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Introduction

The Schrödinger equation:
ih∂tψ = Hψ ,

where H = −h2

2
∆+ V is the Schrödinger operator .

Connection between quantuum and classical mechanics on the limit h→ 0.
Aim: asymptotic behaviour of the operator H.
We use semiclassical measures.

◦ introduced by Patrick Gérard

◦ have one characteristic lenght (H-measures have none)
◦ Luc Tartar: Variant of H-measure
◦ P.-L. Lions and T. Paul: Wigner measures (using the Wigner transform)
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H-measures

◦ Luc Tartar and Patrick Gérard, around 1990

◦ weakly convergent sequence in L2: un
L2

−−⇀ 0, u2n
∗−−⇀ ξ 6= 0 in Mb; e.g.:

sinnx ⇀ 0 , but sin2 nx
∗−−⇀ 1

2
6= 02

◦ Radon measure (the limit of square terms of L2 functions)

Theorem. (Existence of H-measures) If un ⇀ 0 in L2(Rd;Cr), then there
exist a subsequence (un′) and µ ∈ Mb(R

d × Sd−1;Mr(C)) such that for every
ϕ1, ϕ2 ∈ C0(R

d) and ψ ∈ C(Sd−1) we have:

lim
n′

∫

Rd

ϕ̂1un′(ξ)⊗ ϕ̂2un′(ξ)ψ

(
ξ

|ξ|

)
dξ = 〈µ, ϕ1ϕ̄2 ⊠ ψ〉

=

∫

Rd×Sd−1

ϕ1(x)ϕ̄2(x)ψ(ξ) dµ(x, ξ) .

The bounded Radon measure µ we call the H-measure corresponding to the
subsequence (un′).



H-measures

◦ Luc Tartar and Patrick Gérard, around 1990

◦ weakly convergent sequence in L2: un
L2

−−⇀ 0, u2n
∗−−⇀ ξ 6= 0 in Mb; e.g.:

sinnx ⇀ 0 , but sin2 nx
∗−−⇀ 1

2
6= 02

◦ Radon measure (the limit of square terms of L2 functions)

Theorem. (Existence of H-measures) If un ⇀ 0 in L2
loc(R

d;Cr), then there
exist a subsequence (un′) and µ ∈ M(Rd × Sd−1;Mr(C)) such that for every
ϕ1, ϕ2 ∈ Cc(R

d) and ψ ∈ C(Sd−1) we have:

lim
n′

∫

Rd

ϕ̂1un′(ξ)⊗ ϕ̂2un′(ξ)ψ

(
ξ

|ξ|

)
dξ = 〈µ, ϕ1ϕ̄2 ⊠ ψ〉

=

∫

Rd×Sd−1

ϕ1(x)ϕ̄2(x)ψ(ξ) dµ(x, ξ) .

The distribution of the zero order µ we call the H-measure corresponding to
the subsequence (un′).



Sketch of the proof

̂(ϕ1un′)⊗ ̂(ϕ2un′) bounded in L1(Rd;Mr(C)), so there exists
µϕ1,ϕ2

∈ Mb(R
d;Mr(C)),

lim
n′

∫

Rd

̂(ϕ1un′)(ξ)⊗ ̂(ϕ2un′)(ξ)ψ

(
ξ

|ξ|

)
dξ = 〈µϕ1,ϕ2

, ψ〉 .

Next step:
(
∃µ ∈ M(Rd × Sd−1;Mr(C))

)
〈µϕ1,ϕ2

, ψ〉 = 〈µ, ϕ1ϕ̄2 ⊠ ψ〉



First commutation lemma

(Soboloev) multiplier Mb

Mbu(x) := bu(x) ,

Fourier multiplier Pa

P̂au(ξ) := a

(
ξ

|ξ|

)
û(ξ) ,

where a ∈ C(Sd−1) and b ∈ C0(R
d).

Lemma. (First commutation lemma)

C := [Pa,Mb] = PaMb −MbPa

is a compact operator on L2(Rd) (C ∈ K(L2(Rd))).



