SOME DIOPHANTINE PROPERTIES OF THE SEQUENCE
OF S-UNITS

ATTILA BERCZES, ANDREJ DUJELLA, AND LAJOS HAJDU

1. INTRODUCTION

Integers having no prime factors outside a fixed set of primes play im-
portant role and are heavily investigated in several parts of number theory.
For example, they play special role in diophantine number theory; see e.g.
the classical survey paper of Evertse, Gy6ry, Stewart and Tijdeman [1] or
Chapter 1 of the book of Shorey and Tijdeman [7] and the references given
there.

Further, the sequence formed of such integers is also of interest. To be
precise, fix primes p; < --- < p;, and write s, for the sequence of integers
composed of these primes, arranged in an increasing order. Tijdeman [8] and
9] provided sharp upper and lower bounds for the gaps between consecutive
terms of the sequence, respectively. These bounds have the nice property
that they are "almost” equal. Namely, Tijdeman proved that

s Sn

1.1 — " < ntl — Sp < —————
(1.1) (log s,,)1 Snt1 =8 (log s, )

hold with some effectively computable absolute constants ¢; and ¢y for all
index n which is large enough. In the proofs of both the lower and the upper
bound in (1.1) the approximation properties of the tuple (logp,...,logp;)
play a crucial role. These are mainly used through Baker’s theory, but in
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establishing the upper bound also the continued fractions of logp;/logp;
play a vital role.

In this paper we develop a method to explicitly give the gaps in the
sequence s,. In other words, for any term s, we can find both s, ; and
Sni1, at least in principle, without enumerating all terms of the sequence.
Again, here the approximation properties of the tuple (logp,...,logp;)
are decisive. In the case when there are two fixed primes, we even give an
efficient and algorithm to find these terms explicitly. This is done by the
careful analysis of the behavior of the continued fractions of logp;/log ps.
Since to explain our results and methods in detail we need several notions

and notation, we shall do that in the next section.

2. MAIN RESULTS

Let S = {p1,p2,...,p:} be a set of ¢ rational primes, and in the sequel
suppose that p; < ps < --- < p;. The ring of rational S-integers is denoted
by Zg, and its unit group by Z%. Consider those S-units, which are natural
numbers, and denote by (s,) the sequence consisting of these numbers in
increasing order. Clearly, any element of the sequence (s,) can be written
in the form s, = pi™'ps"* ... p;"" with ¢, ; € Z>o.

Consider the hyperplane P C R! defined by
P={(z1,...,2) : x1logps + -+ xlogp, = 0}.

Then P is a subspace of R?, in particular, it clearly contains the origin. For
a point a = (ay,...,a;) € Z, denote by d(a) the Euclidean distance of the
point a from the hyperplane P in R

Theorem 2.1. The following statements are true:
(i) For all a= (a1,...,a;), b= (b1,...,b) € ZL, we have
pit . ptt < pb o ph = d(a) < d(b).
In particular, d(a) = d(b) if and only if a = b.
(ii) Let r € Ry, and write
B log r
Viog”pi + -+ +log’py

e(r) :
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Then the smallest s, for which s, > r is that s, = p7*...py" with
a = (ay,...,a;) € Z for which for every b = (by,...,b) € Z%,
with d(b) > ¢(r) we have

c(r) < d(a) < d(b).

Similarly, the largest s,, for which s, <1 is that s, = pi*...p¢" with
a = (ay,...,a;) € Z for which for every b = (by,...,b) € Z%,
with d(b) < c(r) we have

c(r) > d(a) > d(b).
Further, in both cases a can be effectively determined.

Remark. The proof of Theorem 2.1 is based upon some properties of a
certain special multidimensional diophantine approximation. For the theory
of multidimensional diophantine approximations of different types see the
excellent survey paper of Moshcevitin [4], and the references given there.

In the special case t = 2 we can formulate much more precise results. In
order to do so, we need to introduce some further notation. From now on
let S = {p,q} be a set of two rational primes with p < q. Now the sequence
(s,,) may be written in the form s, = pe»q® with c,,d, € Z>o. We define
the companion sequence (f,) of (s,) by

dn+1 - dn

Cp — Cp+1

(2.1) fn =

Later we shall prove that the elements of the sequence (f,) are always
well defined (i.e. ¢, — ¢,1 # 0), they are always in lowest terms (i.e.
ged(dpy1 —dy, ¢y —cny1) = 1), and f,, > 0, with equality precisely for values
of n for which s, < q.

