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ABSTRACT

The quasi-hyperbolic plane is one of nine projective-metric
planes where the absolute figure is the ordered triple
{i1,J2,F} consisting of a pair of real lines ji and j»
through the real point F. In this paper some basic geomet-
ric notions of the quasi-hyperbolic plane are introduced.
Also the classification of gh-conics in the quasi-hyperbolic
plane with respect to their position to the absolute figure
is given. The notions concerning the gh-conic are intro-
duced and some selected constructions for gh-conics are
presented.
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Uvod u planimetriju kvazi-hiperboli¢ke ravnine
SAZETAK

Kvazihiperboli¢ka ravnina je jedna od devet projektivno
metri¢kih ravnina kojoj je apsolutna figura uredena troj-
ka {j1,j2,F}, gdje su j1 i jo realni pravci koji se sijeku u
realnoj to¢ki F. U ovom &lanku uvodimo neke osnovne
pojmove za kvazihiperboli¢ku ravninu, te dajemo klasi-
fikaciju konika u odnosu na njihov poloZaj prema apsolut-
noj figuri. Nadalje, uvesti ¢emo pojmove vezane uz konike
u kvazihiperboli¢koj ravnini i pokazati nekoliko izabranih
konstrukcija vezanih uz konike.

Kljuéne rijeci: kvazihiperboli¢ka ravnina, okomite tocke,
centrala, klasifikacija gh-konika, oskulacijske gh-kruznice

1 Introduction

variant under a given group of transformations. Klein was
influenced by some earlier research of A. Cayley, so today
it is known that there exist nine geometries in plane with
projective metric on a line and on a pencil of lines which
are denoted as Cayley-Klein projective metrics. Hence,
these plane geometries differ according to the type of the
measure of distance between points and measure of angles
which can be parabolic, hyperbolic, or elliptic. Further-
more, each of these geometries can be embedded in the real
projective planéP,(R) where an absolute figure is given

as non-degenerated or degenerated conic [4], [5], [12] (for
space and n-dimension see [11]).

In this article the geometry, denoted gsasi-hyperbolic

with hyperbolic measure of distance and parabolic mea-
sure of angle will be presented.

2 Basic notation in the quasi-hyperbolic
plane

In the quasi-hyperbolic plane (further in text gh-plane) th
metric is induced by a real degenerated conic i.e. a pair of
real linesj; and j, incidental with the real poinE. The
lines j1 andj, are called th@bsolute lineswhile the point

F is called theabsolute point In the Cayley-Klein model

of the gh-plane only the points, lines and segments inside
of one projective angle between the absolute lines are ob-
served. In this article all points and lines of the gh-plane
embedded in the real projective plaBgR) are observed.

There are three different positions for the absolute triple
{J1, j2,F}: neither of the absolute elements are at infinity,
only the absolute point is at infinity and the absolute point

In the second half of the 19th century F. Klein opened a and one absolute line are at infinity (see Fig. 1). The first
new field for geometers with his famous Erlangen program position of the absolute triple is used for constructions in
which is the study of the properties of a space which are in- this article.
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Figure 1

For the points and the lines in the gh-plane the following
terms are defined:

e isotropic lines- the lines incidental with the absolute
pointF,

e isotropic points- the points incidental with one of the
absolute lineg; or j»,

e parallel lines- two lines which intersect at an isotropic
point,

e parallel points- two points incidental with an isotropic
line,

e perpendicular lines if at least one of two lines is an
isotropic line,

e perpendicular points two points @ andB) that lie on a
pair of isotropic lines 4 andb) that are in harmonic rela-
tion with the absolute lineg andj».

Furthermore, an involution of pencil of lind§) having
the absolute lines for double lines is called tiesolute
involution, denoted adgn. This is a hyperbolic involu-
tion on the pencilF) where every pair of corresponding
lines is in a harmonic relation with the double lingsand

j2 ([1], p.244-245, [6], p.46). Notice that every pair of
perpendicular points lie on a pair ¢y corresponding
lines. Hence, the perpendicularity of points in gh-plane is
determined by the absolute involution, therefdgg is a
circular involution in the gh-plane ([7], p.75).

Remark. Any two isotropic points on the same absolute
line are perpendicular and parallel. Any two lines from a
pencil (F) are perpendicular and parallel.