Localisation principle

The H-measure corresponding to a strongly convergent sequence is trivial
(µ = 0).

Theorem. (Localisation principle for H-measures) If a sequence (un) defines
H-measure µ, and:

d∑

k=1

∂k(A
kun) −→ 0 in H−1

loc(Ω;R
r) ,

where Ak are continuous matrix functions in an open Ω ⊆ Rd, then

Pµ = 0 ,

where P(x, ξ) :=
∑d

k=1 ξkA
k(x) on Rd × Sd−1.

This property can give useful restrictions on components of µ.



Semiclassical measures

Motivation: v periodic, un(x) := v(εnx), εn ց 0;
All significant values of ϕ̂un are 1/εn from the origin.

◦ Tartar’s concept: Variant of H-measures
un ⇀ 0 u L2

loc(Ω;C
r),

vn(x, x
d+1) = un(x)e

2πixd+1

εn ,

vn ⇀ 0 in L2
loc(Ω×R;C); defines H-measure µ: a variant of H-measures with

one characteristic lenght associated to the (sub)sequence (un)

Theorem. µ is independent of the last variable xd+1.

Lemma. If for T ∈ D′(Rd+1)

(∀h ∈ R) τhed+1
T = T ,

then there exists T0 ∈ D′(Rd) for which

〈T, ϕ〉 = 〈T0, ϕ0〉 ,

where ϕ0(x
1, . . . , xd) :=

∫
R
ϕ(x1, . . . , xd, xd+1) dxd+1.



Existence of semiclassical measures

(∃µ0 ∈ M(Rd × Sd))

〈µ, ϕ⊠ ψ〉 = 〈µ0, ϕ0 ⊠ ψ〉 , ϕ0(x) :=

∫

R

ϕ(x, xd+1) dxd+1 .

µ does not depend on xd+1!

Theorem. If un
L2

−−⇀ 0, then there exist a subsequence (un′) and a hermitian
nonnegative Radon measure µsc on Ω×Rd such that for every ϕ ∈ C∞

c (Ω)
and ψ ∈ S(Rd):

lim
n′

∫

Rd

F(ϕun′)⊗F(ϕun′)ψ(εn′ξ) dξ = 〈µsc, |ϕ|2 ⊠ ψ〉 .



Comparison to variant H-measures

The variant of H-measures with one characteristic lenght and the semiclassical
measure are similar, but not identical objects.

Example. ηn → 0, e ∈ Sd−1, un(x) := e
2πix·e

ηn

λ Lebesgue measure on Rd

Semiclassical measure:
• if εn

ηn
→ ∞, µsc = 0 ,

• if εn
ηn

→ 0, µsc = λ⊠ δ0 ,

• if εn
ηn

→ κ ∈ 〈0,∞〉, µsc = λ⊠ δκe .

Variant of H-measures:
• if εn

ηn
→ ∞, µ = λ⊠ δe ,

• if εn
ηn

→ 0, µ = λ⊠ δed+1
,

• if εn
ηn

→ κ ∈ 〈0,∞〉, µ = λ⊠ δmκ , mκ =
κe+ed+1√

κ2+1
.



Compatification of Rd \ {0}

◦ K0,∞(Ω); Σ0, Σ∞

◦ C(K0,∞(Ω)); (∃ f0, f∞ ∈ C(Sd−1)),

f(ξ)− f0
(

ξ

|ξ|
)
→ 0, when |ξ| → 0 ,

f(ξ)− f∞
(

ξ

|ξ|
)
→ 0, when |ξ| → ∞ .

Theorem. (Existence of the variant) Let un ⇀ 0 in L2(Ω;Cr), εn → 0.
Then there exist a subsequence (un′) and an r × r hermitian matrix of Radon
measures µK0,∞(Rd) on Ω×K0,∞(Rd) such that for every ϕ1, ϕ2 ∈ C∞

c (Ω)

and every ψ ∈ C(K0,∞(Rd)) we have:

lim
n′

∫

Rd

ϕ̂1un′ ⊗ ϕ̂2un′ψ(εn′ξ)dξ = 〈µK0,∞
, ϕ1ϕ̄2 ⊠ ψ〉 .



