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Abstract— In this paper, an overview of three-phase inverter 
topologies for supplying non-symmetrical, non-linear and single 
phase loads is presented. Today non-symmetrical and non-linear 
loads dominate in electric power systems. This is even more 
evident in the isolated systems like uninterruptible power supply, 
renewable energy sources operating in island mode or auxiliary 
power supply in railway vehicles. Three-phase inverters therefore 
must be able to supply three-phase as well as single-phase loads 
and at the same time not affect the power quality. There are 
currently three inverter topologies capable of doing this. A 
special emphasis is given on a three-phase four-leg inverter 
topology. In addition, two of the most used modulation 
techniques for three-phase four-leg inverter are described. 
Mathematical model in abc and dq0 coordinate system is also 
derived. At the end, the paper outlines some of the existing 
control design challenges and their solutions. 

Keywords— three-phase four-leg inverter; 3D space vector 
modulation; carrier based PWM; proportional − resonant 
controller 

I.  INTRODUCTION (Heading 1) 
Today power quality is one of the most important research 

topics in the field of electrical engineering. It is estimated that 
between 75 − 90 percent of all loads is in fact nonlinear loads 
[1]. By definition, a non-linear load is a load where the wave 
shapes of the steady-state current does not follow the wave 
shape of the applied voltage. Power losses in the low voltage 
distribution network due to the non-linear and non-symmetric 
loads are more than 10 percent of the average transmitted 
energy [2]. Thus, it is extremely important to limit these power 
quality deteriorating factors. Various standards and laws 
concerning power quality are published imposing limitations 
on current harmonics and voltage non-symmetry [3] – [7]. 
Problems with non-linear and non-symmetric loads are the 
main concern in isolated systems like UPS, renewable energy 
sources operating in island mode, and auxiliary power supply 
for ships, airplanes and railway coaches. Large numbers of 
non-linear and/or non-symmetric loads generate harmonics and 
cause unbalance, neutral current, etc.  

Various commercial solutions are already successfully used 
for many years in dealings with current harmonics (active 
filters) and decreased power factor (capacitor banks). Only 
recently, mainly due to the high increase of renewable energy 

sources in a supply system, particularly operating in island 
mode, non-symmetry is also being recognized as a problem. 
From this point forward, non-symmetry will be regarded as a 
simultaneous supply of three-phase and single-phase loads. For 
this, our wires are needed, i.e. three-phase wires and a neutral 
wire.  

Chapter II gives an overview of three-phase four-wire 
topologies used for supplying non-linear and non-symmetric 
loads. Due to numerous advantages, three-phase four-leg 
inverter topology is chosen for further consideration. In 
Chapter III two of the most frequently used modulation 
techniques are presented. Chapters IV and V give a 
mathematical model of three-phase four-leg inverter and a 
short overview of control strategies, respectively. The paper 
ends with the conclusion.  

II. TOPOLOGY 
A three-phase inverter bridge consisting of six power 

semiconductors arranged in three half-bridges, each including 
two power semiconductors (Fig. 1), generates a three-phase 
power supply for a consumer from the voltage provided by the 
DC link. The output voltage pulses are controlled, so that when 
averaged in time a three-phase voltage is generated, the rms 
and frequency of which are optionally variable. LC filter is 
used to attenuate PWM modulation frequency. This type of 
inverter is used largely for supplying balanced loads, powers 
ranging from few watts to more than megawatts. Load 
imbalance generates electric current flow in the soil because 
the source (distribution system) and load neutral are grounded 
at different potential. In that case, any unbalanced current that 
may flow in the neutral will partly return through the earth. 
This current is referred as stray current and is usually harmless 
if the system is properly designed. However, higher values of 
stray current can cause DC voltage oscillation and unbalance in 
the DC capacitor voltage. Resistors for symmetrical 
distribution, high capacitor values or additional voltage control 
circuits are then used to solve this problem. Also, this topology 
is unable to supply single-phase loads since there is no neutral 
wire available. Therefore, one of the next three topologies is 
generally used.  

