
$QDO\VLV�RI�WKH�9RLFHG�6SHHFK�XVLQJ�WKH�*HQHUDOL]HG�)RXULHU
7UDQVIRUP�ZLWK�4XDGUDWLF�3KDVH

'��3HWULQRYLF��9�&XSHUPDQ

6LJQDO�&RPSUHVVLRQ�/DERUDWRU\
8QLYHUVLW\�RI�&DOLIRUQLD��6DQWD�%DUEDUD��(&(�'HSDUWPHQW

GDYRU�YODGLPLU#HFH�XFVE�HGX

$EVWUDFW

2QH� VLJQLILFDQW� SUREOHP� ZLWK� VLQXVRLGDO� PRGHOLQJ� RI� WKH
VSHHFK�VLJQDO�LV�GXH�WR�WKH�XVH�RI�VWDQGDUG�)RXULHU�7UDQVIRUP
IRU�D�TXDVL�SHULRGLF�VLJQDO��7KH�DQDO\VLV�DFFXUDF\� LV� VHYHUHO\
OLPLWHG� E\� WKH� ODFN� RI� VWDWLRQDULW\� RI� WKH� DQDO\]HG� VHJPHQW�
VLQFH� WKH� DQDO\VLV� LV� EDVHG� RQ� WKH� FRQYHQWLRQDO� )RXULHU
7UDQVIRUP�� $Q� LPSURYHG� DQDO\VLV� WHFKQLTXH� EDVHG� RQ� WKH
*HQHUDOL]HG� )RXULHU� 7UDQVIRUP� �*)7�� ZLWK� TXDGUDWLF� SKDVH
ZLOO�EH�GLVFXVVHG�LQ�WKLV�SDSHU��6SHHFK�VLJQDO�LV�PRGHOHG�DV�D
VXP� RI� KDUPRQLF� FRVLQHV� EXW� ZLWK� QRQOLQHDU� SKDVHV�� $
WHFKQLTXH�IRU�HVWLPDWLRQ�RI�WKH�WLPH�YDU\LQJ�PRGHO�SDUDPHWHUV
IURP�WKH�*)7�VSHFWUXP�LV�SURSRVHG��,W�ZLOO�EH�VKRZQ�WKDW�WKH
PRGHOLQJ�JDLQ�FDQ�EH�LPSURYHG�VLJQLILFDQWO\�E\�LQFOXVLRQ�RI�D
VLQJOH�DGGLWLRQDO�SDUDPHWHU�LQ�WKH�DQDO\VLV�SURFHGXUH�

��� ,QWURGXFWLRQ

3DUDPHWULF� PRGHOLQJ� RI� WKH� SHULRGLF� VLJQDOV� EDVHG� RQ
VLQXVRLGDO�UHSUHVHQWDWLRQ�LV�D�YHU\�SRSXODU�DSSURDFK�LQ�VLJQDO
FRPSUHVVLRQ� >�@>�@>�@�� 7KH� EDVLF� LGHD� LV� WR� UHSUHVHQW� D
SHULRGLF�VLJQDO�DV�D�VXP�RI�VLQXVRLGDO�VLJQDOV�WKDW�DUH�LQWHJHU
PXOWLSOHV� RI� WKH� IXQGDPHQWDO� IUHTXHQF\� RI� WKH� VLJQDO�� $IWHU
DQDO\VLV��WKH�VLJQDO�LV�SDUDPHWULFDOO\�UHSUHVHQWHG�XVLQJ�D�VHW�RI
WKH� HVWLPDWHG� SDUDPHWHUV� WKDW� LQFOXGH�� WKH� IXQGDPHQWDO
IUHTXHQF\��WKH�DPSOLWXGHV��DQG�WKH�SKDVHV�RI�WKH�KDUPRQLFDOO\
UHODWHG�VLQHV��7KH�VLJQDO�LV�DVVXPHG�WR�FRQVLVW�RI�D�VHW�RI�IL[HG
IUHTXHQF\� VLQHV�� KHQFH� WKH� HVWLPDWLRQ� RI� WKH� VLQH� SDUDPHWHUV
FDQ� EH� SHUIRUPHG� LQ� WKH� VSHFWUDO� GRPDLQ� XVLQJ� WKH� )RXULHU
DQDO\VLV�

)RU�SVHXGR�VWDWLRQDU\� VLJQDOV�� VXFK� DV� WKH� VSHHFK� VLJQDO�
PRGHOLQJ� DQG� VSHFWUDO� DQDO\VLV� PXVW� EH� SHUIRUPHG� RQ� VKRUW
WLPH� EDVLV�� )RXULHU� DQDO\VLV� RI� WKH� VLJQDO� VHJPHQW� UHVXOWV� LQ
DFFXUDWH� SDUDPHWHU� HVWLPDWHV� RQO\� LI� WKH� VLJQDO� LV� UHDOO\
FRQVLVWHQW� ZLWK� WKH� LQLWLDO� IL[HG� IUHTXHQF\� DVVXPSWLRQ�� 7R
VLPSOLI\� WKH�HQFRGLQJ�RI� WKH�HVWLPDWHG�SDUDPHWHUV�� WKH�ZLGWK
RI�WKH�DQDO\VLV�ZLQGRZ�DQG�WKH�XSGDWH�UDWH�RI�WKH�SDUDPHWHUV
DUH�XVXDOO\�IL[HG��7KH�PLQLPXP�ZLQGRZ�ZLGWK�LV�GHWHUPLQHG
E\�WKH�ORQJHVW�H[SHFWHG�SLWFK�SHULRG�DQG�WKH�W\SLFDO�YDOXHV�IRU
VSHHFK� DQDO\VLV� DUH� ��� WR� ��� PV�� :LWK� VXFK� ZLQGRZV�� WKH
DVVXPSWLRQ�RI�WKH�IL[HG�IXQGDPHQWDO�IUHTXHQF\�PD\�QRW�KROG
DQ\� PRUH�� HVSHFLDOO\� IRU� KLJK� SLWFK� IHPDOH� YRLFHV�� )RU� WKLV
UHDVRQ��QDUURZHU�ZLQGRZV�DUH�PDQ\� WLPHV�SUHIHUUHG�� HYHQ� DW
WKH� H[SHQVH� RI� WKH� LQFUHDVHG� XSGDWH� UDWH� RI� WKH� PRGHO
SDUDPHWHUV��6\QWKHVLV�LV�XVXDOO\�SHUIRUPHG�E\�LQWHUSRODWLRQ�RI
WKH�HVWLPDWHG�SDUDPHWHUV�LQ�WKH�LQWHUYDO�RI�/�VDPSOHV�EHWZHHQ
WKH� FHQWHUV� RI� WKH� WZR� QHLJKERULQJ� DQDO\VLV� ZLQGRZV�� %\
GHFUHDVLQJ� WKH� XSGDWH� UDWH�� WKH� V\QWKHVLV� IUDPH� ZLGWK� /� LV
LQFUHDVHG��6LQFH� WKH� WDSHULQJ�ZLQGRZV�DUH�XVXDOO\�DSSOLHG� WR
LPSURYH� WKH� VSHFWUDO� HVWLPDWLRQ� RI� WKH� PRGHO� SDUDPHWHUV�
VRPH� RYHUODS� LV� UHTXLUHG�� VXFK� WKDW� WKH� UDWLR� EHWZHHQ�/� DQG

