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Let

@ S, denote the symmetric group on n letters

i.e Sy, is the set of all permutations of a set M = {1,2,...,n} equiped with
a composition as the binary operation on S,
(clearly, the permutations are regarded as bijections from M to itself);
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(clearly, the permutations are regarded as bijections from M to itself);

@ X ={X4p|1<a,b<n} beasetof n? commuting variables X,;
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Let

@ S, denote the symmetric group on n letters

i.e Sy, is the set of all permutations of a set M = {1,2,...,n} equiped with
a composition as the binary operation on S,
(clearly, the permutations are regarded as bijections from M to itself);

@ X ={X4p|1<a,b<n} beasetof n? commuting variables X,;

o R, :=C[X4p|1<a,b<n] denote the polynomial ring

i.e the commutative ring of all polynomials in n2 variables X, over the set C
with 1 € R, as a unit element of R,,.
C = the set of complex numbers.
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Let

@ S, denote the symmetric group on n letters

i.e Sy, is the set of all permutations of a set M = {1,2,...,n} equiped with
a composition as the binary operation on S,
(clearly, the permutations are regarded as bijections from M to itself);

@ X ={X4p|1<a,b<n} beasetof n? commuting variables X,;

o R, :=C[X4p|1<a,b<n] denote the polynomial ring

i.e the commutative ring of all polynomials in n2 variables X, over the set C
with 1 € R, as a unit element of R,,.
C = the set of complex numbers.

@ S, acts on the set X as follows: 9-Xav = Xg(a) g(b)-
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Let

@ S, denote the symmetric group on n letters

i.e Sy, is the set of all permutations of a set M = {1,2,...,n} equiped with
a composition as the binary operation on S,
(clearly, the permutations are regarded as bijections from M to itself);

@ X ={X4p|1<a,b<n} beasetof n? commuting variables X,;

o R, :=C[X4p|1<a,b<n] denote the polynomial ring

2

i.e the commutative ring of all polynomials in n“ variables X, ; over the set C

with 1 € R, as a unit element of R,,.
C = the set of complex numbers.

@ S, acts on the set X as follows: 9-Xav = Xg(a) g(b)-

@ This action of S,, on X induces the action of S,, on R,, given by

gp(~Xab) :p(-'-an(u)g(b):'--)

for every g € S,, and any p € R,,.
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Recall, the usual group algebra

ClS] =4 Y coo|cr€C

oESy

of the symmetric group S,, is a free vector space (generated with the set
Sr), where the multiplication is given by

ana . ZdTT = Z (codr)oT.

oeSn TESH o, TESY

Here we have used the simplified notation: or=ocorT

for the composition ¢ o 7 i.e the product of o and 7 in .S,,.
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Now we define more general group algebra

A(Sp) :== Ry, x C[S,]

a twisted group algebra of the symmetric group S,, with coefficients
in the polynomial ring R,,.

@ Here x denotes the semidirect product.

M. Sosi¢ (University of Rijeka) Some identities August 8, 2013

4/21



Now we define more general group algebra

A(Sp) :== Ry, x C[S,]

a twisted group algebra of the symmetric group S,, with coefficients
in the polynomial ring R,,.

@ Here x denotes the semidirect product.

@ The elements of the set A(S,,) are the linear combinations

Z Di gi with i € Rn

gi€Sn
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Now we define more general group algebra

A(Sp) :== Ry, x C[S,]

a twisted group algebra of the symmetric group S,, with coefficients
in the polynomial ring R,,.

@ Here x denotes the semidirect product.

@ The elements of the set A(S,,) are the linear combinations

Z Di gi with i € Rn
gi€Sn

@ The multiplication in A(S,,) is given by

(Plgl) : (P2!12) = (Pl : (91~])2))g192

where g1.py is defined by:  g.p(..., Xav,...) = (-, Xg@) gv)s- - -)
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Now we define more general group algebra

A(Sp) :== Ry, x C[S,]

a twisted group algebra of the symmetric group S,, with coefficients
in the polynomial ring R,,.

@ Here x denotes the semidirect product.