The first one consists of an inverter and an isolated 
transformer connected to the inverter output terminals, (Fig. 2). 
Due to its many advantages like galvanic isolation of primary 
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Fig 1. Three-phase inverter 
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Fig 2. Three-phase inverter with isolated transformer 
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Fig 3. Three-phase inverter with split DC bus capacitors 
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Fig 4. Three-phase four-leg inverter 

and secondary voltage level, elimination of neutral current, 
overvoltage protection in certain cases and transformer 
inductance can be used in filter impedance, this configuration 
is often used. Also, it is possible to supply single-phase loads. 
Transformer price and weight can be regarded as 
disadvantages, mainly in mobile applications like railways. 

It is already known that in a symmetrical system only two 
variables are independent, and as a result, can be separately 
controlled (Xa + Xb + Xc = 0). On the other hand, non-
symmetrical system has three independent variables (Xa + Xb + 
Xc ≠ 0). Separate control of three variables in three-phase 
inverter is therefore possible by using: 

• Split DC-linked capacitors and tying the neutral point to 
the midpoint of the DC-linked capacitors. 

• A four-leg inverter topology and tying the neutral point 
to the midpoint of the fourth neutral leg. 

The first one, three-phase inverter with split DC bus 
capacitors (Fig. 3) is actually consisting of a three single-phase 
half bridge inverters. This enables the independent control of 
the each leg, i.e. phase. With unbalanced loads, neutral current 
returns through DC bus capacitors. Expressions for capacitor 
current and voltages are in (1) and (2), respectively. 
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where RDC is DC source resistance, s Laplace operator, sa, 
sb and sc switching states.  

From there it can be seen that capacitor voltage is directly 
influenced by zero current i0 [8]. For voltage balancing high 
value capacitors and additional balancing circuits must be used. 
[4]. Single-phase voltage supply is also possible with this 
topology.  

With the continual cost reduction of semiconductors and 
the development of faster microprocessors, a three-phase four-
leg inverter topology (Fig. 4) has lately become more 
interesting. Although it was first mentioned in the literature in 
the early 90is, up until now it has not been extensively used in 
commercial applications. The neutral wire is connected to the 
neutral point of the added fourth leg. The advantages are: 
higher utilization of DC voltage (more than 15 % compared to 
conventional one from Fig. 1), current does not flow through 
DC capacitors, DC voltage oscillation are minimized and 
capacitor values can be smaller. Complex modulation scheme 
and large number of semiconductor devices can be sometimes 
considered a disadvantage. Nevertheless, this type of inverter is 
ideal solution in four-wire systems for supplying non-
symmetrical and single-phase loads. 

III. MODULATION 
Sinusoidal Pulse Width Modulation (SPWM) is today 

frequently used in three-phase inverters, mainly due to its 
simplicity and easy implementation. With the development of 
advanced and faster microprocessors and DSPs, Space Vector 
Pulse Width Modulation (SV PWM) emerges as first choice for 
induction machine control applications. Advantages of space 
vector modulation are reduction in commutation losses and 
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TABLE I.  SWITCHING STATES AND LEG VOLTAGES OF A FOUR-LEG INVERTER 