WKH� DQDO\VLV�ZLQGRZ�ZLGWK�1� LV� XVXDOO\� NHSW� LQ� WKH� UDQJH� RI
����WR�������7KHUHIRUH��WKH�PLQLPXP�XSGDWH�UDWH�LV�GHWHUPLQHG
E\�WKH�DQDO\VLV�ZLQGRZ�ZLGWK�

,GHDOO\�� IRU� JRRG� VLJQDO� FRPSUHVVLRQ�� WKH� XSGDWH� UDWH
VKRXOG� EH� NHSW� DV� ORZ� DV� SRVVLEOH�� ,Q� RUGHU� WR� VROYH� WKH
SUREOHPV� UHODWHG� WR� VLJQDO� SVHXGRVWDWLRQDULW\�� ZH� SURSRVH� D
PRGHO� WKDW� UHIOHFWV� VLJQDO� YDULDELOLW\�� 7KH� LGHD� RI
IUHTXHQF\�DPSOLWXGH�YDU\LQJ�VLQXVRLGDO�PRGHO�LV�QRW�QHZ�EXW
VXFK�PRGHOV�DUH�XVXDOO\�HPSOR\HG�RQO\� LQ� WKH�V\QWKHVLV� �H�J�
>�@>�@>�@���3DUDPHWHU�HVWLPDWLRQ�RI�WLPH�YDU\LQJ�PRGHOV�XVLQJ
WKH� VSHFWUDO� DQDO\VLV� EDVHG� RQ� WKH� FRQYHQWLRQDO� )RXULHU
7UDQVIRUP� LV� GLIILFXOW�� VLQFH� WKH� VLJQDO� VSHFWUXP� LV� GLVWRUWHG
E\�IUHTXHQF\�PRGXODWLRQ�

$�QHZ� VLJQDO�DGDSWLYH� WUDQVIRUPDWLRQ�ZLOO� EH� LQWURGXFHG
LQ�WKLV�SDSHU�WR�HQDEOH�DFFXUDWH�HVWLPDWLRQ�RI�WKH�WLPH�YDU\LQJ
PRGHO�SDUDPHWHUV�HPSOR\LQJ�D�QHZ�VSHFWUDO�GRPDLQ��%\�XVLQJ
WKH�SURSRVHG�DSSURDFK��D�ZLGHU�DQDO\VLV�ZLQGRZ�FDQ�EH�XVHG�
UHVXOWLQJ� LQ� WKH� VDPH� HVWLPDWLRQ� DQG� PRGHOLQJ� DFFXUDF\� DV
ZLWK�WKH�FRQYHQWLRQDO�PRGHOV�EXW�DW� WKH� ORZHU�XSGDWH�UDWH�RI
WKH�PRGHO�SDUDPHWHUV�

��� 7LPH�YDU\LQJ�KDUPRQLF�PRGHO

4XDVL�SHULRGLF� VLJQDOV� ZLWK� D� WLPH� YDU\LQJ� SHULRG� FDQ� EH
PRGHOHG� DV� D� VXP� RI� KDUPRQLFDOO\� UHODWHG� VLQHV�� ZKRVH
IUHTXHQFLHV� DUH� LQWHJHU� PXOWLSOHV� RI� D� YDULDEOH� IXQGDPHQWDO
IUHTXHQF\� W��W��� 7KLV� DVVXPSWLRQ� LV� WUXH� DV� ORQJ� DV� WKH
VSHFWUDO� HQYHORSH� RI� WKH� VLJQDO� LV� FKDQJLQJ� VORZO\�� 7KLV
FRQFHSW� RI� QRQVWDWLRQDU\� PRGHOLQJ� ZDV� LQWURGXFHG� LQ� >�@
XQGHU�WKH�QDPH�RI�WKH�JHQHUDOL]HG�KDUPRQLFV��$�GLVFUHWH�WLPH
SDUDPHWULF� PRGHO� ��Ö Q[ FDQ� EH� UHSUHVHQWHG� DV� D� VXP� RI
JHQHUDOL]HG�KDUPRQLFV� ��Ö Q[
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7KH� QXPEHU� RI� KDUPRQLFV� 0� LV� GHWHUPLQHG� E\� WKH
IXQGDPHQWDO� IUHTXHQF\� RI� WKH� VLJQDO� LQ� WKH� GLVFUHWH� WLPH
GRPDLQ� �w �� L�H�� 0�p� �w �� )RU� VXIILFLHQWO\� VKRUW� DQDO\VLV

