF INTEGRAL JENSEN-MERCER'S FUNCTIONAL UNDER
JENSEN-STEFFENSEN’S CONDITIONS

One of the integral analogues of Jensen-Steffensen’s inequality was given by R. P.
Boas. For a continuous and monotonic function z : [a, 8] = (a,b), —c0 < a <
B < oo and —o0 < a < b < oo, for a convex function f : (a,b) — R and for
A o, B] = R, either continuous function or of bounded variation, satisfying

(32) AMa) < AE) <A(B) forall te€|a,p], AB) — M) >0,

Boas proved that Jensen-Steffensen’s inequality

1 B 1 B
/ (A(ﬁ)_)\(a)L x(t) d/\(t)> < )\(6)—)\(04)/04 Flz(t)) dA(®).

holds. Bari¢ and Matkovié¢ proved in [2] that Jensen-Mercer’s inequality (22) also
remains valid when the condition ” A is a nondecreasing function” is relaxed, as in
the Boas’ result. Namely, they proved that for a continuous and monotonic function
x: [a, f] = [a,b], —00 < a < f < oo and —00 < a < b < oo, for a continuous and
convex function f : [a,b] — R and for X : [a, 8] = R, either continuous function or
of bounded variation, satisfying (32), inequality (22) holds. Only in this section,
the use of A, g, —00 < a < 8 < 00, the class of all functions A : [, 8] — R which
are either continuous or of bounded variation and satisfy (32), is fully justified. (In
Section 3 we dealt only with the nondecreasing functions from the defined class.)
The first integral result that we give here is the integral analogue of Theorem 3.

Theorem 7. Let A\ and pu be functions from A, g, either both continuous or both
of bounded variation. If x : (o, 8] — [a,b], —00 < a < b < 00, is a continuous and
monotonic function and if f : [a,b] = R is a continuous and convex function, then
functional M(f,x,-) defined by (24) is superadditive on A, g, i.e.

(33) M(foz A+ ) = M(f, 2, 0) + M(f, 2, p1) > 0.

Proof. The proof follows the same lines as in Theorem 5, but for the right-hand
side inequality in (33) we use integral Jensen-Mercer’s inequality (22) under Jensen-
Steffensen’s conditions. O
The integral analogue of Theorem 4 is given in the form of the result that follows.

Theorem 8. Let A and i be functions from Ay, g), either both continuous or both
of bounded variation. Let

AMa) = pla) S M) — p(t) S APB) —p(B), telafl, AMB)—uPB) > Ma) = pla).

Ifx : [a, B] = [a,b], —00 < a < b < 00, is a continuous and monotonic function and
if f:]a,b] = R is a continuous and convex function, then for functional M(f,z, ")
defined by (24) inequality

(34) M(f,z,A) > M(f, 2, 1)
holds on Ay g)-

Proof. Write M (f,z,A) = M (f,z, A\ — p+ p). If we could apply superadditivity
property (33) to A — u and p, monotonicity property would also be proved. And
that would be the case if A — pu, also continuous or of bounded variation, belonged
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to A[q,), which, according to the assumptions of the theorem, is the case. Now,
since by (22) is M (f,z, A — ) > 0, we have

M(,ﬂl‘,)\):./\/l(f,l',A_M—F/J/)ZM(f,l‘,)\_M)+M(f,$7M)ZM(f,-T,/.l),

which was to be proved. O

Remark 6. Theorem B, cited from [2] in Section 3, has its integral version, also
given in [2]. Hence the latter one can easily be obtained by means of Theorem 8.
(Follows the same lines as in the discrete case, in Remark 2.)

In the sequel we lean on Remark 3, and in this setting that means - bounding of
functional (24) by a nonweighted functional. As before, we only give an alternative
proof of the integral version of Corollary A, cited from [2], so our result is given
within another remark.

Remark 7. With a slightly altered notation from that in [2], according to our
former considerations, the result reads:

Let X be a function from Ajq g). Let x : [o, ] — [a,b], —00 < a <

b < 00, be a continuous and monotonic function and let f : [a,b] —

R be a continuous and convex function. If m and M are defined by

e EUEL O UE O}

a<t<p t—a = B—t

— w A(t) = Ma) A(B) — A(¥)
M'_m‘iﬁ{ t—a ' Bt }
then
(35) MM(f,z) > M(f,z,A) = mM(f,z),
where

M(f,2) = (B=a)lf @)+ FB)] — [ F(®) dt—(3-a)f (a+b= 515 [ x(t)at).

Proof. Let us prove the right-hand side inequality in (35). According to the defi-
Al = Me) - AB) = A)

nition of m we have that m < T m < 3
Y _

inequalities hold: A(a) — ma < A(t) — mt < A(B) — mp. Let u be a function

from Ap, gy, such that u(t) = mt, u(a) = ma and u(B) = mpB. Then we write

AMa) — pla) < A(E) — p(t) < AB) — u(B). Hence by Theorem 8 we have that
(36) M(f7x»)\):M(faxa)\—N+M)ZM(f,$7N)~

On the other hand, we have that M(f,x, u) = mM(f,x), as in (31), so the right-
hand side inequality in (35) is proved. The left-hand side inequality is obtained
similarly, by exchanging the roles of A and p. ]

. Hence the following
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