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ABSTRACT
Weighted essentially non-oscillatory (WENO) re-

construction procedure is used for a non-oscillatory
approximation of a function.

• WENO reconstruction procedure: constructs a ra-
tional approximation of a function v(x) based on
known cell averages of function v(x).

• WENO interpolation procedure: constructs a rati-
onal interpolating function v(x) based on point-
wise values of function v(x).

Those approximations are essentially non-oscillatory
and high order accurate for smooth enough function
v(x). For the case of reconstruction, rational function
obtained by the classical WENO reconstruction conta-
ins poles. Therefore, if one needs to obtain a value of
function v(x) in the interior of the numerical cell, the
standard WENO procedure needs special treatment to
overcome instabilities that can occur.

We will present a new polynomial version of the
WENO procedure that provides an elegant solution
to those problems by constructing an approximating
polynomial that is smooth, non-oscillatory, and high
order accurate.

POLYNOMIAL WENO 1. step:
Based on average function values v̄i form polyno-

mials pi(x) such that: pi(x) = v(x) + O(∆xr), x ∈ Ii.
There are r polynomials that satisfy:

1

∆x

∫
Ij

psi (ξ)dξ = vj , j = i− r + 1 + s, . . . , i+ s.

Values of the primitive function V (x) =
∫ x

a
v(ξ)dξ, are

exactly known for cell edges.
Let P s

i (x) be an polynomial of degree r
that interpolates points of V (x) at cell edges
xi−r+s+ 1

2
, . . . , xi+s+ 1

2
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POLYNOMIAL WENO 2. step:
Form ideal weights (polynomial functions)

Cr,s(x), s = 0, . . . , r − 1 to obtain higher degree
polynomial Qi(x):

Qi(x) =
r−1∑
s=0

Cr,s(x)P s
i (x).

Qi(x) can be very accurate approximation of v(x), but
it will be highly oscillatory if v(x) is not smooth eno-
ugh. The oscillations of polynomials P s

i (x) can be me-
asured by using smoothness indicators:

ISr,s =
r−1∑
l=2

∫
Ii

∆x2l−1
(
dlP s

i (x)

dxl

)2

dx.

PROBLEM
Increase the image resolution by splitting each pixel into subpixels. Calculate subpixel values using some 1D

interpolation algorithm applied dimension by dimension.

RESULTS

Original Cubic Spline Cubic WENO

When cubic spline interpolation is used, quite blur-
red figure arises. The contours are not clear due to the
oscillations that appear when sharp changes in color
between neighboring pixels occur.

On the other hand, when polynomial WENO interpo-
lation is applied, sharp contours in figure are preser-
ved. Even more, it seems that the brightening effect
arises.

Image reconstruction:
Each color channel of the image is represented by

a N ×N matrix. Elements of the matrix represent ave-
rage values of color assigned to pixels/cells.

Apply WENO interpolation (step 1...4) in the x di-
rection to subdivide each cell/pixel. Result is a re-
constructed N ×nN matrix. Repeat the process in the
y direction to get the final nN × nN matrix.

Reconstruction is applied separately on each color
channel of the image.
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POLYNOMIAL WENO 3. step:
The standard WENO approach is based on the idea

of replacing linear weight Cr,s(x) with nonlinear we-
ighting factor Ωr,s(x):

Ωr,s =
Ar,s∑r−1
j=0 Ar,j

, Ar,s =
Cr,s

(ε+ ISr,s)2
.

In the polynomial WENO approach we suggest to
replace the weighting factors with the interpolating
polynomials in the following way: Subdivide the in-
terval Ii into a finer grid X̃i = (xi,j)0≤j≤r−1 of eve-
nly spaced nodes. Replace the weighting functions
Ωr,s(x) with:

Ω̃r,s(x) =
r−1∑
j=0

lX̃i
j (x) · Ωr,s(xi,j),

where lX̃i
j (x) is j-th Lagrange cardinal polynomial

associated to the grid X̃i.

POLYNOMIAL WENO 4. step:
WENO polynomial interpolation for V (x):

Pr(x) =
r−1∑
s=0

Ω̃r,s(x) · P s
i (x),

WENO polynomial reconstruction for v(x):

pr(x) = P ′r(x).

WENO cell subdivision:
The average function values satisfy:

vi =
1

∆x

∫
Ii

P ′r(ξ)dξ =
1

∆x

(
Pr(xi+1/2)− Pr(xi−1/2)

)
.

Each cell Ii is subdivided in to n subcells Ii,j and the
corresponding average values are evaluated as:

vi,j =
1

n∆x

∫
Ii,j

P ′r(ξ)dξ, j = 1 . . . n.