ZLQGRZV��D�OLQHDU�IUHTXHQF\�PRGHO�FDQ�EH�DVVXPHG�>�@��VXFK
WKDW� WKH� LQVWDQWDQHRXV� SKDVH� f

P
�Q�� RI� WKH� PWK� KDUPRQLF� LV
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ZKLOH� LWV� LQLWLDO� SKDVH� LV� LQFOXGHG� LQ� WKH� FRPSOH[� DPSOLWXGH
$
P
�� ,W� LV� REYLRXV� WKDW� WKLV�SKDVH� IXQFWLRQ� FRUUHVSRQGV� WR� WKH

IROORZLQJ�LQVWDQWDQHRXV�KDUPRQLF�IUHTXHQF\�w
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)RU� D� V\PPHWULF� DQDO\VLV� ZLQGRZV�� �w � LV� HTXDO� WR� WKH

PHDQ�IXQGDPHQWDO�IUHTXHQF\�RI� WKH�PRGHO�� WKDW� LV�DOVR�HTXDO
WR� WKH� LQVWDQWDQHRXV� IXQGDPHQWDO� IUHTXHQF\� LQ� WKH� FHQWHU� RI
WKH� DQDO\VLV� ZLQGRZ� �Q ���� L�H�� �w  w������ 7KH� PRGHO

SDUDPHWHUV�DUH�WKXV��WKH�PHDQ�IXQGDPHQWDO�IUHTXHQF\� �w ��WKH

QRUPDOL]HG� VORSH� RI� WKH� IXQGDPHQWDO� IUHTXHQF\�� d��� DQG� WKH
FRPSOH[� DPSOLWXGHV�RI� WKH� KDUPRQLFV�$

P
��P �����0��$� VKRUW

KDQG� QRWDWLRQ� IRU� WKH� PRGHO� ZLOO� EH� 6 ^ �w �d���$P�

P ������0�`�� 7KLV� PRGHO� LQFOXGHV� DV� ZHOO� WKH� FRQYHQWLRQDO
IL[HG�IUHTXHQF\�VLQXVRLGDO�PRGHO�IRU�d0 ��

$OO�WKHVH�SDUDPHWHUV�ZLOO�EH�HVWLPDWHG�IRU�HDFK�IUDPH��RQ
WKH� DQDO\VLV� LQWHUYDO� RI�1� VDPSOHV� FHQWHUHG� DURXQG� WKH� WLPH
RULJLQ� Q ��� L�H�� Q³>��1��������1�����@�� )RU� VLPSOLFLW\� RI� WKH
QRWDWLRQ��WKH�IUDPH�LQGH[�ZLOO�EH�RPLWWHG�H[FHSW�IRU�HTXDWLRQ
ZKHUH�DQ�H[SOLFLW�IUDPH�LQGH[�LV�UHDOO\�QHHGHG�

�����$QDO\VLV�EDVHG�RQ�WKH�WLPH�YDU\LQJ�KDUPRQLF�PRGHO

,Q� WKH� FRQYHQWLRQDO� VLQXVRLGDO� PRGHOLQJ�� WKH� DQDO\VLV� DQG
SDUDPHWHU� HVWLPDWLRQ� DUH� XVXDOO\� SHUIRUPHG� E\� DVVXPLQJ� WKH
OLQHDU� SKDVH� PRGHO� �d� ���� 7R� LPSURYH� WKH� PRGHOLQJ
DFFXUDF\�� WKH� IUHTXHQF\� YDULDELOLW\� RI� WKH� PRGHO� VKRXOG� EH
LQFOXGHG� LQ� WKH� DQDO\VLV� DV�ZHOO��+RZHYHU�� HVWLPDWLRQ� RI� WKH
WLPH�YDU\LQJ�PRGHO�SDUDPHWHUV� IURP� WKH�6KRUW�7LPH�)RXULHU
7UDQVIRUP��67)7��RI�D�TXDVL�SHULRGLF�VLJQDO�LV�YHU\�FRPSOH[
HYHQ�LI� WKH�IUHTXHQF\�YDULDWLRQ�PRGHO�RI� WKH�VLJQDO� LV�NQRZQ
H[DFWO\� >�@�� $OPHLGD� DQG� 7ULEROHW� SURSRVHG� D� KLJKHU� RUGHU
VSHFWUDO� PRGHO� ZKHUH� HDFK� JHQHUDOL]HG� VSHFWUDO� OLQH� ZDV
GHVFULEHG�XVLQJ�D�VHW�RI�FRHIILFLHQWV�LQVWHDG�RI�VLQJOH�FRPSOH[
DPSOLWXGH� LQ�RUGHU� WR�FDSWXUH� WKH�YDULDELOLW\�RI� WKH�KDUPRQLF
DPSOLWXGH�DQG�IUHTXHQF\��SKDVH���7KH�HVWLPDWLRQ�RI�WKH�PRGHO
SDUDPHWHUV�ZDV�EDVHG�RQ�06(�PLQLPL]DWLRQ�RI�WKH�PRGHOLQJ
HUURU�LQ�WKH�)RXULHU�GRPDLQ�

)RU�VLJQDOV�ZLWK�YDULDEOH�IUHTXHQF\��WKH�VSHFWUDO�PRGHO�RI
D�JHQHUDOL]HG�KDUPRQLF�LQ�WKH�)RXULHU�GRPDLQ�LV�ZLGHQHG�GXH
WR�WKH�IUHTXHQF\�PRGXODWLRQ�HIIHFW��:LGHQLQJ�LV�SURSRUWLRQDO
WR� WKH� KDUPRQLF� IUHTXHQF\�� VXFK� WKDW� QHLJKERULQJ� KLJK
IUHTXHQF\� KDUPRQLFV� RYHUODS� HDFK� RWKHU� VLJQLILFDQWO\�� WKXV
DIIHFWLQJ�WKH�HVWLPDWLRQ�DFFXUDF\�RI�WKH�PRGHO�SDUDPHWHUV��$Q
LWHUDWLYH�HVWLPDWLRQ�DOJRULWKP�ZDV�SURSRVHG�LQ�>�@�DQG�>�@�E\
0DUTXHV� DQG� $OPHLGD� DQG� LW� ZDV� VKRZQ� WKDW� IRU� FHUWDLQ
FRQYHQLHQW� FKRLFHV� RI� WKH� DQDO\VLV� ZLQGRZV�� WKH� PRGHO
SDUDPHWHUV� FDQ� EH� HVWLPDWHG� IURP� 67)7�� +RZHYHU� WKLV
DOJRULWKP� UHVXOWV� LQ� SURSHU� HVWLPDWHV� RQO\� IRU� WKH� ORZ�RUGHU
KDUPRQLFV��ZKRVH�LQLWLDO�SRVLWLRQ�FDQ�EH�UHVROYHG�E\�WKH�SHDN�
SLFNLQJ� DOJRULWKP��6SHFWUDO� OLQH� VKDUSHQLQJ�ZDV� SURSRVHG� LQ
>�@�WR�VROYH�WKH�SUREOHP�E\�XVLQJ�WKH�WLPH�ZDUSLQJ��VXFK�WKDW
WKH� WLPH�ZDUSHG� VLJQDO� KDV� DOPRVW� FRQVWDQW� IUHTXHQF\�� 7KH
67)7� EDVHG� SDUDPHWHU� HVWLPDWLRQ� RQ� VXFK� ZDUSHG� VLJQDO
UHVXOWV� LQ� PXFK� EHWWHU� HVWLPDWHV�� VLQFH� WKH� IUHTXHQF\
PRGXODWLRQ�HIIHFW�FDQ�EH�UHGXFHG�E\�WLPH�ZDUSLQJ

��� *HQHUDOL]HG�)RXULHU�7UDQVIRUP�ZLWK
4XDGUDWLF�3KDVH

7KH�SUHYLRXV�VHFWLRQ�VKRZV�WKDW�WKH�)RXULHU�7UDQVIRUP�LV�QRW
WKH�EHVW�WRRO�IRU�VSHFWUDO�DQDO\VLV�RI�TXDVL�SHULRGLF�VLJQDOV��,I
WKH�VLJQDO�[�Q��FDQ�EH�PRGHOHG�ZHOO�DV�D�VXP�RI�VLQXVHV�ZLWK
OLQHDUO\�LQFUHDVLQJ�IUHTXHQF\�DV�LQ������WKHQ�WKH�RSWLPDO�EDVLV
IXQFWLRQ� VKRXOG� EH� FRQVWUXFWHG� WKH� VDPH� ZD\�� L�H�� OLNH
FRPSOH[�H[SRQHQWLDOV�ZLWK�D�FRQVWDQW�IUHTXHQF\�VORSH�WKDW� LV
SURSRUWLRQDO�WR�WKH�PHDQ�IUHTXHQF\�RI�WKH�EDVLV�IXQFWLRQ��7KLV

FRUUHVSRQGV� WR� D� JHQHUDOL]DWLRQ� RI� WKH� )RXULHU� 7UDQVIRUP�
VLQFH�WKH�EDVLV�IXQFWLRQV�DUH�VWLOO�WKH�FRPSOH[�H[SRQHQWLDOV�EXW
ZLWK� D� TXDGUDWLF� SKDVH� IXQFWLRQV� GHILQHG� E\� WKH� QRUPDOL]HG
IUHTXHQF\� VORSH� d��� 7KHUHIRUH�� WKH� *HQHUDOL]HG� )RXULHU
7UDQVIRUP��*)7��LV�DQ�DGDSWLYH�WUDQVIRUPDWLRQ��SDUDPHWHUL]HG
E\�d���ZKRVH�GLVFUHWH�WLPH�UHSUHVHQWDWLRQ��*)7�[�Q����LV�JLYHQ
E\�WKH�IROORZLQJ�HTXDWLRQ�
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7KH� IUHTXHQF\� YDULDEOH� LV� GHQRWHG� E\�w¶��w¶³>�p� p@�� WR
HPSKDVL]H�WKH�IDFW�WKDW�LW�LV�GLIIHUHQW�IURP�WKH�')7�IUHTXHQF\
w�� 6XPPDWLRQ� UDQJH� RYHU� Q� LQ� ���� LV� GHWHUPLQHG� E\� WKH
DQDO\VLV�ZLQGRZ�ZLGWK�1��DV�Q³>��1��������1�����@��2QO\� WKH
FDVH� RI� WKH� RGG�1� ZLOO� EH� FRQVLGHUHG� VLQFH� LW� VLPSOLILHV� WKH
PRGHOLQJ� RI� WKH� VLJQDO� SKDVH� DW� WKH� FHQWHU� RI� WKH� DQDO\VLV
IUDPH��7KH�DGDSWLYH�DQDO\VLV�ZLQGRZ�Z�Q�d���LV�GHILQHG�DV�
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7KH�VKDSH�RI�WKH�ZLQGRZ�LV�GHWHUPLQHG�E\�WKH�FRHIILFLHQWV
a��WR�a4�JLYHQ�LQ�7DEOH����IRU�VRPH�FRPPRQO\�XVHG�ZLQGRZV�

7DEOH����7\SLFDO�ZLQGRZ�FRHIILFLHQWV

:LQGRZ 4 a�  a�  a�

5HFWDQJXODU � ���� � �
3VHXGR�+DPPLQJ � ���� ���� �
3VHXGR�+DQQ � ���� ���� �
3VHXGR�%ODFNPDQ � ���� ���� ����

2EYLRXVO\�� IRU� d� ��� WKH� HTXDWLRQ� ���� UHGXFHV� WR� WKH
FRQYHQWLRQDO� ')7�� ZKLOH� WKH� DGDSWLYH� ZLQGRZ� Z�Q�d��� LQ
HTXDWLRQ� ���� EHFRPHV� RQH� RI� WKH� FODVVLFDO� UDLVHG�FRVLQH
ZLQGRZV�

����� 3DUDPHWHU�HVWLPDWLRQ�LQ�WKH�*)7�GRPDLQ

3DUDPHWHU� HVWLPDWLRQ� RI� WKH� PRGHO� 6� FDQ� EH� SHUIRUPHG� E\
PLQLPL]LQJ� WKH�06(�PRGHOLQJ�HUURU��e�6���EHWZHHQ� WKH�*)7
RI�WKH�VLJQDO�X�HMw¶�d���DQG�*)7�RI� WKH�PRGHO� ��Ö Q[ LQ� WKH�w¶
GRPDLQ�
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7KH� *)7� RI� WKH� PRGHO� ZLWK� SDUDPHWHUV� 6�� GHQRWHG� E\

���Ö 
 6H MwX � LV� VLPSO\� D� VXP� RI� *)7V� RI� HDFK� RI� WKH� PRGHO

KDUPRQLFV� ���Ö
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,W� LV� LPSRUWDQW� WR� HPSKDVLV� WKDW� WKH� QRUPDOL]HG� VORSH� RI� WKH
*)7�DQG�WKH�QRUPDOL]HG�VORSH�RI�WKH�PRGHO�DUH�FKRVHQ�WR�EH
HTXDO�

8QGHU�WKH�DVVXPSWLRQ�WKDW�WKH�QRUPDOL]HG�VORSH�d��DQG�WKH
PHDQ� IXQGDPHQWDO� IUHTXHQF\� �w � DUH� NQRZQ�� WKH� FRPSOH[
DPSOLWXGH�RI� WKH�PWK�PRGHO�KDUPRQLF�PLQLPL]LQJ� ���� FDQ� EH
GHWHUPLQHG� DV� D� QRUPDOL]HG� FRUUHODWLRQ� EHWZHHQ� WKH�*)7� RI
WKH�VLJQDO�DQG�*)7�RI�WKH�PWK�KDUPRQLF�RI�WKH�PRGHO�ZLWK�XQLW
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ZKHUH� 
� GHQRWHV� D� FRPSOH[� FRQMXJDWH�� 7KH� LQWHJUDWLRQ� LV
SHUIRUPHG� RQO\�ZLWKLQ� WKH�PDLQ� OREH� RI� WKH�ZLQGRZ�� VR� WKH
OLPLWV� D

P
� DQG� E

P
� DUH� V\PPHWULF� DURXQG� WKH� KDUPRQLF

IUHTXHQF\� �wP �ZLWK�GLVSODFHPHQW�RI��Dw¶�

wwww �D+=�D-= �� ����� PEPD
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7KH�HVWLPDWLRQ�RI�WKH�UHPDLQLQJ�SDUDPHWHUV�RI�WKH�PRGHO�

d��DQG� �w ��GHSHQGV�RQ�WKH�DFWXDO�DSSOLFDWLRQ�RI�WKH�SURSRVHG

PRGHOLQJ�WHFKQLTXH��8VXDOO\�WKHVH�SDUDPHWHUV�FDQ�EH�FRDUVHO\
HVWLPDWHG�XVLQJ� VRPH� VLPSOLILHG� DOJRULWKPV�DQG� WKHQ� UHILQHG
EDVHG�RQ�WKH�$QDO\VLV�%\�6\QWKHVLV��$%6��DSSURDFK�E\�GLUHFW
PLQLPL]DWLRQ� RI� ����� 7KH� LQLWLDO� VORSH� FDQ� DOVR� EH� HVWLPDWHG
IURP� WKH� FRQYHQWLRQDO� VSHFWUXP� VKDSH� RI� WKH� ORZ� IUHTXHQF\
KDUPRQLFV�XVLQJ�DOJRULWKP�JLYHQ�LQ�>�@�

�����$SSUR[LPDWLRQ�RI�WKH�*)7�RI�WKH�PRGHO

7KH�SDUDPHWHU� HVWLPDWLRQ� FDQ� EH� VLPSOLILHG� LI� WKH�PRGHO

VSHFWUXP� ���Ö 
 6H MwX � LV� DSSUR[LPDWHG� E\� D� FORVHG� IRUP

HTXDWLRQ��)LUVW�� WKH�*)7�RI�DQ�DGDSWLYH�ZLQGRZ�Z�Q�d���ZLOO
EH�FDOFXODWHG��E\�VXEVWLWXWLQJ�[�Q� ��LQ�WKH�HTXDWLRQ������7KH
UHVXOWLQJ�*)7�VSHFWUXP��:�HMw¶�d����FDQ�EH�DSSUR[LPDWHG�DV�D
SURGXFW� RI� WKH� FRQYHQWLRQDO� VSHFWUXP� RI� WKH� FRQYHQWLRQDO
ZLQGRZ�Z�Q�����:��H

Mw���PXOWLSOLHG�E\�D�OLQHDU�SKDVH�WHUP�WKDW
GHSHQGV�RQ�WKH�VORSH�d��
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&RQYHQWLRQDO� ZLQGRZ� VSHFWUXP� :��H
Mw�� FDQ� EH