@ The elements of the set A(S,,) are the linear combinations

Z Di gi with i € Rn
gi€Sn

@ The multiplication in A(S,,) is given by
(P191) - (p2g2) :== (p1 - (91-p2)) 9192
where g1.py is defined by:  g.p(..., Xav,...) = (-, Xg@) gv)s- - -)

@ The algebra A(Sy,) is associative but not commutative.
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Let

I(g) ={(a,b) | 1 <a<b<n,gla)>g(b)}
denote the set of inversions of g € S,,.

Then to every g € S,, we associate a monomial in the ring R,, defined by

Xoo= J[ Xao|= 11 Xap

(a,b)el(g—1) a<b,g=1(a)>g1(b)

which encodes all inversions of g~! (and of g too).

More generally, for any subset A C {1,2,...,n} we will use the notation
Xy = H Xav Xpa = H X{a,b}v
(a,b)EAXA, a<b (a,b)EAXA, a<b
because

X{a,b} = Xab Xpa-
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Definition

To each g € S,, we assign a unique element g* € A(S,,) defined by

g =X49.

Theorem

For every g7, g5 € A(Sy) we have

g1 - 93 = X (91, 92) (9192)",

where the multiplication factor is given by

X(91,92) = H X1a,b}
(a,b)€l(g7 I\ ((9192)~1)
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Recall,

X(91,92) = H X{a, b}
(a,b)€I(g7 H\I((9192)~1)

@ Note that
X(Qh.(]Q) =1

if  1(g192) =1(g1) + l(g2).

So we have
g1 - 95 = (9192)"

where [(g) := CardI(g) is the lenght of g € S,,.
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Recall,

X(91,92) = H X{a, b}
(a,b)€I(g7 H\I((9192)~1)

@ Note that
X(Qh.(]Q) =1

if  1(g192) =1(g1) + l(g2).

So we have
g1 - 95 = (9192)"

where [(g) := CardI(g) is the lenght of g € S,,.

@ The factor X (g1, g2) takes care of the reduced number of inversions in the group

product of g1, g2 € Sy.
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Recall, gt g3 = X(g1,92) (g192)* for every gf, g5 € A(

Sh)

Example
Let g1 = 132,

Then g1g2 =213, I(q1) =
Note that g; ' =132, g,
g1 95 = (X23 1) - (X13X2392) = X23X12X32 9192 = X(2,3) X12 9192

On the other hand we have:

since (g1g0) "1 = 213.
Thus we get

and

go = 312 € Ss.

L lg2) =2, Il(g1g2) = 1.

- 231, so

(9192)* = X12 9192,

91 - X{2 3} (9192)"

X(g1,92) = X{2,3)-
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Recall, gt g3 = X(g1,92) (q192)* for every gi, g5 € A(Sy)

Example
For g1 =132, go =231

we have g1g2 =321, l(g1) =1 I(g2) =2, I(g9192) =3.
Further ¢;7'=132, g¢;'=312 and (g1g2)"" = 321,
so we get:

g1 - 92 =(X2301) - (X12X1392) = X23X13X12 9192,

(9192)" = X12X13X23 9192
Thus we get 95 - 95 = (g192)"

and X(g1,92) = 1.
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We denote by

@ typ, 1 <a<b<n thefollowing cyclic permutation in S,:

k 1<k<a—-1 or b+1<k<n
tar,},(k‘) = b k=a
k—1 a+1<k<b

which mapsbtob—1tob—2--- toatobandfixesall 1 <k <a-—1and
b+1<k<n ie

P 1 ... a—1 a a+1 ... b—1 b b+1 ... n
ab=\1 ... a=1 b a ... b—2 b—1 b+1 ... n
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We denote by

@ typ, 1 <a<b<n thefollowing cyclic permutation in S,:
k 1<k<a—-1 or b+1<Ek<n
b k=a

k—1 a+1<k<b

tar,},(k') .

which mapsbtob—1tob—2--- toatobandfixesall 1 <k <a-—1and
b+1<k<n ie

P 1 ... a—1 a a+1 ... b—1 b b+1 ... n
ab=\1 ... a=1 b a ... b—2 b—1 b+1 ... n

—-1 .
CITPRES ta,b i.e

k 1<k<a—-1 or b+1<k<n
tha(k) = k+1 a<k<b-1
a k=b
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Then the sets of inversions are given by
I(tap) ={(a,j) [a+1<j<b},

[(tb,a):{(iab)|a§i§b71}'

so the corresponding elements in A(S,,) have the form:

t:,b - H Xip | tap t;_a = H Xaj th.a-

a<i<b—1 a+1<j<b

Observe:  t; , =id, where I(t,.)=70.