3 Qh-conics classification

There are nine types of regular gh-conics classified accord-
ing to their position with respect to the absolute figure:

e gh-hyperbola a gh-conic which has a pair of real tan-
gent lines from the absolute point,

- hyperbola of type 1h;) - intersects each absolute line
in a pair of real and distinct points,

- hyperbola of type Zh,) - intersects one absolute line
in a pair of real and distinct points and another abso-
lute line in a pair of imaginary points,

- hyperbola of type 3hs) - intersects each absolute line
in a pair of imaginary points,

- special hyperbola of type (hs) - one absolute line is
a tangent line and another absolute line intersects the
gh-conic in a pair of real and distinct points,

- special hyperbola of type @) - one absolute line is
a tangent line and another absolute line intersects the
gh-conic in a pair of imaginary points,

e gh-ellipse(e) - a gh-conic (imaginary or real) which has

a pair of imaginary tangent lines from the absolute point,

e gh-parabola(p) - a gh-conic passing through the abso-

lute point i.e. both isotropic tangent lines coincide,

- special parabolgps) - a gh-parabola whose isotropic
tangentis an absolute line,

e gh-circle(k) - a gh-conic for which the tangents from the
absolute point are the absolute lines.

In the projective model of the gh-plane every type of a gh-
conic can be represented with the Euclidean circle without
loss of generality (see Fig. 2). This fact simplifies the con-
structions in the gh-plane.

Figure 2
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Furthermore every gh-conig, except gh-parabolae, in-
duces an involutioip, on the penci(F) where the double
lines are the isotropic tangents of the gh-cami@and the
corresponding lines of the involutiop, are calledconju-
gate lines Notice that every gh-ellipse induces an elliptic
involution, every gh-hyperbola induces a hyperbolic in-
volution and every gh-circle induces an involution that
coincides with the absolute involutidgH.

Remark. A gh-conic is calledequiformif the isotropic
tangent lines of the gh-conic are in harmonic relation with
the absolute lineg; and j,. In terms of the above men-
tioned involutions a gh-conig is equiform if the absolute
involution IoH is commutative with the involutioy, in-
duced by the gh-conig. Notice that only gh-ellipses, gh-
hyperbolae of type 2 and gh-circles can be equiform [2],
[3]. e The pole of the directrix with respect to a gh-conic
is called afocusof the gh-conic. The number of foci
F,ie€{1,2,3,4},is equal to the number of directrices (see
Fig. 4).

Figure 4

In the following some basic notions related to a gh-conic
in the gh-plane are defined:

e The polar line of the absolute poiRtwith respectto a  ® The lines that are incident with the opposite foci are
gh-conic is called theentral line cor themajor diame-  calledisotropic diameterof a gh-conic (see Fig. 5). Es-
ter of the gh-conic (see Fig. 3). All gh-conics, except gh- Pecially for the gh-circles, which have one focus, the
parabolas, have a non-isotropic central line. The centralisotropic diameters are the lines of the pertgi). Hence
line of a gh-parabola is its isotropic tangent line, while fo @ gh-conic can have none, one, two or infinitely many
the special parabola it is an absolute line. isotropic diameters;, i € {1,2}.

e The gh-centerf a gh-conic are the points of intersec-

tion of the isotropic diameters and the central line of the
gh-conic. A gh-conic can have none, one, two or infinitely
many gh-center§, i € {1,2} (see Fig. 5).

e The intersection points of a gh-conic with its isotropic
diameters are callederticesof the gh-conic (see Fig. 5).
A gh-conic can have four, two, one or none vertigs €
{1,2,3,4}.

Figure 3

e Thedirectricesof a gh-conic are (hon-absolute) lines in-
cident with the isotropic points of the gh-conic, i.e. lines
incidental with the intersection points of the gh-conictwit
the absolute lineg, and j,. A gh-conic can have none,
one, two or four directrice$, i € {1,2,3,4} (see Fig. 4). Figure 5

60



KoG17-2013 A. Sliepcevit,l. Bozi¢, H. Halas: Introduction to théaRimetry of the Quasi-Hyperbolic Plane

The absolute involutiorlgn can be observed as a point and conjugate points on the central line, and the isotropic
range involution on any non-isotropic line, hence it can be diameters as the perpendicular and conjugate lines of the
observed on the central line of a gh-conic, except for qh- pencil (F). The construction will be shown later. Notice
parabolae. A_Iso the involutiog, on a penc_|I(F) |n.duced that because the involution induced by a gh-circle coin-
by a gh-conicg can be observed as the involutigg of . . . . . .

cides with the absolute involution all pairs of conjugate

a point range on the central lireeof the gh-coniag, and ) } ) )
two corresponding points of involutiofy, are called con- points on the central line of the gh-circle are perpendic-

jugate points. Therefore, the gh-centers for the gh-elps ular points. Hence any point on the central line is its center
and gh-hyperbolae can be found as a pair of perpendicularand every line of the penc{F) is its isotropic diameter.