Sa1 Sb1 Sc1 Sn1 Va0 Vb0 Vc0 Vn0 Van Vbn Vcn Vα Vβ V0 Vector 

0 0 0 0 0 0 0 0 0 0 0 0 0 0 V0 

0 0 0 1 0 0 0 VDC −VDC −VDC −VDC 0 0 −√3VDC V1 

0 0 1 0 0 0 VDC 0 0 0 VDC −VDC/√6 −VDC/√2 VDC/√3 V2 

0 0 1 1 0 0 VDC VDC −VDC −VDC 0 −VDC/√6 −VDC/√2 −2VDC/√3 V3 

0 1 0 0 0 VDC 0 0 0 VDC 0 −VDC/√6 VDC/√2 VDC/√3 V4 

0 1 0 1 0 VDC 0 VDC −VDC 0 −VDC −VDC/√6 VDC/√2 −2VDC/√3 V5 

0 1 1 0 0 VDC VDC 0 0 VDC VDC −VDC√(2/3) 0 2VDC/√3 V6 

0 1 1 1 0 VDC VDC VDC −VDC 0 0 −VDC√(2/3) 0 −VDC/√3 V7 

1 0 0 0 VDC 0 0 0 VDC 0 0 VDC√(2/3) 0 VDC/√3 V8 

1 0 0 1 VDC 0 0 VDC 0 −VDC −VDC VDC√(2/3) 0 −2VDC/√3 V9 

1 0 1 0 VDC 0 VDC 0 VDC 0 VDC VDC/√6 −VDC/√2 2VDC/√3 V10 

1 0 1 1 VDC 0 VDC VDC 0 −VDC 0 VDC/√6 −VDC/√2 −VDC/√3 V11 

1 1 0 0 VDC VDC 0 0 VDC VDC 0 VDC/√6 VDC/√2 2VDC/√3 V12 

1 1 0 1 VDC VDC 0 VDC 0 0 −VDC VDC/√6 VDC/√2 −VDC/√3 V13 

1 1 1 0 VDC VDC VDC 0 VDC VDC VDC 0 0 √3VDC V14 

1 1 1 1 VDC VDC VDC VDC 0 0 0 0 0 0 V15 

 
 

output voltage harmonics, higher utilization of DC voltage and 
easy digital implementation [9]. Other modulation techniques 
like hysteresis modulation are also being used. Sinusoidal and 
hysteresis PWM can be analogously implemented, while others 
are microprocessor based [10]. Comparison criteria among 
different modulation techniques is based on the spectrum of the 
output voltages and currents, switching losses, output current 
oscillations and maximum available output voltages for a given 
input DC voltage [11]. 

Since three-phase four-leg inverter varies from the standard 
three-phase three-leg inverter only in one additional leg, some 
authors propose to use two types of modulation in a following 
way. Standard space vector modulation is used for three-phase 
legs, while zero leg is separately modulated [12] and [13]. The 
benefit is a simple modulation algorithm, but it does not 
explore all the possibilities of a three-phase four-leg inverter.  

New modulation strategies were also developed i.e. 
expanded to four legs: 

• Three Dimensional Space Vector PWM and 

• Carrier based PWM 

A. 3D Space Vector PWM 
The main idea behind the space vector modulation is to find 

vectors adjacent to reference output vector, calculate ON-time 
and select appropriate switching sequence for each switching 
period.  

Each switch in a three-phase four-leg inverter has two 
states. Let us assume that two switches in one leg cannot be in 
active or deactivate state simultaneously. Sixteen (24) 
switching states are shown in Table I. Leg voltage is 0 or vDC 
(vDC ≤ VDC). Since the control of each leg is independent, this 
means that the each leg voltages can be placed on separate 
perpendicular line. The so-defined space is called leg voltage 

space. Points of this four dimensional object are actually 
sixteen switching states as seen Table I. Output voltage values 
can be calculated from (4). Three dimensional space with 
coordinates a, b and c can be obtained by projecting 
orthogonally to vector (1 1 1 1)T. Coordinate transformation 
from abc to Cartesian αβ0 coordinate system is done in (5). 
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Voltage values of Vα, Vβ and V0 are also given in Table I1. 
Voltage Vz is called the placeholder value and it is not used 
from this point on. Consequently, the last row in 
transformation matrix can be omitted. Fourteen active vectors 
comprise polyhedron (dodecahedron) while the two zero 
vectors are located at the origin of the coordinate axes, Fig. 5. 
There are 24 different sectors. Separating planes and boundary 
planes can also be determined as shown in [14] − [16].  

Let us now assume that the reference vector Vref is located 
in sector I (gray area on Fig. 5). Three adjacent active 
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Fig 5. Switching state vectors of a four-leg inverter 
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Fig 6. Symmetrical switching sequence for sector I 
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Fig 7. Block diagram scheme for three-phase four-leg space vector 
PWM 
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Fig 8. ON-time for each leg 

switching vectors (8, 12 and 14) and two zero vectors (0 and 
15) form Vref. During each switching period average value of 
an output voltage must be equal to the average value of 
reference vectors as shown in (6). The duration (ON-time) of 
active and zero vectors can be derived from (7) and (8) 
respectively. Every space vector modulation up to this point 
has mainly identical procedure: determine the switching 
vectors, identify sectors and boundary planes and calculate 
vector duration time. The main difference between numerous 
space vector modulation schemes is in the last step – switching 
sequence selection. Output voltage THD, switching losses, 
speed, algorithm complexity, etc., they all depend on switching 
sequence. A symmetrical switching sequence is chosen (Fig. 
6). 