In the statement of our results below we use notions related to the con-
tinued fractions of real numbers. Here we use these notions without any
reference, however the concepts and results connected to continued frac-
tions which are needed in the paper, are summarized in Section 3.

Given a concrete element of the sequence (s,,), the following theorem gives

a simple algorithm how to determine the next element in the sequence.
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Theorem 2.2. Let the sequences (sy), (¢n), (d,) and (f,) have the same
meaning as above. Suppose that we are given s, = pq. Then we can
compute sgr1 in the following way:

log p

o 1 with mazimal denominator

o Let i+ be the upper convergent of
for which vy < ¢ holds.

o Let ’;—; be the lower convergent of }Zg’; with mazimal numerator for
which uy < di holds.

o Put x := |v;logp — uy logq| — |velogp — uglog q| and

. —vp ifxr <0, dp +u; if z <0,
(22) Ck+1 = ) dk+1 = )
cr+ve ifz >0, dp —ug if x> 0.

Then we have sj4q = p+1qde+t,

Remark. In view of the method of the proof, having s, one can explicitly
give the term s;_; of the sequence, similarly to the term s;.;. However,
since in the light of Theorem 2.2 this can be done in the obvious way, we
omit the details.

In the following theorem we summarize basic properties of the companion
sequence, which sequence describes how the exponents of p and q change

when we move from s,, to $,11.

Theorem 2.3. Let the sequences (sy), (¢n), (d,) and (f,) have the same

meaning as above. Then we have the following properties:

(i) The sequence (f,) is well-defined, i.e. c,11 # ¢, for all n € N.
(ii) We have f, > 0 for all n € N, with equality precisely for those

values of n for which s, < q.

log p
logq’
o if f, is an upper convergent then cxi1 < cx and dyy1 > di,

(iii) All companion fractions f,, are convergents of and
o if f, is a lower convergent then cy 1 > ¢ and dyy1 < dj.
(iv) Suppose that the smallest index n such that f, = * is k. Then

o if L is an upper convergent of ioﬁ then we have s, = p¥ and

ogq
Sk+1 — Clu;'

e if * is a lower convergent of }gg'; then we have s = q“ and
Sk4+1 = pv‘

Conversely,
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o if sp = p’ and spy1 = q" then fi, = ¥ is an upper convergent

of iggz and k is the index of * in the sequence (f,);

o if sp = q" and sp1 = pY then fi. = 7 is a lower convergent of

igﬁ and k is the index of * in the sequence (fy).

pz]

1
(v) Let p” be a convergent of 1222 The number of occurrences o

m the sequence (f,) is exactly p;y1qiv1, where ’;’_—E s the prmczpal
convergent of 13?: Jfollowing the principal convergent B — ?_’8'

To understand well the structure of our sequence (s,) we need to know
how the corresponding companion sequence ( f,,) behaves. Some of the most
important arising questions are the following:

e if we know the value of f,, then which values can be taken by f,,_;
and f,.1 respectively

e how many consecutive elements of the sequence f, may have the
Di ]
i

same value

Theorems 2.4 and 2.5 give a precise answer to these questions. In one hand
we prove that an intermediate convergent cannot be the value of two con-
secutive elements of (f,,), and that there are at most a;o + 1 consecutive
elements of (f,) which assume the same value 2—;. Further our Theorems
describe all possible patterns formed by exactly k (1 <k <aj2+1) con-
secutive elements of (f,) assuming the same Value , and by the preceding
and the following elements. Moreover, our Lemmas in Section 6 give neces-
sary and sufficient conditions for ¢, = ord, s, and d,, = ord, s,, so that s,_;
is the starting point of such a concrete pattern.

In the following Theorem 2.4 we answer the above question for principal
convergents, and in Theorem 2.5 we do the same for intermediate conver-

gents.

Theorem 2.4. Let us suppose that in the sequence of companion fractions
we have the following pattern:

yY yY D
(23)  farE o fa=forr = = farhr = =, fasp # —
qi q qi

Then we have 1 < k < ajp1 + 1, and for (fu_1, fasr) we have the following

possibilities:
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(i) If 1 <k < aj4q then
Pi+1 P+ Pi-1k—1 DPi-1k-1
(fn—17fn+k>€{( . ) >a< ) )7
qi+1 qi+1 qi—1,k—1 qi—1k-1
(pl—l,k—l pl—l,k) (pl—m pl—l,k—l) <pl—1,k pz-m)}
QI—l,k:—17 qi—1,k QZ—l,k7 qi—1,k—1 QZ—I,k7 qi—1.k
(ii) If k = a;41 then
DPi+1 Pi+1 Pi—1k—1 Pi—1k-1
(fn17fn+k)€{(_+7_+)7( ; ) )
qi+1 qi+1 qi-1,k—1 qi-1k-1
<pl—1,k—1 pl+1) (Pl+1 pl—l,kz—l)}
QZ—I,k—17 qi+1 QH-I’ qr—1,k—1
(i) If k = aj11 + 1 then