Aforementioned gh-conics and notions can be summarizdteifotlowing table:

| Qh-Conic | Directrix | Focus | Isotropic diametef Center | Vertex |
Ellipse 4 real 4 real 2 real 2 real 4 real
e
Hyperbola 4 real 4 real 2 real 2 real 2 real+
hy 2 imaginary
Hyperbola| 4 imaginary| 4 imaginary 2 imaginary 2 imaginary| 4 imaginary
hy
Hyperbola| 4 imaginary| 4 imaginary 2 real 2 real 2 real+
h3 2 imaginary
Parabola 2 real 2 real 1real 1 real 2 real
p
Special 0 0 0 0 0
parabola
Ps
Special 2 real 2 real 1 real 1 real 1real
hyperbola
hs1
Special | 2 imaginary| 2 imaginary 1 real 1 real 1real
hyperbola
he
Circle 1real 1 real infinite infinite 0
c
Table 1

For parabolae and special hyperbolae see figure 6.

Figure 6
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Remark. The gh-plane is dual to the pseudo-Euclidean gh-conicgwe observe the involutiog, induced by the gh-
(Minkowski) plane where the metric is induced by a real conicgand the absolute involutiofyy. These pencils will
line and two real points incident with it. Therefore the be supplemented by the same Steiner’s cenichich is an
notions defined above can be explained as duals of thearbitrary chosen conic throudh. Let a pair of isotropic
Minkowski plane. linesnandn; be the double lines of the involutiag. The

Th o do-Euclid | | | involutionslgn and @y determine two involutions on the
: .e C‘?”'CS_ N pseudo-tuclidean plane (pef'? an.e) are ClaSonics. Letthe point$D; andO, be denoted as the centers
sified in nine subtypes, hence the classification of gh-

i of these involutions. The lin®,0; intersects the conis
conics was based on [3], [9], [10]. Furthermore, the afore- at two pointd; andl,. Isotropic lines 6, = Fly, 0, = Fls)

mentioned elements for gh-conics can be presented as fo'ihrough these points are a common pair of these two invo-

lows: lutions. Hence, lines; ando, are isotropic diameters for

e the central line is a dual of the center of a conic in the the given gh-conig. The intersection pointS; and$; of

pe-plane, 01 andoy with the central linec are gh-centers of the given
gh-conic. Figure 7 shows the described construction for

e the directrices are a dual of the foci of a conic in the

hyperbola of type 3.
pe-plane,

) _ ) o The construction is based on the Steiner's construction
e the foci are a dual of the directrices of a conic in the (6], p.26, [7], p.74-75).

pe-plane, ) . .
Notice that for the hyperbola of type 2 the li@gO5 in the

e the gh-centers are dual to the axes of a conic in the pe-construction will not intersect the conscand therefore it
plane. has a pair of imaginary isotropic diameters. In general, two

The dual of the isotropic diameters are the intersections ofinvolutions on a same pencil (line) have a common pair of

the axes with the absolute line, but they were not of special €@l corresponding lines (points) if at least one of them is
interest in the pe-plane. Also the dual of the vertices in an elliptic involution. If both of the involutions are hyper

gh-plane are the tangents to the conic in pe-plane from theboIic then they have a common pair of real corresponding

above mentioned intersections. It should be emphasizecJines (points) if both double lines of one involution are be-
tween the double lines (points) of the other involution. In

that the dual of the vertices in pe-plane are tangents to the - o . )

. : the other case the common pair is a pair of imaginary lines
gh-plane from the gh-centers. Since the axes in pe-plane([G] 60)
and gh-centers in gh-plane are dual, therefore it was not™ P-55)-
chosen in this article to observe the vertices of a gh-conic

as aline.

Furthermore, the pairs of conjugate points on the central
line of the involution¢y induced by a gh-coniq in the
gh-plane are dual to the pairs of lines on which lie the con-
jugate diameters of a conic in the pe-plane. Consequently,
the aforementioned property of gh-centers for a gh-circle
is dual to the fact that all pairs of conjugate diameters of a
pseudo-Euclidean circle are perpendicular.

4 Some construction assignments

4.1 Qh-centers and isotropic diameters of the gh-
ellipses and gh-hyperbolae

Let a gh-coniog be given, that is not a gh-parabola. As
already mentioned, a pair of conjugate and perpendicu-
lar points on the central line will be gh-centers of a gh-
conic. In order to construct these gh-centers for the given Figure 7
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4.2 Osculating gh-circle of a gh-conic

Generally, it is know that two arbitrary conics have four
common tangents, therefore the same applies for a conic
and a circle. Furthermore, if three of this common tan-
gents coincide then the circle is called a osculating circle
of the conic at the point which is the point of tangency of
the triple tangent. Hence, there is an osculating circle at
any point of a conic.

