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Here we consider two algebras:
@ a free unital associative complex algebra B = B9 = C (¢;,,....¢;,),
N > 0 equiped with a multiparametric g-differential structure

ai(ejx) = 6ijl‘ + qijejai(z), for each x € B;

with 0;(1) =0, 0;(ej) = di;, (s is a standard Kronecker delta)
(B is sometimes called a multiparametric quon algebra).

@ a twisted group algebra
A(S,) = Ry, x C[S,]

of the symmetric group S, with coefficients in a polynomial algebra
R,, in commuting variables X5, 1 <a,b<n

with the motivation to represent the algebra A(S),) on the (generic)
weight subspaces of the algebra B (with the aim to simplify certain
computation in B).

M. Sosi¢ (University of Rijeka) Representation August 26, 2014 2 /24



One of the fundamental problems in B = B:

o describe the space of all constants
(the elements which are annihilated by all multiparametric partial derivatives
9; = 9}).

To solve this problem:

@ one needs some special matrices and their factorizations in terms
of simpler matrices.
A simpler approach:

e first, to study certain canonical elements in the twisted group
algebra A(S,,);

e then to use certain natural representation of A(S,) on the
weight subspaces Bg,.

In this representation some factorizations of certain canonical elements from
A(Sy,) will immediately give the corresponding matrix factorizations and also
determinant factorizations.
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Let N = {’L'l,.../iN} - {O,l,...}.

Fix a parametar map ¢: N X N = C, (¢,5) — qi; 1,5 € N.

We consider a free unital associative complex algebra
B=C{ei,...,eiy) (deg e; =1 for all i € N).

together with N linear operators 9; = 9 : B — B, i € N (of degree —1) defined

recursively:
9i(1) =0, di(e;) = dij,

Oi(ejz) = dijx + qije;0i(x), for each z € B (twisted Leibnitz rule).

@ Since every sequence l1,...,l, € N, 1 <--- <, can be thought of as a multiset
Q={lh < - <ln} over N of size n = Card Q, each corresponding weight
subspace Bg = By, ..., is given by

Bgo = spang {ej1~~jn =€j, - €, | J1...Jn € Q}

@ = the set of all distinct permutations of the multiset (), dim Bg = Card @
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@ A finer decomposition of B into multigraded components (= weight subspaces):

B= D Bi. 1,

n>0,11 < <lp, l;EN

@ Let Bg = {el |je @} denote the monomial basis of Bg, where j := ji ... jn.

@ The action of 9; = 9 on a monomial e; € B is given explicitly by the formula:

Oile)) = D GG €y e (1)

1<k<n, ji=i

where ]/;; denotes the omission of the corresponding index ji.

The number of terms in this sum is equal to the number of appearances
(multiplicity) of the generator e; in the monomial ¢;.

@ In the generic case, when @ is a set, the formula (1) is reduced to:

0i(e;) = Giji * Qigy—r €5, Fr jn- (2)
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@ With the motivation of treating better the matrices of ;|5 , we introduce a

multidegree operator 0: 5 — B with 0 = Z ei 0i,
ieN
where e;: B — B are considered as (multiplication by e;) operators on B.

@ The operator O preserves the direct sum decomposition of the algebra B.
@ We denote by 99 : By — Bg the restriction of &: B — B to the subspace Bg.
Then for each ji...jn € @ we get

Q ) — ) - - —
0% (ejy.. €i0; (€jy..5,) = €i Qijy * " Qiji—1 €5, 50 gn

ieN iEN 1<k<n, jp=i
§ E Qijy * " Qiji—1 Cijy . Gpgn = § Qi " Diwdk—1 €4 Tnedin
1<k<n ‘€N, i=jy 1<k<n

If Bo denotes the matrix of 9% w.r.t basis B¢ (totally ordered by the Johnson-Trotter
ordering on permutations) of Bg, then we can write

Bo€ron = D Qi Gnin gt Tnedn ®3)
1<k<n
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Now we consider a twisted group algebra A(S,) = R, x C[S,,] of the symmetric
group S, with coefficients in the polynomial ring R, = C[X,s,1 < a,b < 1]
(here x denotes the semidirect product.)

The elements of A(S,,) are the linear combinations Zgiesn pi gi with p; € R,.
@ The multiplication in A(S,) is given by
(p191) - (p292) == (p1 - (91-p2)) 9192
where  gp=gp(..., Xav,...) =0( -, Xg0) gt)---) G-
The algebra A(S,,) is associative but not commutative.

@ In the algebra A(S,) we have introduced decorated more specific elements:

g = [I Xao|g= II Xab | g

(a,b)€I(g—1) a<b,g—1(a)>g—1(b)

for every g € Sy, where I(g) = {(a,b) | 1 <a <b<mn, g(a) > g(b)} denotes the

set of inversions of the permutation g.