(2.6) ot frsn) = (]ﬂfﬂ> |

qi+1 qi+1

(2.4)

(2.5)

Theorem 2.5. Suppose that f, = 1% with some 1 < j < ajo (i.e. fp is
»J
an intermediate convergent). Then we have

(27) fn 1 — fn+1 pl+1
CIl+1

3. CONTINUED FRACTIONS

In this section we summarize important properties of the continued frac-
tion expansion and the corresponding convergents of real numbers. For the
general theory of continued fractions we refer to the classical books [2], [5],
(6] and the references given there. If S = {p,q}, then, as we have seen,
the structure of the sequence of natural S-units is strongly connected to
the convergents of the real number L‘;%z. The proofs of the properties listed
below may be found in [2], [5] and [6].

Let 0 # « € R be a real number and define ag, aq, as, ... in the following
way: o =, ag = |[ag], Qi1 = {ﬁ}, Ajy1 = [ﬁ}, . The sequence (a,,)
is called the continued fraction of . In the sequel, for 0 # a € R we shall
denote by [ag, a1, as . ..] the continued fraction expansion of . Put

(3.1) p2=0,p1=1, p,=api1+pi—2 (i>0)
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and
(3.2) q2=1¢1=0, ¢=a¢1+q¢-2 (1>0).

The fractions p;/q; for i > 0 are called the principal convergents of «.
Further, for non-negative integers ¢« and j put

(3.3) Dij = JPi+1 T Pis Qg = Jqi+1 + G-
The fractions

Pij _ JPit1 +pi

(3.4) :
Gj  J%i+1+ G

1<j<ay2—1
are called the intermediate convergents of . We mention, that in many
cases it is comfortable to let in (3.4) the index j assume also the values
0 and a9, in these cases the resulting fraction in (3.4) being a principal
convergent, namely:
(3.5) Pipo _ Pi and Diaiio _ pi+2'

4o G Giairs  4Git2

The principal convergents and intermediate convergents together are called

convergents. For the convergents of a we have the following properties:

pi

(3.6) -.-< P P Pt P2 if i is even,
di di,j di,j+1 di+2

37) o> S P Pt P2 s odd,
di di,j di,j+1 di+2

and p;;-1¢i; — Pijqij—1 = (=1) for i > 0 and 1 < j < a;40 — 1. In the
sequel the fractions (3.6) of even indices will also be referred to as lower
convergents, while the fractions (3.7) of odd indices as upper convergents.
This terminology is clearly justified by the fact, that lower convergents of
« are smaller then o, while upper convergents of o are larger then «.

We say that

e the rational number %’ is a best approrimation to « if for every

rational number IZ’ with denominator ¢ < ¢ we have

(3.8) lga — p| < |ea —b]
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e the rational number § is a best lower approximation to « if § <«
and for every rational number g < a with denominator ¢ < q we
have

(3.9) gqo—p<ca—>b

e the rational number § is a best upper approrimation to a if § >«
and for every rational number g > « with denominator ¢ < q we

have
(3.10) p—qa <b— ca.

The first statement of the following lemma is a well-known property of
principal convergents (see e.g. [2], [5], [6]), while the second and third
statements are due to Kimberling [3].

Lemma 3.1. Let a # 0 be a real number, and denote by p;/q; for i > 0
the principal convergents of o and by ’q)z—:j fori >0, 1 < j < ajq the
intermediate convergents of a. Then the following statements are true:
(i) If & satisfies |ca — b < |g;ov — py| then ¢ > gy
(ii) The best lower approzimates to « are the lower convergents to «,
i.e. the fractions f;—j for even i and 0 < 7 < a;y9.
(iii) The best upper approximates to « are the upper convergents to «,
i.e. the fractions Zi—:j for oddi and 0 < 7 < a;49.