Jy

Let a gh-conic be given, and a tangéxtat an arbitrary
point A of the gh-conic. Figure 8 shows the construction
of the gh-circle osculating a gh-conic at the poiiby us-
ing the elation(C,ta, D1, D'l) [8]. Let pointsJ; andJ; be Figure 9

the isotropic points of the tangetat The tangentsd; and

d, from the points) andJ, respectively, to the given qh- 4 3 Hyperosculating gh-circle of gh-conics

conic intersect at the poirt which corresponds to the

absolute poinf. The rayF/F intersects the tangeiy, A hyperosculating circle of a conic has a common quadru-
which is the axis of the elation, at the centeof the ela- ple tangent with the conic, hence it can be constructed only
tion. Hence the tangent lings and j» (absolute lines) of  at the vertices of a conic. The similar construction princi-
the osculating gh-circle correspond to the tangent lthes  ple as for the osculating circle can be performed to con-
andd, of a given gh-conic. Let the points of tangency of Struct the hyperosculating gh-circle at the vertex of a gh-
a gh-circle andj;, j» be denoted a®; andD», respec- conic.

tively. Let the point of tangency of a gh-conic adg d, Let the hyperboldn be given. The intersection points

be denoted aB; andDy,. ThereforeD}, D1 andD,, D, are andT> of the gh-conid; with its isotropic diameter are the

the pairs of corresponding points of the elation. Similar Vertices of the hyperbola. The hyperosculating gh-circle
construction principle is given in [13]. at the vertexT, is completely determined with the elation

(Tz,tz,Di,D;) (i =1,2) whereT; is the center and tangent
to at T, its axis. The tangent lineg and j» of the hyper-
osculating gh-circle correspond to the tangent lidgand
dz of the h;. Let the point of tangency of a gh-conlig
andds, d, be denoted aB; andD,, respectively. Let the
points of tangency of a gh-circle arjg, j» be denoted as
D; andDy, respectively.D;, D; andD,, D are the pairs
of corresponding points of the elation (see Fig. 10).

Figure 8

Remark. It should be emphasized that in a gh-plane it is
possible to construct infinitely many osculating gh-ciscle
at the isotropic tangency point if the given gh-conicisa -~
gh-circle. The gh-circle osculating the given gh-cirklat

its isotropic pointl;, (i = 1,2) can be constructed by using

the elation(F, ji,A,A), (i = 1,2). The pointF is the cen-

ter of the elation, the absolute lingits axis,A an arbitrary
chosen point on gh-circle ardl an arbitrary chosen point

on the rayAF (see Fig. 9).

Figure 10

63



KoG-17-2013

A. Sliepcevit,l. Bozi¢, H. Halas: Introduction to théaRimetry of the Quasi-Hyperbolic Plane

References

(1]

(2]

(3]

(4]

(5]

(6]

[7]

(8]

9]

H.S. M. COXETER, Introduction to geometryJohn
Wiley & Sons, Inc, Toronto 1969;

N. KovaCEVIC, E. JURKIN, Circular Cubics and

Quartics in pseudo-Euclidean plane obtained by in-

version,Mathematica Pannonica2/1 (2011), 1-20;

N. KOVACEVIC, V. SzIRovICZA, Inversion in
Minkowskischer geomertidflathematica Pannonica
21/1 (2010), 89-113;

N. M. MAKAROVA, On the projective metrics in
plane,Ucenye zap. Mos. Gos. Ped. in-243(1965),
274-290. (Russian);

M. D. MILOJEVIC, Certain Comparative examina-
tions of plane geometries according to Cayley-Klein,
Novi Sad J. Math.Vol. 29, No. 3, 1999, 159-167

V. NICE, Uvod u sintettku geometrijuékolska kn-
jiga, Zagreb, 1956.;

D. PALMAN, Projektivne konstrukcijeElement, Za-
greb, 2005;

A. SLIEPCEVIC, |. BozI¢, Classification of perspec-
tive collineations and application to a conknG 15,
2011, 63-66;

A. SLIEPCEVIC, M. KATIC ZLEPALO, Pedal curves
of conics in pseudo-Euclidean planglathematica
Pannonica23/1 (2012), 75-84;

64

[10] A. SLIEPCEVIC, N. KovACEVIC, Hyperosculat-
ing circles of Conics in the Pseudo-Eucliden plane,
Manuscript

[11] D. M. Y SoMMERVILLE, Classification of geome-
tries with projective metric Proc. Ediburgh Math.
So0c.28(1910), 25-41;

[12] 1. M. YAGLOM, B. A. ROZENFELD, E. U. YASIN-
SKAYA, Projective metricsRuss. Math Surrey¥/ol.
19, No. 5, 1964, 51-113;

[13] G. WEISS, A. SLIEPCEVIC, Osculating Circles of
Conics in Cayley-Klein Plane&oG 13, 2009, 7-13;

Ivana Bozi¢
e-mail: ivana.bozic@tvz.hr

Polytechnic of Zagreb,
10 000 Zagreb, Avenija V. Holjevca 15, Croatia

Helena Halas

email: hhalas@grad.hr
Ana Sliepcevic
email: anas@grad.hr

Faculty of Civil Engineering, University of Zagreb,
10 000 Zagreb, Kaciceva 26, Croatia