Denote:  t, =tga+1 (=ta+1a), 1<a<n-—1

(the transposition of adjacent letters a and a + 1).

Then: te = Xaat1ta, with I(te) ={(a,a+1)}.
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Recall, gt g3 = X(g1,92) (g192)* for every g7, g5 € A(Sy)

Foreach1<a<mn—1 wehave (t:)>= X{a,a+1} 1d.

Here we have used that t.t, =id and X, a41} = Xaa+1 - Xat1a-
Corollary
Foreachg € S,,, 1 <a <b<mn we have

9" tha = 11 X, a@) | (9tba)"
a<j<n, g(a)>g(j)

In the case g € Sj X Sp—j, 1 <j<k<n wehave g -t ;= (gtr;)"
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Recall, gt g3 = X(g1,92) (g192)* for every g7, g5 € A(Sy)

Corollary (Braid relations)

We have

(@) to-toyy-th=tr -th-th, foreach 1<a<n-—2,

(i) t} -t} :tb-tZ foreach 1 <a,b<n-—1 with |a—>b|> 2.

N

Corollary (Commutation rules)
We have

(@) trg toe = (02 ey 1 if 1<k<m<p<n.

(17) Let wy(=mnn—1---21) be the longest permutation in S,,. Then for
every g € S, we have

11 Xiany | 9"

a<b,g=1(a)<g=1(b)

(gwn)" - wy, = wy, - (wng)*
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Decompositions (from the left) of certain canonical elements in A(S,,)

@ Observe first:

for Yge S, dg1 €51 xS,-1 and 1<k; <n such that

g=gitk, 1

Then g(k1) =g1(tk, 1(k1)) = g1(1) =1 implies ky = g *(1).
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Decompositions (from the left) of certain canonical elements in A(S,,)

@ Observe first:
for Yge S, dg1 €51 xS,-1 and 1<k; <n such that
g =giti, 1
Then g(k1) =g1(tk,,1(k1)) = g1(1) =1 implies ki = g~ '(1).
@ Subsequently, the permutation g1 € S1 X S,_1
can be represented uniquely as g1 = gatr, 2
with g9 € 51 x S1 X S,_2 and 2 < ks <n.
Then gl(k‘g) :gg(tk%g(kg)) = g2(2) =2 |mp||es kg = gl_l(2)
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Decompositions (from the left) of certain canonical elements in A(S,,)

@ Observe first:
for Yge S, dg1 €51 xS,-1 and 1<k; <n such that

g = gltlﬂ,l
Then g(k1) =g1(tk, 1(k1)) = g1(1) =1 implies ky = g *(1).

@ Subsequently, the permutation g1 € S1 X S,_1
can be represented uniquely as g1 = goty, 2
with g9 € 51 x S1 X S,_2 and 2 < ks <n.
Then g1 (k2) = ga(tr,2(ka)) = g2(2) = 2 implies ko = g7 (2).