Remark. The first statement of Lemma 3.1 implies as a simple corollary
that the best approximates to « are the principal convergents of a. In

the last two statements of Lemma 3.1 among the best lower and upper

z “ for 0 < j < a;42 we can find the principal convergents,

V)
i.e. the fractions with j = 0, and the intermediate convergents, i.e. the

approximations

fractions with 1 < j < a;49.

The next lemma is a classical result for continued fractions again (see e.g.

2], 51, [6])-

Lemma 3.2. Suppose that § % 0 is a convergent to a positive real number
a. Then % 1s a convergent to i The parity of the index of% among
the convergents ofé is opposite to the parity of the index of%7 among the

convergents of a.



SOME DIOPHANTINE PROPERTIES OF THE SEQUENCE OF S-UNITS 9

4. APPLICATIONS

In this section we give some diophantine applications of our results.

Theorem 4.1. There exist infinitely many indices k such that the terms

Sk, Sk+1, Ski2, Skrs form a geometric progression.

_ logp
~ logg
is transcendental, the continued fraction expansion of a contains infinitely

Proof of Theorem 4.1. In fact we prove more. First note that since « :

many terms > 1, so there are either infinitely many odd values of n with
an+1 > 1 or there are either infinitely many even values of n with a,; > 1.
First suppose that there are infinitely many odd values of n with a,,,; > 1
and take a fixed odd index n such that a,.; > 1. Observe that then we
have
Gnt1 = @n1Gn + Gn-1 = 2qn + qn1,
and
Prt1 = Qn1Pn + Pr—1 = 2Pp + Pn—1-

Choose integers A and B subject to the following restrictions:
(4.1) 3Gn <A <3Gy +qu1, 0 B <pp1.

We claim that with any of the above choices for A and B, writing s, =
pAgP we have f;, = ’;—”, and the terms sg, Sp11, Ski2, Skrg form a geometric
progression. To check these assertions, observe that both

A < @+ qnyr <min{gn12,qn1} and B+ 2p, < pui

holds. Hence by Theorem 2.2 we clearly get that

B+pn A72qan+2pn A—3qn qB+3pn
b )

A_B A—qy, _ _
sE=p"q", spp1 =p° g Sk2 =P Sk+3 =P

is a desired geometric progression. Since by our assumption there are infin-
itely many indices n having the desired property, the statement follows.

Now we also have to deal with the case when there are only finitely many
odd values of n with a,,; > 1. However, in this case there are infinitely
many even values of n with a,,; > 1 and choosing any such n a similar
construction is possible as above, just we have to choose A and B subject
to the restrictions

O§A<Qn—17 3pn§B<3pn +pn—17
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and the desired geometric progression shall be

A+2qn B—2pn _pA+SQn B—3pn,
, = .

_ A.B _ o A+qn B—pn _
SE=p"q9", Sp1=p"Tq7 " Sppo =P q Sk+3

q
g

Remark. Assuming that « is not badly approximable, the sequence (s,,)
contains arbitrary long geometric progressions. Indeed, in this case one can
find infinitely many indices n with a,, > K for any K, and applying the
argument in the proof of Theorem 4.1, our claim follows.

For n > 1 write

n
Sn = H Si.
i=1

Theorem 4.2. There exist infinitely many indices n such that S, is a per-
fect square.

Proof of Theorem 4.2. We give a construction similar to the one from the
proof of Theorem 4.1. Take an index k such that a,y; > 1 and n is odd,

and let
BRI if ¢, is odd,
A= q q
3q, + 1, if g, is even,

and

0, if p, is odd,
B =
1, if p, is even.

We mention, that here depending on our parity conditions we chose one of
the smallest possible values for both A and B, which fulfil (4.1).
Now put sp41 := pq” and observe that

A_B A—qn  B+pn A—2qn B+2pn, A—3qn B+3pn
pa, p q Y q Y q

are four consecutive terms in the sequence (s,). Write
Sk =p"q".
Then

L U+A_V+B L U+2A—qn V2B  U+3A—3qn V+3B+3
Skr1 =9 77977, Spya=9p q Pr o Skyz =P q P
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and observe that by the choices of A, B and gcd(pn, gn,) = 1 we have that

in one of the pairs
(U, V), (U+A,V+DB), (U+2A—q,, V+2B+p,), (U+3A—3q,, V+3B+3p,)

both entries are even. If we have infinitely many possibilities to choose an
odd n with a,y; > 1 our statement follows. If there are only finitely many
such indices n, then we have infinitely many even values of n such that
an+1 > 1 and we use a similar construction to conclude the proof of our
Theorem 4.2. U