Sketch of the proof

vn(x, x
d+1) = un(x)e

2πixd+1

εn

Φj(x, x
d+1) = ϕj(x)ϕ(x

d+1) , j = 1, 2,

Ψ(ξ, ξd+1) = ψ(
ξ

ξd+1
) , ξd+1 6= 0, and Ψ(ξ, 0) = ψ∞(ξ), ξ 6= 0 .

By the definition of H-measures:

lim
n′

∫

Rd+1

Φ̂1vn′(ξ, ξd+1)⊗Φ̂2vn′(ξ, ξd+1)Ψ(ξ, ξd+1) dξdξd+1 = 〈ν,Φ1Φ̄2⊠Ψ〉 .

〈ν,Φ1Φ̄2 ⊠Ψ〉 =
∫

R

|ϕ|2dxd+1〈ν0, ϕ1ϕ̄2 ⊠Ψ〉

〈µK0,∞
, ϕ1ϕ̄2 ⊠ ψ〉 = 〈ν0, ϕ1ϕ̄2 ⊠Ψ〉



The Wigner transform
For u ∈ L2(Rd;Cr):

W(x, ξ) :=

∫

Rd

u
(
x+

y

2

)
⊗ u

(
x− y

2

)
e−2iπy·ξdy .

Aim: define the semiclassical measure using Wn.

Cn(x,y, z) := un(x+ εny)⊗ u(x+ εnz) , Cn′

∗−−⇀ C

(∀h ∈ R
d) τ0,h,hC = C .

Spliting of the space of functions:

ϕ1 ∼ ϕ2 ⇐⇒ (∃h ∈ R
d) ϕ1 = τ(h,h,0)ϕ2 .

〈D, ψϕ〉 := 〈C, ϕ〉 , ψϕ(x,y) :=

∫

Rd

ϕ(x,y + h,h)dh .

(
∃µ ∈ M(Rd ×R

d;Mr(C))
)

FyD = µ ,

Wn′

∗−−⇀ FyD = µ .



Comparison to Wigner measure (1)

Wigner measure: ϕ,ψ ∈ S(Rd),

〈µ, |ϕ|2 ⊠ ψ〉 = lim
n′

∫

Rd×Rd×Rd

un′

(
x+

εn′y

2

)
⊗ un′

(
x− εn′y

2

)
e−2πiy·η

|ϕ(x)|2ψ(η) dxdydη .

Semiclassical measure: ϕ,ψ ∈ C0(R
d),

〈µsc, |ϕ|2 ⊠ ψ〉 = lim
n′

∫

Rd

F(ϕun′)(ξ)⊗F(ϕun′)(ξ)ψ(εn′ξ)dξ

= lim
n′

∫

Rd×Rd×Rd

e−2πiy·ηϕ
(
x+

εn′y

2

)
ϕ
(
x− εn′y

2

)
un′

(
x+

εn′y

2

)

⊗ un′

(
x− εn′y

2

)
ψ(εn′ξ)dx′dy′dξ ,



Comparison to Wigner measure (1)

Variant: ϕ,ψ ∈ S(Rd),

〈µ, |ϕ|2 ⊠ ψ〉 = lim
n′

∫

Rd×Rd×Rd

un′

(
x+

εn′y

2

)
⊗ un′

(
x− εn′y

2

)
e−2πiy·η

|ϕ(x)|2ψ(η) dxdydη .

Semiclassical measure: ϕ,ψ ∈ C0(R
d),

〈µsc, |ϕ|2 ⊠ ψ〉 = lim
n′

∫

Rd

F(ϕun′)(ξ)⊗F(ϕun′)(ξ)ψ(εn′ξ)dξ

= lim
n′

∫

Rd×Rd×Rd

e−2πiy·ηϕ
(
x+

εn′y

2

)
ϕ
(
x− εn′y

2

)
un′

(
x+

εn′y

2

)

⊗ un′

(
x− εn′y

2

)
ψ(εn′ξ)dx′dy′dξ ,

y unbounded!