@ By repeating the above procedure we get the following decomposition:

-
g = tkf,“'n, : tk,,,,l n—1°"" tk‘,jﬂj o tk72,2 . tkq 1 - H tk;jhj
1<j<n
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Recall, g = tkn,n 0 tkn_l,n—l 0oo tij' coo th’Q 0 tkl,l-

Example

o Let S3={123,132,312,321,231,213} then in A(S3) we have:

P = ey BB =gt BB =Bt

321" =135 135 131, 231" =135 155 131, 213" =t35-155 13-

v
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Recall, g = tkn,n 0 tkn_l,n—l oo ‘tkﬁj oo 'th’Q 0 tkl,l-

o Let S3={123,132,312,321,231,213} then in A(S3) we have:
123% =t33-t59 1,1, 132" =t33-135-11,, 312" =t35-13,-15,
321" =135 135 131, 231" =135 155 131, 213" =t35-155 13-
@ Now, assume that

ag=>Y g~

gES3

Then we get the following product form:

az = (t;:a) : (t§,2 + t;.z) : (t;;.l +t51 + til)
N
B1=(id) A 85

of simpler elements 3], 1 < i < 3 of the algebra A(S3).
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The general situation in A(S,,):

Definition

For every 1 < k < n we define

F
* L * * * _ *
Brkt1 =tngttno1pt  tilepptiee | = Z .
k<m<n

| \

Theorem
Let
pr— Z g*.
gESH
Then
-
an=061-BB = Il Bi-rt:
1<k<n-—1

N
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In what follows we are going to introduce some new elements in the algebra
A(Sy) by which we will reduce 8 _, . ,, 1 <k <n.

The motivation is to show that the element «, € A(S,,) can be expressed in turn
as products of yet simpler elements of the algebra A(S,,).

Definition
For every 1 <k <n — 1 we define

YVoprr = (=1 1) - (id—t5_y ) - (id — i1 1),

ka1 = (id = (G5) 1 1) - (id = (60)7 51 pey) - (3d — (65)* Bga g

Recall, (t:)2 = X{k,k+1} id (I X k+1 ° Xk+1 k Zd) and tz+1,k+1 =id.

For every 1 <k <mn we have the following factorization

—1
n* ook *
e3n7k+1 - 5nfk+1 . <7n7k+1) 0
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Recall, af=Bi By B with B =id

—1
Br—k41 =0 _kt1 - (’Y:Z—kﬂ)

'Y:L—k+1 = (id - t;,k) : (id - t:,—l,k) T (id - t2+1,k)

O i1 = (id - (tZ)zt:L,kH) ‘ (id — (t})? t271,k+1) (id — (t)? tZ+1,k+1)

Example (The factorization of o € A(S5))
We have
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Recall, =pB5-65---Br with  Bf =id

k1 = Op g1 ('Yn k+1)71

'YZ—kJr ( ) ’ ( t:huc) (id - terl,k)

Op—kt1 = ( )t k+1) ‘ (id — (t})? t271,k+1) (id — (t)? t2+1,k+1)

Example (The factorization of o € A(S3))

We have
=p5- B3

where
B3 = (id— (#3)?) - (id — t52) "
—1

B = (id — (1) t5) - (id — (61)%) - (id — ta-) ™" - (id — £5,)
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Recall, of = BBy B with  Bf =id

—il
Br—k41 =0 _kt1 - (’YZ—kH)
'Y:Lkﬂ = (id - t;,k) : (id - t:huc) T (id - terl,k)

Op—kt1 = (id - (tZ)Qt:L,kH) ‘ (id — (t})? t271,k+1) (id — (t)? t2+1,k+1)

Example (The factorization of o} € A(S,))

We have
of =3 -85 - B

where
By = (id — (t5)%) - (id — t}5) "
Bs = (id — (t3)2 - t5.5) - (d — (85)%) - (id — t5,5) " - (id — t55) ",

1

B = (id— (#)? - t3o) - (id — (#)? - £5,) - (id — (#)?) - (id — t5,)
(id—t5) 7 (fd—t5,)

Some identities
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Conclusion

In order to replace the matrix factorizations (from the right) given
in 1 by twisted algebra computation, we nead to consider similar
factorizations (but from the left).

Here we used factorizations from the left, because they are more
suitable for computing constants in the algebra of noncommuting
polynomials (this will be elaborated in a fortcoming paper).

1

B S. Meljanac, D. Svrtan, Determinants and inversion of Gram matrices in
Fock representation of gx;-canonical commutation relations and
applications to hyperplane arrangements and quantum groups. Proof of an
extension of Zagier's conjecture, arXiv:math-ph/0304040vl, 26 Apr 2003.
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