Now it is possible to implement vector PWM in Matlab/ 
Simulink environment. The block diagram is shown in Fig 7. 
Input variables are reference voltage values or values deriving 
from inverter voltage control in abc system and switching 
frequency. By using (5) voltage values are transformed to Vα, 
Vβ and V0 and feed to the sector identification block where one 
of 24 sectors is identified for each sample period. Vα, Vβ, V0, 
switching frequency, vectors from Table I and sector number 

are used to calculate the duration time of active and zero 
vectors according to (7) and (8). ON-time of upper (or lower) 
switch in each leg is calculated based on chosen switching 
sequence. For sector I in Fig 6.: tS1 = T1 + T2 + T3 + ½ T0, tS3 = 
T2 + T3 + ½ T0, tS5 = T3 + ½ T0 and tS7 = ½ T0. A different value 
of ON-time for each leg is calculated depending on a sector 
number. The output of the ON-time calculation block is shown 
in Fig. 8. A triangular carrier waveform with frequency fsw and 
amplitude of 1 / fsw is compared with the block output in order 
to get pulses corresponding to the symmetrically align 3D SV 
PWM can be obtained. 
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where ∆t8 + ∆t12 + ∆t14 ≤ Ts. 

 ( )14128s0 tttTt Δ+Δ+Δ−=Δ  (8) 

Since the value of the input voltage vector is constantly 
changing (e.g. various load changes, start-up, etc.) and in some 
cases it is possible for the vector to have values that are outside 
the inverter operating range. To avoid this, it is important to 
limit the maximum value of the vector. Two methods are 
presented in [14] and [15]. Inscribed ellipsoid method limits 
the vector to the largest ellipsoid inscribed in the polyhedron. 
Boundary plane limiting method limits the magnitude of the 
vector that is outside the polyhedron by using the polyhedron 
boundary plane equations. The first method is easier to 
implement due to only one equation, but it is considered 
somehow conservative. The second method uses a higher 
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Fig 9. Implementation of the SVPWM in a three-phase four-leg inverter 
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number of equations and lower harmonics can be found in 
voltage THD, but fully exploits the space vector space and 
gives 5 % higher output rms voltage. 

B. Carrier based PWM 
This modulation is similar to sinusoidal PWM where 

switching states are determined by comparing triangular carrier 
and three sinus reference waveforms. The only difference is in 
the reference waveform generation where additional, so-called 
offset voltage is added to sinusoidal waveform. Using this 
modification it is possible to have any type of switching 
sequence [17]. In [18] it is also shown that this type of 
modulation is identical to symmetrically align 3D SV PWM.  

Output line to neutral voltages Van, Vbn and Vcn can be 
rewritten as shown in (10) by using respective leg voltages and 
common offset voltage Vn0. Maximum values of Van, Vbn and 
Vcn are ± VDC. In three-phase three-leg inverter (Fig. 1), offset 
voltage is selected as (9). With the help of the fourth leg, Vn0 
can be actively manipulated by the control of the gating signal 
of the additional leg. If the offset voltage is fixed to a certain 
value, three respective pole voltages can be calculated as (11). 
Offset voltage constrains are in (12) and (13) [19]. 

 ( ) ( )
2

,,min,,max cnbnancnbnan
n0

VVVVVVV +
−=  (9) 

 Van = Va0 − Vn0 (10) 

 Vbn = Vb0 − Vn0 (−) 

 Vcn = Vc0 − Vn0 (−) 

 Va0 = Van + Vn0
* (11) 

 Vb0 = Vbn + Vn0
* (−) 

 Vc0 = Vcn + Vn0
* (−) 

 − VDC / 2 ≤ Vn0 ≤ VDC / 2 − Vmax, for Vmax > 0 (12) 
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 − VDC / 2 − Vmin ≤ Vn0 ≤ VDC / 2 − Vmax, otherwise(−) 

 Vmax – Vmin ≤ VDC (13) 

where Vmin = min (Van, Vbn, Vcn) and Vmax = max (Van, Vbn, 
Vcn).  