@ Of particular interest are the elements ¢, , € A(S,), 1 <a < b < n, where for

a < b, ty,q € Sp denotes the inverse of the cyclic permutation ¢, € S, i.e

b =yl 1 - a-1 a a+1l -~ b—-1 b b+1
be=%p =\ 1 ... a—1 a+1 a+2 --- b a b+1
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@ Every permutation g € S, can be decomposed into cycles (from the left) as follows
(kj > 3):

-
9=ty thy g n—1 kg5 kg2 kg1 | = 11 Lk .j
1<j<n

@ Now we introduce canonical element ¢, in the twisted group algebra by formula

ap =Y g% n>1

9gESn
Then we get the following factorizations:
© if we define simpler elements 3; € A(Sn) (1 <k < n) as follows
Brkt1 =tk ttn_1k+ - Fthpin +ten

then: an = B1 B2 B

@ if we define yet simpler elements in A(S,) forall 1 <k <n-1
Yr—tpr = (id =ty 1) - (id — ty_1) -+ (id = thy11) »
Snpr = (id — (tr)? tpoget1) - (id — (tr)’ to—1geg1) - (id — (tr)? tht1 kt1) 5
then we get further factorization: B ka1 = Op_pa1 - (7;,,#1)71.

We have used: ¢, ., =14d and (t;;)2 = X{k, kt+1}id because
(t5)? = Xe g1 te) - Xkt tr) = X kgt - Xng1k (te)® = X (g, k1) id
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@ Recall that for any vector space V over a field F, End(V') denotes the algebra of
all F-endomorphisms of V;

@ for any associative algebra A a representation of A on V is any algebra
homomorphism ¢: A — End(V).

Our next task is to define a representation o: A(S,) — End(Bg), where
Bg = spang {ehmjn |j1...9n € Q} .

Since A(Sy) = Ry, x C[S,] we will consider first a representation g1 of R, and second a

representation g2 of C[Sy]:
01: R, — End(Bg),

02: C[S»] — End(Bg)
as follows.
We first denote by: Qqs, 1 < a,b < n a diagonal operator on By defined by
Qab €y jn = Qjajy €1 in-

Note that these operators commute (Qub - Qcd = Qcd - Qab)-
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Definition

We define a representation g1 : R, — End(Bg) on the generators X, of R, by the

formula
01(Xap) == Qas 1<a,b<n.

Note that: 01(Xab) €j1.cjn = Qab €ir...jp = Liajs €i1.ujn-

Definition
We define a linear operator g2: C[S,] — End(Bg) by

02(9) €jy...5, = €5y—1 1y Tg—1(m) for every g € Sh.

In fact g2 is a (right) regular representation on Bg, @ = generic.
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Let o: A(Sn) = End(Bg) be a map defined on decomposable elements by

o(pg) == o1(p) - €2(9)

for every p € R, and g € S, and extended by additivity. In the trivial cases we have

(1) o(1-g)ej .5, = 01(1) - 02(9) €jy..j, = 1- €l y—1(1)g—1(ny = Cg—1(1)Tg—1(m)’
(1) o(Xave)eji. i, = 01(Xab) - 02(€) €j1..jn = Qab €j1..in = Tiasp €i1-wuin-
Note that the basic instance of the multiplication (p1g1) - (p292) = (p1 - (91.p2)) 9192
in A(Sy) reads as follows:

(Xavg1) - (Xcag2) = (Xav - X1 (c)g1(d)) 9192
which are the consequences of the following two types of basic relations:
Xab - Xea = Xeca Xav,

9-Xav = Xg(a) gv) 9-

M. Sosi¢ (University of Rijeka) Representation August 26, 2014 11 /24



A map o: A(S.) — End(Bg) is a representation.

Proof.

It is enough to check that o preserves the previously listed basic relations, where we will
apply the formula o(pg) = 01(p) - 02(g) and properties of representations g1 and p2.