GHWHUPLQHG� IURP� WKH� FRHIILFLHQWV� a�� WR� a4� DFFRUGLQJ� WR� WKH
ZHOO�NQRZQ�HTXDWLRQ�
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7KH� DFFXUDF\� RI� WKH� DSSUR[LPDWLRQ� LQ� ����� LV� YHU\� JRRG
HYHQ�IRU�YHU\�KLJK�VORSHV���H�J��IRU�OLQHDU�YDULDWLRQ�RI�����LQ
1���VDPSOHV���2QFH�WKH�ZLQGRZ�VSHFWUXP�LV�GHILQHG��WKH�*7)
RI�WKH�PWK�KDUPRQLF�ZLWK�XQLW�DPSOLWXGH��FDQ�EH�DSSUR[LPDWHG
XVLQJ�WKH�IDPLOLDU�H[SUHVVLRQ�
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$JDLQ��WKH�DFFXUDF\�RI�WKLV�DSSUR[LPDWLRQ�LV�YHU\�JRRG�DV
ORQJ� DV� WKH� KDUPRQLF� IUHTXHQF\� LV� ORZ�� +RZHYHU�� IRU
KDUPRQLFV� WKDW� DUH� FORVH� WR� WKH� 1\TXLVW� IUHTXHQF\�� WKH
PRGHOLQJ� DFFXUDF\� VWURQJO\� GHSHQGV� RQ� d��� 7KH� SUREOHP� LV
WKDW� IRU�KLJK�VORSH�d��� WKH�EDVLV� IXQFWLRQV� WKDW�DUH�FORVH� WR�p
PD\��H[FHHG��WKH��1\TXLVW��IUHTXHQF\��DV��D��UHVXOW�RI�WKH�OLQHDU
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)LJXUH����$FFXUDF\�RI�WKH�VSHFWUDO�PRGHOLQJ��1 �����

VORSH�� 7KHVH� IXQFWLRQV� ZUDS�DURXQG� FDXVLQJ� DOLDVLQJ� WKDW
DIIHFWV� WKH� RUWKRJRQDOLW\�� $� KDOI�ZLGWK� RI� WKH� PDLQ� VSHFWUDO
OREH� RI� WKH� ZLQGRZ� LV� HTXDO� WR� %Z �p� �4����1�� � ,I� WKH
KDUPRQLF� IUHTXHQF\� LV�ZLWKLQ� >%Z��p�%Z@� DQG� LI� WKH�ZLQGRZ
KDV� VXIILFLHQW� VLGH�OREH� DWWHQXDWLRQ�� WKHQ� WKH� VHFRQG� WHUP� RI
����� FRUUHVSRQGLQJ� WR� WKH� PLUURU� LPDJH� FDQ� EH� LJQRUHG� WR
VLPSOLI\� WKH� PRGHOLQJ�� 7KH� FRUUHVSRQGLQJ� PD[LPXP
DSSUR[LPDWLRQ�HUURU�IRU�WKH�+DPPLQJ�ZLQGRZ�LV�VKRZQ�LQ�WKH
)LJXUH� ���� DV� D� IXQFWLRQ� RI� WKH� KDUPRQLF� IUHTXHQF\� DQG� WKH
QRUPDOL]HG� VORSH��7KH� VROLG� FXUYH� FRUUHVSRQGV� WR� ]HUR�VORSH
FDVH�� ZKLOH� WKH� GDVKHG� FXUYHV� DUH� IRU� d�� IURP� ��� WR� ��� �
ZLWKLQ� 1��� VDPSOHV�� ,W� FDQ� EH� REVHUYHG� WKDW� IRU� PRGHUDWH
VORSHV��������RQO\�WKH�ODVW�����RI�WKH�VSHFWUXP�DUH�DIIHFWHG
E\� WKH�DOLDVLQJ�SUREOHP��ZKLOH� WKH�PRGHOLQJ� DFFXUDF\�RI� WKH
UHPDLQLQJ�SDUW�LV�LGHQWLFDO�WR�WKH�]HUR�VORSH�FDVH�

��� ([SHULPHQWDO�UHVXOWV

7R�LOOXVWUDWH�WKH�SRWHQWLDO�RI�WKH�LPSURYHG�DQDO\VLV�SURFHGXUH
EDVHG� RQ� *)7�� DQ� H[SHULPHQW� ZDV� SHUIRUPHG� RQ� WKH� UHDO
VSHHFK�GDWD��6L[WHHQ�VKRUW�XWWHUDQFHV�VSRNHQ�E\���PDOH�DQG��
IHPDOH� VSHDNHUV�ZHUH� XVHG��7R� HOLPLQDWH� WKH� SUREOHP�RI� WKH
VSHFWUDO� HQYHORSH� YDULDWLRQV�� WKH� SURSRVHG� PRGHOLQJ� ZDV
SHUIRUPHG� RQ� WKH� QRUPDOL]HG� UHVLGXDO� VLJQDO� RI� WKH� /3&
DQDO\VLV�� 6SHHFK� ZDV� VDPSOHG� DW� �N+]�� KLJK�SDVV� ILOWHUHG
DERYH���+]��SUH�HPSKDVL]HG�XVLQJ� D� IL[HG� IDFWRU� RI� �������
DQG� DQDO\]HG� XVLQJ� WKH� ��WK� RUGHU� /3&�� 7KH� /3&� DQDO\VLV
ZLQGRZ�ZLGWK�ZDV����PV�ZLWK�DQ�XSGDWH�UDWH�RI�����IUDPHV�V�
)L[HG� EDQGZLGWK� H[SDQVLRQ� RI� ���+]�ZDV� DSSOLHG� WR� DOO� WKH
IRUPDQWV�� 7KH� /3&� UHVLGXDO� VLJQDO� ZDV� IRUPHG� E\� LQYHUVH
ILOWHULQJ�DQG�ZDV�QRUPDOL]HG�E\�D�SLHFHZLVH�OLQHDU�DPSOLWXGH
HQYHORSH� GHULYHG� IURP� WKH� /3&� JDLQV�� 7KH� YRLFHG�XQYRLFHG
VHJPHQWDWLRQ� DQG� DQ� LQLWLDO� SLWFK� FRQWRXU� ZHUH� GHULYHG
PDQXDOO\�

+DUPRQLF� DQDO\VLV� DQG� PRGHOLQJ� ZDV� SHUIRUPHG� IRU
YRLFHG�IUDPHV�ZLWK�D���PV�+DPPLQJ�ZLQGRZ��7KH�SURSRVHG
*)7�HVWLPDWLRQ�ZDV�FRPSDUHG�WR�WKH�EDVHOLQH�IL[HG�IUHTXHQF\
DSSURDFK�ZLWK�d� ��

)RU� WKH�EDVHOLQH� FDVH�� WKH� HVWLPDWLRQ� SURFHGXUH� EHFRPHV
LGHQWLFDO� WR� WKH�0%(�WHFKQLTXH�>�@��EXW�ZLWK� WKH�DVVXPSWLRQ
RI� FRPSOHWHO\� YRLFHG� H[FLWDWLRQ� �DOO� EDQGV� FODVVLILHG� DV
YRLFHG��� 7KH�PRGHOLQJ� HUURU�� e�6���ZDV�PLQLPL]HG� XVLQJ� WKH
WHFKQLTXH� NQRZQ� DV� SLWFK� UHILQHPHQW� >�@�� E\� VHOHFWLQJ� �w



IURP�D�FDQGLGDWH�OLVW�DQG�GHWHUPLQLQJ�WKH�RSWLPDO�DPSOLWXGHV
IRU�HDFK�FDQGLGDWH�DFFRUGLQJ� WR� �����2QH�KXQGUHG�FDQGLGDWHV
ZHUH�XVHG�LQ�WKH�LQWHUYDO�RI������DURXQG�WKH�LQLWLDO�HVWLPDWH
RI� WKH� IXQGDPHQWDO� IUHTXHQF\� IRU� HDFK�RI� WKH�YRLFHG� IUDPHV�
'XH�WR�WKH�H[KDXVWLYH�QDWXUH�RI�WKLV�$%6�WHFKQLTXH��WKH�ILQDO
UHVXOWV�UHSUHVHQW� WKH�EHVW�SRVVLEOH� VWDWLRQDU\�KDUPRQLF�PDWFK
WR� WKH� LQSXW� VLJQDO�� (VWLPDWLRQ� ZDV� SHUIRUPHG� LQ� WKH� ')7
GRPDLQ� ZLWK� WKH� VSHFWUDO� UHVROXWLRQ� RI� 0 ���� VDPSOHV�� $
PRGHOLQJ�JDLQ��*��ZDV�FDOFXODWHG�IRU�HDFK�IUDPH�DV�D�TXRWLHQW
RI� WKH� HQHUJ\� RI� WKH�ZLQGRZHG� VLJQDO� DQG� WKH� HQHUJ\� RI� WKH
PRGHOLQJ� UHVLGXDO� e�6��� 6FDWWHU� SORW� RI� WKH� 0%(� PRGHOLQJ
JDLQ�*�H[SUHVVHG�LQ�G%�LV�VKRZQ�LQ�)LJXUH����DV�D�IXQFWLRQ�RI
WKH� QRUPDOL]HG� VORSH�d�� RI� HDFK� RI� WKH� DQDO\VLV� IUDPHV�� 7KH
VORSH� RQ� WKH� [�D[LV� LV� FRQYHUWHG� WR� WKH� FRQWLQXRXV� WLPH
GRPDLQ�E\�PXOWLSOLFDWLRQ�ZLWK�WKH�VDPSOLQJ�UDWH�I

V
��VXFK�WKDW�LW

FDQ�EH� LQWHUSUHWHG� DV� D� SHUFHQWXDO� IUHTXHQF\� LQFUHDVH� RQ� WKH
���PV�LQWHUYDOV�
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)LJXUH����0%(�PRGHOLQJ�JDLQ�YV��QRUPDOL]HG�VORSH

,W� FDQ� EH� REVHUYHG�� WKDW� WKH� PRGHOLQJ� JDLQ� RI� WKH
FRQYHWLRQDO� DQDO\VLV� GURSV� UDSLGO\� DV� d�� LV� LQFUHDVHG�� ,W� LV
URXJKO\�ERXQGHG�E\�WKH�GDVKHG�FXUYH�JLYHQ�E\�
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7KH� UHVXOWV� RI� WKH� ILUVW� SURFHGXUH� ZHUH� XVHG� DV� LQLWLDO
HVWLPDWHV� IRU� WKH�*)7� EDVHG� DQDO\VLV�� 7KH� LQLWLDO� VORSH�d��L�
IRU� WKH� DQDO\VLV� IUDPH� L� ZDV� FDOFXODWHG� IURP� WKH� HVWLPDWHG
SLWFK�YDOXHV�RI�WKH�IUDPHV�L����L�DQG�L���DFFRUGLQJ�WR�
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7R� HYDOXDWH� WKH� PD[LPXP� SRVVLEOH� EHQHILW� RI� WKH
SURSRVHG� *)7� EDVHG� DQDO\VLV� WHFKQLTXH�� WKH� RSWLPDO� PRGHO
SDUDPHWHUV�ZHUH�HVWLPDWHG�XVLQJ�WKH�H[KDXVWLYH�VHDUFK�RYHU�D
WZR�GLPHQVLRQDO�JULG�ZLWK���[��� �w �d��FDQGLGDWH�SDLUV��7KH

VHDUFK� JULG� IRU� HDFK� IUDPH�ZDV� FHQWHUHG� RQ� WKH� LQLWLDO�0%(
HVWLPDWHV�� 7KH� VORSH� ZDV� YDULHG� E\� ���#��PV� DURXQG� WKH
LQLWLDO�d��� ZKLOH� �w � ZDV� YDULHG� E\������ 7KH� ILQDO� VROXWLRQ