The optimum switching sequence, which is equivalent to 
symmetrically align 3D SV PWM, can be achieved by 
selecting the offset voltages as given in (14), Fig. 9. The ON-
times of the upper switch of respective legs can be obtained as 

in (15) Implementation with a triangular carrier and the offset 
voltage calculation is shown as a block diagram in Fig. 10. 
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Fig 11. Averaged model of three-phase four-leg inverter in abc system 
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Fig 12. Averaged model of three-phase four-leg inverter in dq0 system 
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If the vector is located outside the operating range of 
inverters, new reference must be selected. The algorithm in 
[19] and [20] limits the voltage vector to the boundary planes 
of polyhedron, while simultaneously achieving the 
maximization of a dq component voltage rather than zero 
sequence voltage of an original voltage reference vector. 

IV. MATHEMATICAL MODEL OF THREE-PHASE FOUR-LEG 
INVERTER 

Three models: time discrete model, average mode and 
linear model are extensively used in literature for inverter 
design [21] and [22]. In time discrete model current and 
voltage waveforms are mathematically represented for each 
interval. This model is mainly used in simulations and for 
detailed inverter analysis. Mathematical expressions, 
depending on a model, can sometimes be complicated and 
since the model is nonlinear, it is not suitable to control. For 
that reason linear frequency domain model is used. Since 
switching frequency is much higher than the fundamental 
output frequency, voltage and current ripples can be neglected 
and averaging process can be done (average value of current 
and voltage are obtained) [23]. Three-phase four-leg averaged 
model is in Fig. 11. Expression for output voltages van, vbn 
and vcn is in (16). Current − voltage equation of inverter model 
are in (17) to (19), while DC current is in (20). 
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where dan, dbn and dcn are duty ratios. 
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 ia + ib + ic  + in = 0 (19) 

where L and C are the inductance and capacitance of the 
output filter, van, vbn and vcn phase to neutral values of output 

voltage and ia, ib and ic line to line output current and in is 
neutral current. 
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Transformation from abc to dq0 system is used when 
developing the control algorithm. This is done because 
classical control techniques work better with DC values, rather 
than sinusoidal. By transforming (17) and (18) to dq0 system 
we get (21) and (22). dq0 averaged model is shown in Fig 12. 
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Third model (small signal model) is obtained from the 
average model using a process of linearization and perturbation 
at around an operating point. In literature this model is 
sometimes also called linear model [24]. 

V. CONTROL 
The simplified control scheme is shown in Fig. 13. 

Measured currents and voltages are transformed to dq0 
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Fig 13. Simplified control block diagram 

reference frame in order to get DC values. Each loop is 
controlled independently. Outer, also called the voltage control 
loop is used for voltage reference tracking (e.g. determining the 
amplitude and the phase of the output voltage) and low order 
harmonic elimination. Voltage error is used as an input to a 
controller whose output is current reference. Inner or current 
control loop is used for protection of the inverter against 
overload and for improvement of the control system response. 
PI or PID controllers, sliding mode [25], fuzzy logic or neural 
network [26] based controllers are often used. The output 
values of current controller are fed to inverse dq0 
transformation and PWM block. 

There are two basic types of controllers: 

• Linear (controllers using constant switching frequency: 
PI controller, predictive controller) 

• Nonlinear (controllers using adjustable switching 
frequency: hysteresis controller, fuzzy based or neural 
network based controller) 

With the development of faster microprocessors and 
estimation algorithms, current loop is often omitted and the 
current is estimated, not measured; so controllers can be than 
grouped based on control type [27]: 

• Indirect Current Control (ICC) 

• Direct Current Control (DCC) 

Some of the most widely used controllers for three-phase 
four-leg inverter control are described below. 

A. Proportional − integral controller 
In [28] three independent PI controller in the abc coordinate 

system for equal current, equal power and equal impedance per 
phase are used. However, it is noted that there is a problem 
with eliminating steady state current when loads are non-
symmetrical. A zero error sinusoidal controller is used in [15] 
and voltage error remains zero even in the case of non-
symmetrical loads. It is known that PI controller has an 
infinitive gain only for DC values. For that reason 
transformation from abc to dq0, where AC quantities become 
dc, is used in [28] and [29]. Many papers dealing with control 
propose feedback PI controller in dq0 system. When the load is 

not symmetrical, d and q components are oscillating with 
frequency 2f, and 0 component is not equal to zero and 
oscillates with frequency f. In that case, PI controller cannot 
eliminate steady state error. As a solution in [23] and [30] − 
[32] a transformation to symmetrical components (direct, 
inverse and zero) is proposed, which then gives DC quantities 
in dq0 system. An inverse transformation is used before 
entering the PWM block.  