(7) Note that: Q(Xab . Xcd) - Qab . ch - ch . Qab - Q(Xcd . Xab)-
(77) Now we will show that o(g.Xas)€j;...5, = 0(Xg(a) g(6) 9) €j1...5n -

L= 0(9-Xav) €jy..jn = 02(9) - 01(Xab) €j1...5n = 02(9) Gagy €i1..5n
= Qjugy 02(9) €515

= Bade €ig—1(1yTg=1(ny’

D = o(Xg(a) gv) 9) €515 = 01(Xg(a) gv)) * 02(9) €515
= Qg(a) 9(6) €iy1 (1T g1 (m,
= D=1 (geanTg=19)) Hg=101)Tg=1(n)

= DBade Cig—1(1)Tg=1(n)"
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The representation o applied to element g* = H Xab | g is given by
(a,b)€I(g™1)

* — . . . .
0(9") €jy...jn = H Divda €5g—1(1y-dg=1(n)"
(a,b)€I(g)

By using o(pg) = 01(p) - 02(g) on g* we obtain

0(9") ej1..jn = 11 01 (Xarpr) - 02(9) €jy...5,,
(a’,b")€I(g~1)
= I @aiemren Y1 dom1em
(a’,b)el(g™ 1)
= H Qo b ejgf1(1)mjgfl(n) = H 9yja ejg—l(l)'“jg—l(n)
(b,a)€I(g) (a,b)€I(g)

with a =g~ 1(a’), b= g '(t/). Now it is easy to check that
@, ¥) € I(g™1) = o <¥,g~(a) > g='(¥) ie g(a) < g(b), a > b, s0: (bya) € I(g). DI

v
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A direct consequence of the Lemma:

@  the element o(t; ,) € End(Bg) is given by

*
Q(tbﬂz) €j1.Jadat1---Jy--dn — H Djpji €31---dvia---Jb—1---Jn
a<i<b-—1
1 1 . * . . . . — . . . . . .
° and in special case: o(ta) €j1.Jadat1--dn — QGat1da €i1---Jat1da---dn

(where: t3 =1t5.1,4). If we denote by 0j,j,.1 = Qajus1Biasriar then
*\ 2 _
o((ta)”) €jr.in = Ojadas €1 in-

Theorem

Let 0: A(Sn) — End(Bq) be the twisted regular representation on the generic weight

*

space Bq. Then the (k, j)-entry of the matrix Aq of the o(ay,) is given by

(AQ)E,J = H Qjyja

(a,b)€I(g)

where g is such that k=g.j (j=ji...jn €Q, k=Fki...kn € Q).

Recall, that «aj, = Z g, n>1.
gESn

M. Sosi¢ (University of Rijeka) Representation August 26, 2014 14 / 24



Factorization of the matrix A

Let us denote
Tha = 0(th.a), Ta = o(ta)
If b=a then Ty, =1

@ The (k, l’)—entry of the matrices Ty o, 1 <a<b<nand T,,1<a<n—1:

I @ fk=tiaj
(Tb,a)k,]- =19 a<i<b-1
B 0 otherwise

with tb,a.i =J1---JbJa---Jb=1---Jn,

if k=ta.j
otherwise

q.a .a
(Ta)&l = { ! 61]
with £ = j1 ... jat1Ja - Jn-

@ Now it is easy to see that
Ta)’ € = Ojujurs €
(Ta €j = O0jajat1 €j

is the diagonal matrix with ¢;,;,,, as j-th diagonal entry.
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@ Now we consider the elements f; € A(Sn), 1 <k < n.
(recall: 81 iy =th o tin 1t et thg)
~
=id
@ Then the corresponding elements o(8),_;, ;) € End(Bq) are given by

oBrkr)ei = D elthn)eite; (4)
k+1<m<n

@ Let
Bgu:=0(8), 1<1<n,

with Bg,1 = ¢(87) = ¢(id) = I. Then in the matrix notation (4) can be written as

Bon—kt+1 = Z Tk +1
kE+1<m<n

@ The (k, j)-entry of the matrix B, n—k+1 of 0(8)_, 1), 1<k <n-—1isgiven by

H QGmj; fk=tmrpj E<m<n
(BQ,n*kJrl)k,j = k<i<m
T 0 otherwise

foreach 1<k <n-—1 (recall: ty kg =71 -Jmik---Jm—1--Jn)
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@ In the special case for k =1 we have
Bon = Z Tomi1=Tni1+Tho11+--+Ts1+Te1+1
1<m<n
(where T1,1 =1I) so the (k, j)-entry of Bq,. is given by

Bow), = Gmir " Gmim-s ifk=tma1j 1<m<n
@n/k,j 0 otherwise

(recall: tm,1.J = JmJ1 .- Jm—1Jm+1 . Jn)-

Q@ Weget: Bgne = E Qimir ** Limim—1 Cmit - -dm—1dmi1-dn-
1<m<n

@ Recall that the matrix of 39: Bg — Bg is given by
Bqejy..jn = Z Qg Dikir—1 €41 Gndin
1<k<n
Then: Bg,» = Bg. It turns out that:
@ the factorization of the matrix Bg,, is equivalent to factorization of Bg (i.e the
matrix of 99 w.r.t monomial basis of Bg C B);
@ the problem of computing det Bg can be reduced to the problem of computing
det BQ,n.
With this motivation we are going to find a formula for the factorization of Bg,, and
also its determinant.
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@ Now we will represent the elements +;, ¢;, 2 <1 < n belonging to A(S»).

@ The corresponding elements o(7; _111), 0005 1) € End(Bg), 1<k<n-—1
are given by

o(yn—nv1)ej = (id — o(tyn ) - (id — o(tr—1x)) -+ (id — o(tis1.k)) €
0(0n—kr1) e = (id — o((t)*) (tn k1)) - (id — o((t5)?) @(tn—1541)) - -
(id — o((ts)?) e(tis2aer1)) - (id — o((t5)?)) €;
which in matrix notation leads to the following matrix factorizations
Conkt1 =T =Tonp) (T =Tn1p) - (I=Thyrr)
Do n-kt1 = (T=(Tk)* Trs1) - (T= (Tr)® Trmrign) -+ (T = (Tw)?)

where
Co,i = o), Dq, = o(d7), 2<i<n.

Clearly, (Tk)2 = (Tk+1,k)2 is the diagonal matrix.
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Thus we obtain

(1] Bon—k+1 =DQn—k+1 - (CQ,n_k+1)71 forall 1<k<n-1.
what we can write in the form

+— —

Bon—k+1 = H (I—(Tx)? Timet1) - H (I—Twmr) "
k+1<m<n k+1<m<n
—
2] Ag= [ Bowsw) [= ] Bes
1<k<n—1 2<k<n
ie
— “—

Ao= ]I [I @@ Tops): [ O-Tun)

1<k<n—1 \k+1<m<n k4+1<m<n
Now it is easy to see that

@ for computing det Bg,n—x+1 and det Ag it is enough to compute
det(I — Ts,o) and det(I— (To—1)?Tsa), forall 2<a<b<n.
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We have the following formulas

(i) det(I—Tha) = H (1- O.T)(bfa)!-(nflrl*afl)! (1<a<b<n)
T€(,—41)
(i)  det(I—(Tac1)?Tha)= [ (1—op)t o et (nbra=2)
Te(,_512)

(1<a<b<n),

where for any subset T\, or = H Oij = H qij -
{i#5}CT i#jET

@ This Lemma is the twisted group algebra analogue of the Lemma 1.9.1 in the
paper of Svrtan and Meljanac .
Therefore the proof will be similar to the proof of Lemma 1.9.1 (only it will be
here use the factorizations in different direction).

1Meljanac, S., and Svrtan, D., Determinants and inversion of Gram matrices in Fock
representation of gi;-canonical commutation relations and applications to hyperplane
arrangements and quantum groups. Proof of an extension of Zagier’s conjecture, 2003,
arXiv:math-ph/0304040v!
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Theorem

Let p: A(Sn) — End(Bg) be a twisted regular representation (where Bq is generic
subspace of B). Then we have

(’L) det AQ — H H (1 _ O.T)(m—Z)!-(n—m-H)!l

2<m<n TE(Q)
m

(i) detBonwt1= [] [T a=on)m=2 et @<k <n-1).
2<m<n—k+1 TG( )

Here we will use the following properties

Bon ki1 =Donti1-(Connr1) "  forall 1<k<n-—1,

-
Ao= I Bamrt) [= [] Bax
1<k<n—1 2<k<n

(recall: Bg,1 =1).
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First part:
By using previous Lemma we get the following:

[T det@—T,x)

k+1<p<n

I I -enooroms

k+1<p<n TE(

det CQ’n,kJrl

P— k+1)

H H (1 —a'T)(m_l)!'(n—m)!

2<m<n—k+1 TE(S,,)

detDonri1 =[] det(I—(Tx)* Tprsr)

k+1<p<n

H H (1 —UT)(p_k_l)!‘(P—k+l)~(n_p+k_1)!

kH1<p<n e

p— k+1)

H H 1_O'T(m ZYloe-(m=wm)l

2<m<n—k+1 TG( )
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Proof
Second part:

. det Dg n—
Therefore by applying the formula det Bg n—r+1 = CRZQun—ktl e get:
det Co,n—k+1
det Bg ki1 = H H (1 _ O.T)(m72)!<(n7m)!.
2<m<n—k+1 TE(Q)
—
On the other hand by applying det Ag = H det Bg,n—k+1 we get

1<k<n-—1

—

det Ag = H H H (1 — op)m— Dt —m)!

1<k<n-—1 2<m<n—k+1 TG(Q)

= H H 1_0- (m 2)!-(n—m)!-(n—m+1)

2<m<n TG( )

det AQ — H H (1 _ O.T)(mf?)!-(nferl)!.
2<m<n TE(Q)

m

O

v
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