Comparison to Wigner measure (2)

ϕ ∈ C∞
c (Rd), un ↔ ϕ0un

Cn(x,y, z) = un(x+ εny)⊗ u(x+ εny)

Cn
∗−−⇀ C

〈|ϕ0|2D, ψϕ〉 := 〈|ϕ0|2C, ϕ〉 , Fy|ϕ0|2D = |ϕ0|2FyD = |ϕ0|2µ ,

and
µsc ↔ |ϕ0|2µsc .

Take ϕ such that suppϕ ⊆ suppϕ0 and we get

(∀ϕ0 ∈ C∞
c (R)d)(∀ψ ∈ S(Rd)) 〈µ, |ϕ0|2 ⊠ ψ〉 = 〈µsc, |ϕ0|2 ⊠ ψ〉

=⇒ µ = µsc



Semiclassical limit

Theorem. Let (un) be a sequence of solutions

∂tun + iκεn∆un = fn ,

and assume fn → 0 in L2
loc(〈0, T 〉 × Ω), εn → 0, un ⇀ 0 in L2

loc(〈0, T 〉 × Ω).
Then the corresponding semiclassical measure µsc of the sequence (un) satisfies

(
∂t + 4πκ

d∑

j=1

ξj∂xj

)
µsc = 0 .

Proof.

∂tun(t,x)− iκεn∆un(t,x) = fn(t,x) ,

∂tun(t,x+ εny) + iκεn∆un(t,x+ εny) = fn(t,x+ εny) .

∂yjun(t,x+ εny) = εn∂xjun(t,x+ εny)

∂yjun(t,x) = 0 .



Schrödinger equation (1)

(
∂t − iκεn∆+ 2iκ

d∑

j=1

∂xj∂yj

)
(un(t,x+ εny)un(t,x)) → 0 ,

in L2
loc(〈0, T 〉 × Ω×Rd) strong.

Passing to the limit:

(
∂t + 2iκ

d∑

j=1

∂xj∂yj

)
Fξµsc = 0 ,

i.e.
(
∂t + 4πκ

d∑

j=1

ξj∂xj

)
µsc = 0 .

Q.E.D.



Schrödinger equation (2)

V ∈ C1(Rd;R), ψh
0 ∈ L2(Rd); Cauchy problem

{
ih∂tψ

h = −h2

2
∆ψh + V ψh

ψh(0, ·) = ψh
0 ∈ L2(Rd) ,

has the unique solution ψh ∈ C(R; L2(Rd)) satisfying ‖ψh(t, ·)‖L2 = ‖ψh
0 ‖L2 .

Theorem. The corresponding semiclassical measure µsc of the sequence of
solutions (ψh) satisfies

{(
∂t + ξ · ∇x − 1

2π
∇xV · ∇ξ

)
µsc = 0

µsc|t=0
= µ0

sc ,

where µ0
sc is a semiclassical measure associate to the sequence of initial values

(ψh
0 ).

Proof.

κ = −1 , εn =
h

2
, un := ψh , fn = 0 ,

∂tun + iεn∆un +
i

2εn
V un = 0



Schrödinger equation (3)

ϕ ∈ C∞
c (Ω),

i

∫

Rd

V (x+ εny)− V (x)

εn
ϕ(x)un(t,x+ εny)un(t,x) dx

→ i〈∇yV Fξµsc, ϕ〉

i∇VyFξµsc = ∇V · yFξµsc =
1

2π

d∑

k=1

∂kV Fξ(∂ykµsc) =
1

2π
∇xV · ∇yµsc



Two characteristic lenghts

This model can not be implemented to the problems with two or more
characteristic lenghts:

un(x) :=

{√
n , k

n
< x < k

n
+ 1

n2

0 , otherwise
,

For the characteristic lenght:

εn = 1
n
, µsc = 0 ,

εn = 1
n2 , µsc = sin2(πξ)

π2ξ2
λ .
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