5. PROOFS OF THEOREMS 2.1, 2.2 AND 2.3

Proof of Theorem 2.1. (i) By elementary linear algebra for any y € R we

have

lo lo
d(y) = Ll oy gpt,
u u

where u = \/log>p; + - +log?p;. Thus for a,b € 7%y we have d(a) <
d(b) if and only if

aylogpy + -+ arlogp, < bylogpy + - + by log p,

that is, if and only if
pit L pl < plt o ple,
This concludes the proof of part (i) of the theorem.
(ii) We prove the assertion only for the case when we are searching for the
smallest s,, larger than r. The other case can be proved in the same way.
Let r € Ry and let s be the smallest term of the strictly increasing
sequence (s,) with sp > r. Clearly, we have s = p{'...p;" with some

a=(ay,...,a) € ZL,. By assumption we have
lo lo log r
o lo8p o logp  logr
u u u

where u = y/log® py + - - - + log? p;. This means that d(a) > 1"% holds. Let
b = (by,...,b) € ZL, arbitrary with b # a and d(b) > 1057', and suppose
that d(b) < d(a). Asd(a) = d(b) is impossible, we in fact have d(b) < d(a).
However, then by

d(a) > d(b) > 28"

u
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we get

prt gt >l >
contradicting the minimality of s, with s, > r, as above. Hence for any
b # a with d(b) > 10% we necessarily have

d(b) > d(a) > r.

Finally, note that taking ¢; € N the smallest exponent for which p* > r,
we have d(c) > 10% with ¢ = (¢1,0,...,0). Thus by d(c) > d(a) > k’%, a
is an integral point in a bounded region of R?, so it can be found effectively.
This concludes the proof of part (ii) of the statement. d

Proof of parts (i)-(iii) Theorem 2.3. To prove (i) suppose indirectly that for
some n € N we have ¢, = ¢,.1. Then by s,,.1 > s, we must have d,, 1 > d,,.
However, then by p < q we get

S = porg™ < portlgt < porghett < s,

which contradicts the fact that s, and s,,; are consecutive terms in the
strictly increasing sequence (sy,).

Now we turn to the proof of (ii). Indirectly, suppose that for some n € N
we have f, < 0. Since s,,1 > s, clearly ¢, > ¢,41 and d,, > d,,;1 cannot
hold simultaneously. So the only way that f, could be negative is that
cn < Cpy1 and d,, < d,+1. However, then

ndn nldn nldnl
Sn = prgh < portlgh < portlg Tt < sy,

a contradiction again. This shows that f,, > 0.

Now suppose that f, = 0 and s, > q. Then we have d,,; = d,, and
by spi1 > s, clearly ¢, < c,41. Let ¢ be that positive integer for which
pl < q<pc Ifd, > 1 then

n ~dn n dn—1 n+1 dn
Sn:pc q <pc +CC| <pc * q Ssn—l-la

and if d,, = 0 then

cn—c+1 cn+1

Sn:pcn<p q<p SSTLJrl’

and by s, > q we see that ¢, —c+1 > 0. So we find a contradiction again,
proving part (ii) of the theorem.
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For the proof of (iii) suppose that f, = % is a companion fraction

such that ¢, > ¢,1 and d,+1 > d,,. We clearly have

0 < Spt1 — Sn <Sk — Sn
(5.2) ‘
for every k > n + 1 with ¢ < ¢, and dy > d,,.
Using s; = piq? we get
log p log p
log q logq
Now if k£ runs through all the possible values with & > n + 1, ¢ < ¢, and

(5.3)  0< (dny1—dn) — (cn — Cny1) < (dg — dp) — (¢n — cx)

dy > d, then (¢, — ¢g,dr — d,,) in (5.3) runs through all pairs of positive
integers with 0 < ¢, — ¢ < ¢, dp — d,, > 0 and % > logp Indeed, this

logq”
last inequality is just sy > s,. Thus by (5.3) we see that f, = % is
a best upper approximate to iggz , which in turn means by Lemma 3.1 that
fn is an upper convergent to %.
Now suppose that f, = dnp1=dn 3o g companion fraction such that ¢, <

Cn—Cn+1
Cn1 and d, 1 < d,,. We clearly have

0 < Spt1 — Sn <Sk — Sp
(5.4) _
for every k > n + 1 with ¢, > ¢, and dy < d,,.

