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Introduction

The Schrédinger equation:
thOx = Hv

where H = —%A + V' is the Schrédinger operator.

Connection between quantuum and classical mechanics on the limit h — 0.
Aim: asymptotic behaviour of the operator H.

We use semiclassical measures.

introduced by PATRICK GERARD

have one characteristic lenght (H-measures have none)

Luc TARTAR: Variant of H-measure

P.-L. Lions and T. PAuL: Wigner measures (using the Wigner transform)
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H-measures

o Luc TARTAR and PATRICK GERARD, around 1990

. L2 * .
o weakly convergent sequence in L?: u, —— 0, u2 —— £ #£ 0 in My; e.g.:

. . « 1
sinnz — 0, but sin® nz —— 3 £ 02

o Radon measure (the limit of square terms of L? functions)

Theorem. (Existence of H-measures) If u, — 0 in L>(R%; C"), then there
exist a subsequence (u,) and p € My (R x S4=1; M, (C)) such that for every
@1, 92 € Co(R?) and 1 € C(S*™*) we have:

in [ wm© e m(e)w(é) 0 = {1, 0152 R )

= /Rdxsd—l 01 (X) @2 (%)Y (&) du(x, £) .

The bounded Radon measure p we call the H-measure corresponding to the
subsequence (u,). .



H-measures

o Luc TARTAR and PATRICK GERARD, around 1990

. L2 * .
o weakly convergent sequence in L?: u, —— 0, u2 —— £ #£ 0 in My; e.g.:

. . « 1
sinnz — 0, but sin® nz —— 3 £ 02

o Radon measure (the limit of square terms of L? functions)

Theorem. (Existence of H-measures) If u, — 0 in LE (R% C"), then there
exist a subsequence (u,) and u € M(R? x S~ M,(C)) such that for every
@1, 2 € Cc(RY) and 4 € C(S?7) we have:

in [ wn© e m(s)w(é) 0 = {1, 0152 R )

= /Rdxsd—l 01 (X) @2 (%)Y (&) du(x, £) .

The distribution of the zero order p we call the H-measure corresponding to
the subsequence (u.,’). .



Sketch of the proof

(;u\n/) ® (<p/2u\n/) bounded in L' (R%; M,(C)), so there exists
€ Myp(R%M:(C)),
i [ )€ G €06 () 46 = sy 9)

n Jrd €]

“9011802

Next step:

(Hu € M(R? x Sd*l;Mr(C))) (g oy ) = (1, 0152 K1)



First commutation lemma

(Soboloev) multiplier M
Mpu(x) := bu(x) ,

Fourier multiplier P,

Fe) = (5 )6

where a € C(S*™1) and b € Co(R).

Lemma. (First commutation lemma)
C = [Pa,Mb} = PaMb — MbPa

is a compact operator on L2(R%) (C € K(L*(R%))).



Localisation principle

The H-measure corresponding to a strongly convergent sequence is trivial
(n=0).

Theorem. (Localisation principle for H-measures) If a sequence (u,,) defines
H-measure pu, and:
d

> ok(Afun) — 0 in H L(Q;R"),

k=1
where A* are continuous matrix functions in an open Q C R?, then

Pu=0,

where P(x,€) := S0 &.AF(x) on R x 8771

This property can give useful restrictions on components of p.



Semiclassical measures

Motivation: v periodic, u,(x) := v(enX), en \( 0;

All significant values of pu,, are 1/e, from the origin.
o TARTAR’s concept: Variant of H-measures

up — 0 u Li,.(C"),

jpdt+1
d+1 2mix
4

Vn(xa = Un(x)e en )

v — 0in L (2 x R; C); defines H-measure u: a variant of H-measures with
one characteristic lenght associated to the (sub)sequence (uy)

Theorem. p is independent of the last variable x%+!.

Lemma. If for T € D'(R*T)
(VheR) Thed+1T:T7
then there exists To € D'(R™) for which

(T, ) = (To, o) ,

where @o(z!, ..., %) = Jr o', ...z 24T dg? Tt



Existence of semiclassical measures

(3o € M(R? x §%))
(s 0 B 9) = (o, 0 W), o(x) = /R o(x, 24) dr®

p does not depend on z¢+11

2
Theorem. If u,—— 0, then there exist a subsequence (un) and a hermitian
nonnegative Radon measure i, on 2 x R such that for every ¢ € C2°(Q)
and ¢ € S(RY):
lirp

o Flpun) @ F(pun )ip(en€) dé = (b, lo]* BY) .



Comparison to variant H-measures

The variant of H-measures with one characteristic lenght and the semiclassical
measure are similar, but not identical objects.

2mwix-e

Example. 7, — 0, e € S up(x) :=e
X\ Lebesgue measure on R?

Semiclassical measure:

o if £ — 00, fise =0,

o ifEE 0, o = ARG,

. iff]—: — K € (0,00), pttse = AR pe .
Variant of H-measures:

o ifsr s 00, p=AK06.,

25 0, = ARG,

o ifir =k €(0,00), p =AW bm,, My =

d+1 7
Ketegi1

VK241



Compatification of R?\ {0}

o KO,OO(Q); Eo, Eoo
o C(Ko, ()i (3 fo, fo € C(S™H),

F&) — fo(é—') 50, when |¢] =0,

f(£)—foo(|§—|) — 0, when |€] = oo .

Theorem. (Existence of the variant) Let u, — 0 in L>(Q;C"), &, — 0.
Then there exist a subsequence (u,) and an r X r hermitian matrix of Radon
measures py _ (rd) on {1 X Ko,00 (R%) such that for every @1, s € C2()

and every 9 € C(Ko,oo(R?)) we have:

li / G © G (Ew E)E = (i, 152 B0
n R ’



Sketch of the proof

q)j(x7 xd+1) = cpj(x)go(:vd+1) , 7=12,

w(E e = w(i> € #0, and T(£,0) = hoo(€), £ #0.

By the definition of H-measures:

lim B1v, (€, £a1)@Pave (€, €a41) (€, Eagr) dEdEasr = (v, D1 BoRIT) .

n’ Jrd+1

<V, @1&32 X \I/> = / |g0|2dl'd+l<llo, @1952 X \Ij>
R

By o P1P2 BY) = (o, o152 K W)



The Wigner transform
Foru € L*(R% C"):

Wixe) = [

u(x + X) ® u(x — X)ef%ﬂy'gdy .
Rd 2 2
Aim: define the semiclassical measure using W,,.

Cn(x,y,2) :=up(x +,y) Qu(x +e,2), Cp —— C
(vheRY) 7unC=C.

Spliting of the space of functions:

p1~¢2 < (AheR?) @1 =Tnnoe-

D.0) = (Coph . valxy) = [ ey +hb)in.

(au e M(R? x Rd;Mr(C))) FyD=p,

W, ——=FD=u.



Comparison to Wigner measure (1)

Wigner measure: ¢, ¢ € S(R?),

(. lel* B ) = lim x+ ) @y (x - Y e

2

unr(
RIxRIxRd

() |*(m) dxdydn .
Semiclassical measure: p, 9 € Co(Rd),
(e o B) =l [ Floun)(€) @ Flou ) (€)(er )

= lim efg"iy'"go(x + —E”/y)go(x — a”/y) Uy (x + L"/y)
n’ JRdxRAxRE 2 2 2

® Uy (x - E"Q,y)w(snlg)dx'dy'dg ,



Comparison to Wigner measure (1)

Variant: ¢,v¢ € S(R?),

(o> B ) = linIp Uy (x + & y) @ Uy (x - ﬂ)efﬁiy‘n

/
RIxRIxRd 2 2

()4 (n) dxdydn .
Semiclassical measure: ¢, € Co(R?),
(e lol? B0} = lim | P )€) @ Flpun )€ (en€)ag

— lim e—2ﬂiy~n@(x+ €n/y)¢(x _ En/}’)un, (X+ €n/y)
n’ JrdxRdxRA 2 2 2

& Uy (x — 8"2/y>1/1(5n/§)dx'dy'd£ ,

y unbounded!



Comparison to Wigner measure (2)

pe C?(Rd)r Up <> @olUn
C”(X’ y, Z) = un(x + snY) ® U(X + SnY)

C, —C

(lol* D, ) = (lpo*C, ), Fylpol’D = |po*FyD = |o[*ns ,
and
’J‘sc A |<100|2I"'5c :

Take ¢ such that supp ¢ C supp o and we get
(Vo € CZR)DN(VY € SR (ks lwol* BY) = (pye, ol” B 9)

—  B=R.



Semiclassical limit

Theorem. Let (u,) be a sequence of solutions
Ot + tkeEnAupn = fr

and assume f, — 0 in LE ({0, T) x Q), £, — 0, un, — 0 in LE, ({0, T) x Q).
Then the corresponding semiclassical measure s of the sequence (uy) satisfies

(at +47rliji1§jazj)psc =0.

Proof.

Orun (t,x) — ikenAun (t,x) = fn(t,x)
Orun (t, X + £,Y) + ikenAun(t, X + €ny) = fu(t, X + enYy) -

Oyitun(t, X +eny) = €nOpjun(t, X +eny)
Oyiun(t,x) =0.

Yy



Schrédinger equation (1)

d
(8t — 7;Ii€nA + QZHZ azj ayj) (Un (t, X + Eny)un(tv X)) —0 )

Jj=1

in LZ_((0,T) x Q x R?) strong.
Passing to the limit:

d
(00 +2i8 370,50, ) Femoe =0,
j=1

d

(& + 47mZ§j61j),usc =0.

Jj=1

Q.E.D.



Schrédinger equation (2)
V e CHR%R), o € L2(R?); Cauchy problem
{ih()ﬂ/}h = -2 Ay + V"
v"(0,) =v5 €L*(RY)
has the unique solution 3" € C(R;L*(R?)) satisfying ||¢" (¢, )|lr2 = |v|L2.

Theorem. The corresponding semiclassical measure ps. of the sequence of
solutions (") satisfies

{(aﬁg-vxf%vxvvg)usc:o
_,,0
lj’sc‘t:() _,usc )

where 112, is a semiclassical measure associate to the sequence of initial values
h

(v0)-

Proof.

k) U7z1:¢h7 fn:07

N

k=—-1, &,=

Opun + ienAun + LVun =0
2en



Schrodinger equation (3)

p € C(Q),
Z/ V(x+eny) — V(%)
Rd

€ go(x)un(t,x + Eny)uTL(t? X) dx

= U(VyV Felisc, p)

d

. 1 1

IVVyFepise = VV -y Fepise = o E Ok V Fe(Oyr tise) = ﬂVxV - Vyltse
k=1



Two characteristic lenghts

This model can not be implemented to the problems with two or more
characteristic lenghts:

0o otherwise

k 1
{\/ﬁ , Ecrz<iir

For the characteristic lenght:

En = 3 pse =0,

in2
) Msc:%)\~

:M‘)—‘ 3=

En =
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