ZDV� GHULYHG� IURP� ��'� LQWHUSRODWLRQ� RI� WKH� VDPSOHG� e�6�
VXUIDFH�GHWHUPLQHG�LQ�WKH�VHDUFK�SURFHGXUH�

7KH�LQFUHDVH�RI�WKH�PRGHOLQJ�JDLQ��D*�ZDV�FDOFXODWHG�IRU
HDFK� IUDPH� DQG� LW� LV� VKRZQ� LQ�)LJXUH� �� DV� D� IXQFWLRQ� RI� WKH
VLJQDO� VORSH� d��� $V� H[SHFWHG�� IRU� VWDWLRQDU\� IUDPHV� ZLWK� d�

FORVH�WR����ERWK�WHFKQLTXHV�UHVXOWHG�LQ�WKH�VDPH�JDLQ��EXW�IRU
IUDPHV� WKDW� FRQWDLQ� SLWFK� YDULDWLRQV� WKH� PRGHOLQJ� DFFXUDF\
FDQ� EH� VLJQLILFDQWO\� LPSURYHG�� $YHUDJH� PRGHOLQJ� JDLQ
LPSURYHPHQW� IRU� DOO� YRLFHG� IUDPHV� LQ� WKH� GDWDEDVH� ZDV�

�����G%� IRU� WKH� LQWHUSRODWHG� VROXWLRQ�� �����G%� IRU� WKH� EHVW
VROXWLRQ� RQ� WKH� JULG�� DQG� �����G%� IRU� WKH� LQLWLDO� �w �d�

HVWLPDWH�� 2Q� D� ODUJH� QXPEHU� RI� IUDPHV� �FFD�� ���� WKH
LPSURYHPHQW�ZDV�JUHDWHU�WKHQ��G%�
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)LJXUH����,QFUHDVH�RI�WKH�PRGHOLQJ�JDLQ

��� &RQFOXVLRQV

$� QHZ� VSHHFK� DQDO\VLV� WHFKQLTXH� ZDV� GHVFULEHG�� WKDW� FDQ
LPSURYH� WKH� DFFXUDF\� RI� WKH� VLQXVRLGDO� YRLFHG� VSHHFK
PRGHOLQJ� HVSHFLDOO\� IRU� VSHHFK� ZLWK� VLJQLILFDQW� WLPH
YDULDELOLW\�� H�J�� FRQYHUVDWLRQDO� RU� HPRWLRQDO� VSHHFK�� 7KH
SURSRVHG�PHWKRG� DGGUHVVHV� WKH� SUREOHP� RI� VLJQDO� IUHTXHQF\
YDULDELOLW\�HQFRXQWHUHG�LQ�WKH�DQDO\VLV�V\VWHPV�ZLWK�IL[HG�DQG
UHODWLYHO\� ZLGH� DQDO\VLV� ZLQGRZV�� %\� DGDSWLQJ� WKH� VLJQDO
WUDQVIRUPDWLRQ�WR�WKH�ORFDO�IUHTXHQF\�YDULDWLRQV�RI�WKH�VLJQDO�
WKH�RYHUDOO�PRGHOLQJ�JDLQ�FDQ�EH�LPSURYHG�E\�����G%�

��� 5HIHUHQFHV

>�@� $OPHLGD��/�%��DQG�7ULEROHW��-�0���³1RQVWDWLRQDU\�VSHFWUDO
PRGHOLQJ� RI� YRLFHG� VSHHFK´�� ,(((� 7UDQV�� $FRXVW��
6SHHFK�� 6LJQDO�3URFHVVLQJ�� YRO�� ���� QR�� ��� SS�� ��������
-XQH������

>�@� 0F$XOD\�� 5�-�� DQG� 4XDWLHUL�� 7�)��� ³6SHHFK
DQDO\VLV�V\QWKHVLV� EDVHG� RQ� VLQXVRLGDO� UHSUHVHQWDWLRQ´�
,(((�7UDQV��$FRXVW���6SHHFK��6LJQDO�3URFHVVLQJ��YRO�����
QR�����SS�����������$XJXVW�����

>�@� *ULIILQ�� '�:�� DQG� /LP�� -�6��� ³0XOWLEDQG� H[FLWDWLRQ
YRFRGHU´�� ,(((� 7UDQV�� $FRXVW��� 6SHHFK�� 6LJQDO
3URFHVVLQJ��YRO������QR�����SS�������������$XJXVW������

>�@� $OPHLGD�� /�%�� DQG� 6LOYD�� )�0��� ³9DULDEOH�IUHTXHQF\
VLQWKHV\V�� DQ� LPSURYHG� KDUPRQLF� FRGLQJ� VFKHPH

�
3URFHHGLQJV� RI� ,(((� ,QW�� &RQI�� $FRXVW��� 6SHHFK�� 6LJQDO
3URFHVVLQJ��������SS���������������

>�@� 0DUTXHV� -�6�� DQG� $OPHLGD�� /�%��� ³$� EDFNJURXQG� IRU
VLQXVRLG� EDVHG� UHSUHVHQWDWLRQ� RI� YRLFHG� VSHHFK´�
3URFHHGLQJV� RI� ,(((� ,QW�� &RQI�� $FRXVW��� 6SHHFK�� 6LJQDO
3URFHVVLQJ��������SS���������������

>�@� 0DUTXHV� -�6�� DQG� $OPHLGD�� /�%��� ³)UHTXHQF\�YDU\LQJ
VLQXVRLGDO� PRGHOLQJ� RI� VSHHFK´�� ,(((� 7UDQV�� $FRXVW��
6SHHFK�� 6LJQDO�3URFHVVLQJ�� YRO�� ���� QR�� ��� SS�� ��������
0D\�����


