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Abstract

Alon, Angel, Benjamini and Lubetzky recently studied an old prob-
lem of Euler on sumsets for which all elements of A + B are integer
squares. Improving their result we prove:

1. There exists a set A of 3 positive integers and a corresponding
set B C [0, N] with |B| > (log N)'*/17 such that all elements of
A + B are perfect squares.

2. There exists a set A of 3 integers and a corresponding set B C
[0, N] with |B| > (log N)%/'| such that all elements of the sets
A, B and A + B are perfect squares.

The proofs make use of suitably constructed elliptic curves of high
rank.

1 Introduction

Let A and B be sets of integers. In this paper we study the size of sumsets
A+B={a+b:a€ A,be B} being a subset of the set of integer squares S.
Let us briefly review what is known: If |A| = 2, then the size of | B is bounded
by a divisor function. This means, that | B| is finite, but depending on A can

be arbitrarily large: if A, B C [1, N], then |B| < exp ((logZ +o(1)) log N >

loglog N
This connection to the number of divisors can be seen as follows: a;+b; =
2 as+b; =y ag—ay = y? — 22 = (y; — x;)(yi + ;). Thus, if ay —a; = dids
(say), with d; < dy, then z; = d2;d1,yi = [11;2(12‘ Hence the number of
possible values of b; corresponds to the number of divisors of as — a;. The
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bound follows from the well known upper bound on the values of divisor
functions, due to Wigert [20].

Recently Alon, Angel, Benjamini and Lubetzky [1] studied the case of
larger |A|. They proved: There exists a set A of 3 elements and a corre-
sponding set B C [N, N| with |B| > (log N)®/".

If |[A] > 4 they observed that a result of Caporaso, Harris and Mazur
says, that, assuming the deep Bombieri-Lang conjecture on curves of genus
g > 1, the size of | B| is uniformly bounded. A related observation was made
by Solymosi [19].

Alon et al. also point out that the question of sumsets in the set of squares
has already been studied by Euler. This should serve as a motivation to study
the problem. On the other hand Alon et al. apply the results to questions
from additive combinatorics, on sums and products, (for details we refer to
their Theorem 2(3)). For further literature on the question of sumsets in the
set of integer squares we refer to [2, 3, 5, 6, 12, 13, 17, 18|.

In this note we improve the above mentioned lower bound by Alon et al.

Theorem 1.1. There exists a set A of 3 positive integers and a corresponding
set B C [0, N] with |B| > (log N)*/'7, such that all elements of A+ B are
perfect squares.

Note that 2 = 0.882... and that 2 = 0.714.. ..

Proof. We follow Alon et al. [1, Section 4. Their construction starts with
rational squares aj, as and ag, (so that X = 0 is one solution of the system
Y? = X + a;). They define

o= _ > af + D icj Bl 8= 2% 0] — 32#]’ ajaj + 12a1aza3

3a3 ’ 27a3 ’

and consider the elliptic curve
E:y=24ar+p.

Using properties of the canonical height of elliptic curves, they showed that
if rank (F(Q)) = r, then for A = {a],d}, a4}, where the a}-s are square
multiples of the a;-s, there exists a set B such that A+ B C S, B C [N, N]|
and |B| > (log N)"/0*2) By taking a; = 32, ay = 342, a3 = 89 (there is a
misprint in [1]: they write a; = 3,a2 = 34, a3 = 89), they obtain the curve
of rank 5, and so the exponent 5/7.

Let us observe that the curve E has torsion subgroup Z/27Z x Z/2Z.
The largest known rank for curves with such torsion is 15, and the corre-
sponding curve was found by Elkies in 2009 [10] (see [8] for details on the
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curve). By translating Elkies’ curve to the form of [1, Section 4], we get
a; = 943498641882610%, a; = 3019959320742652, a3 = 36779426886004582,
with the corresponding elliptic curve with rank 15. Hence, we conclude that
for a set of the form

A = {943498641882610%t, 301995932074265t2, 3677942688600458%1},

there exists a set B C [~ N, N] with |B| > (log N)*/'7 such that all elements
of A+ B are perfect squares.

We now show that one can even take B C [0, N].

Let A be a set of 3 integers, as defined above, with a; < ay < a3 and
B C [-N, N] such that A+ B consists of positive integer squares. Note that
the elements of A are positive by construction.

As 0 < ay < as < ag the least element b, of B is larger than —a,, and we
make the following translation: A" = A—(a;—1) = {1,as—a;+1,a3—a;+1},
B’ = B+ (a; — 1). Note that A+ B = A’ + B’ and that all elements of A’
and B’ are nonnegative. [

2 Elements of A and B are also squares

In this section we consider a variant of “sumsets being squares” problem,
where the elements of the sets A and B are also squares. Actually, there
is no loss of generality in assuming that one of the sets, say A, consists of
squares, since we may assume, by translation, that 0 € B. Thus, in the
examples given in the previous section, the set A contains three squares.
But now we will impose the additional condition that B also contains only
squares. This problem is related to Pythagorean triples, and certain problems
of placing points in the plane at integer distances, e.g. a problem of Erdds
and Rosenfeld [11] (see also [14]).

Again, we will take a set A with |A| = 3 and ask how large a set B C [0, V]
with the required properties can be. Since B contains only squares, we may
take a; = 0, ay = c3, az3 = c3. Now, any element b € B is the x-coordinate of
a point on the elliptic curve

E =2+ (r+c3).

Moreover, for points (z,y) € 2E'(Q) the value = + a; is a rational square
for : = 1,2,3. It is well known that elliptic curves of this form are exactly
elliptic curves with torsion group Z/27 x Z/4Z (note that (0,0) € 2E'(Q),
more precisely (0,0) = 2(cacs, cacs(ca + ¢3), so the point (cacs, cacs(ca + c3)



is of order 4). The largest known rank for such curves is 9, given by the
example found recently by Dujella and Peral (see [8, 9]):

y? = 2%+ 2® — 6141005737705911671519806644217969840x
+ 5857433177348803158586285785929631477808095171159063188.

This example, by the translation, gives a; = 0, ay = 286789992, a3 =
431053702, By applying again the results of [1, Section 4], we obtain the
following result.

Theorem 2.1. There exists a set A of 3 integers and a corresponding set
B C [0, N] with |B| > (log N)°/'', such that all elements of the sets A, B
and A+ B are perfect squares.

Note that & = 0.818....

Remark 2.2. The above curve with torsion Z/27 x Z/4Z and rank 9 is in-
duced by a Diophantine triple, i.e. a set of three non-zero rationals with the
property that the product of any two of them increased by 1 is a perfect
square. Thus, the curve has the form

y* = (ax + 1)(bx + 1)(cx + 1),

where ab+ 1, ac+ 1 and bc+ 1 are perfect squares. In [7], it was shown that
if
ol +1 a—"T 4aT

T—a ' ar+1 (T 4+ 1)(T — )’

then the curve has torsion group Z/2Z x 7Z/47 and positive rank. By finding
subfamilies with higher rank and the sieving based on the Mestre-Nagao
sums, in [9], the parameters o = —1997/3434, T' = 83/136 were detected as
corresponding to potentially large rank, and Cremona’s program mwrank [4]
gave that the rank is equal to 9.
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