Some of the disadvantages of the classic control strategies, 
such as PI controller are [33]: 

• Digital implementation of the controller leads to a delay 
in control loop. 

• Most of the classic control techniques use frequency 
domain factors for designing. However, this does not 
lead to a precise control in time domain and control 
cannot adjust transient performance of the system. 
Modern control techniques can be used to achieve better 
performance. 

• The system parameters vary along the time. Moreover, 
classic control techniques design a controller only for 
one operating point. Robust and adaptive control 
techniques are then required.  

In [33] and [34] a model considering digital delay is 
proposed. PI controller and pole placement controller are 
compared in [33]. It was shown that the pole placement 
controller has faster response. When controller parameters are 
changing and during transients PI controller can become 
unstable. In [34] adaptive self-tuning controller is used. 
Compared with non adaptive, adaptive controller has faster 
response and lower overshoot. In [21] 4 zero / 5 pole controller 
is used. It is possible to obtain lower overshoot than with PI 
controller by selecting appropriate parameters. 

B. Proportional – resonant controller 
Proportional – resonant (P − resonant) controller used in 

[35] eliminates oscillations of measured quantities during non- 
symmetrical loads in dq0 system. In every leg (d, q and 0) there 
is one P − resonant controller on fundamental frequency and 
additionally one for every higher frequency (22). 
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where KP is the proportional gain, KI is the integrational 
gain and h are selected harmonics to compensate: 3rd, 5th, 7th.  

In comparison to PI controller, P − resonant controller has 
better steady state response. In dynamical state, proportional 
part alone is not able to properly respond to a change. For that 
reason an additional feedback loop consisting of the output 
filter capacitor current is added in [36]. In [36] and [37] control 
using P − resonant controller is in abc system. In [38] P − 
resonant controller is used to control direct, inverse and zero 
component of current in αβ0 system. 
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C. Hysteresis controller 
This robust and relatively simple method does not need 

complex circuits, has fast response and generally good 
properties [25], [39]. The switching frequency is not fixed and 
depends on load parameters and operating point. In [40] two, 
three and multi level hysteresis controllers are compared. In 
[41] it is shown that if a switching frequency of a fourth leg is 
fixed to a certain value, switching frequency of a phase legs 
automatically adapts the same frequency. Compared with PI 
controller, hysteresis controller exhibits lower switching losses, 
but higher harmonic distortion [35]. 

Development of microprocessors has enabled the usage of 
advanced control methods with predictive control, deadbeat 
controller [36] and servo controller, for example discrete linear 
quadratic controller in average state [14]. Predicative control 
broad concept and includes many methods further listed in [8]. 
In [8] reduced order observer is used for estimating the load 
current and in [10] predictive control for the same purpose. 
Generally speaking predictive methods have fast response. 

VI. CONCLUSION 
There are at the moment three ways a three-phase inverter 

can supply single-phase and three-phase loads: 

• Three-phase inverter with isolated transformer 

• Three-phase inverter with split DC bus capacitors 

• Three-phase four-leg inverter 

In three-phase four-leg inverter neutral current flows 
through fourth leg. This topology offers higher DC voltage 
utilization, does not need high values of DC capacitors and also 
there is no need for isolating transformer. The disadvantage is 
complex modulation scheme. Two modulation schemes are 
extensively used in the literature, namely 3D space vector and 
carrier based PWM. Control is done in abc, αβ0 or dq0 
reference frame. Using transformation matrix from αβ0 to dq0 
rotating coordinate system, the controller operates with DC 
quantities. In case of imbalance, DC quantities oscillate with 
frequency 2f (d, q) and f (0). For that reason, additional 
transformations to symmetrical coordinate system or other 
types of controllers like P − resonant controller are used. 
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