Similarly as above, we can deduce

log q
log p

(55) 0< (nss — ) — (dn — s )22 < (5 — ) — (dy — dg) 229

Cn+41—Cn

Now a similar reasoning as above shows that -5 " is an upper convergent
n— Wn
_ dn+1_dn

}gg v» which by Lemma 3.1 proves that f, = T is a lower convergent

1
to =k, O
0g 4

to

Proof of Theorem 2.2. Write s, = pq%. Our goal is to determine s; ., =

per1 it Byl (iii) of Theorem 2.3 we know that f; = % = o, s a
ogp

logq”
If f, is an upper convergent, then it must be the upper convergent with

convergent, of

maximal denominator for which v < ¢; holds. Indeed, if this is not true, we
have the following cases.
e If v > ¢; then we must have ¢, < ¢xy1 and since now f,, is an upper

convergent, this contradicts (iii) of Theorem 2.3.
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e If v < ¢, but v is not maximal among the denominators of the

upper convergents having this property, then we have another upper

convergent, “owith 0 < v < v/ < ¢. Thus Z—: is a best upper

,U/
approximate to % so by (iii) of Lemma 3.1, putting ¢ := ¢ — v/

and d := dj, + v we obtain

log p
logq

0<(d—dk)—(ck—c)l

log q < (dps1 — di) — (e — Cry1)

This is equivalent to

d
Sp < p°q” < Sgat,

which contradicts the assumption that s; and s;,; are consecutive
elements of (s,).

Similarly, using (ii) of Lemma 3.2 we can prove that if f, is a lower
convergent, then it must be the lower convergent with maximal numerator
for which v < d}, holds.

Now it is clear, that we have only those two possibilities for ¢ 1 and dyyq
which are stated in (2.2). We only need to prove that the decision among
the two possibilities can be made based on the sign of

x = |vy logp — uy log q| — |velogp — us log q| .

In order to show this, let us first suppose indirectly, that x < 0 but cx11 =
cr+vy and dy 1 = dj —usy. Since % is an upper convergent and Z—; is a lower
convergent we clearly have vy logp —uylogq < 0 and vy logp — us log g > 0.
This shows that x < 0 can be rewritten in the form

0 < —vilogp + uilogq < vylogp — uslogq,
which can be reformulated as
1 < p_vlqul < p'UZq_UQ.

Multiplying this by s, = pq%, and using that ¢, = ¢, + vy and dj1 =
d — ug, we get

_ wCpod Cr—v1 di+u cptve Jdp—us
Sk_pqu<pk 1qk 1<pk 2qk 2_8k+17
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which contradicts the fact that s, and sg,; are consecutive elements of
the sequence (s,). This means that if x < 0 then c¢x; = ¢ — v; and
dp.1 = di + u; must be valid.

We can prove similarly that if x > 0 we have ¢, 1 = ¢ + v9 and dgyq =
dy, — Us. OJ

Now to continue the proof of Theorem 2.3 we need the following lemma:

Lemma 5.1. Suppose that s, = p°rq®. Then we have the following:
(i) fo= 22—”. with 0 < j < agiyo if and only if

21,7

i < dn < D2iji1s
(5.6) DP2ij = P2ij+1

0 <cp < @itr-

(i) fn = 222 with 0 < j < agiys if and only if

q2i+1,5

0< dn < P2i+2,
(5.7) = Pait2

G2i+1,5 < Cn < Q541,541
Proof. This is just a simple consequence of our Theorem 2.2. U

We are ready to finish the proof of Theorem 2.3:

Proof of (iv) and (v) of Theorem 2.3. Let f = p2” be a lower convergent,
where 0 < j < ag4o (it may be both a pr1nc1pal and an intermediate
convergent). Then by Lemma 5.1 we clearly have (5.6). Thus the number

of elements of the companion sequence which are equal to 2 z:j is (poij+1 —
D2i.5)q2i41 = D2i+1¢2i+1, and this proves (v) for lower convergents. Similarly,
if fr = z 2”1] is an upper convergent, where 0 < j < ag;,3, then by Lemma
5.1 we get (5.7), so the number of elements of the companion sequence which

are equal to ziij 1s p2i+2(QQi+1,j+1 - QZi-i-l,j) = P2it2G2i+2, and this proves
(v) for upper convergents, so we have completed the proof of (v).

If f, = 2252 is a lower convergent, then by (5.6) it is clear that the smallest
possible Value for sj is qP?+7 and if fj, = 2 oo, then by (5.7) it is clear that
the smallest possible value for s is pq%*lf The converse statements are
also trivial consequences of (5.6) and (5.7), so this concludes the proof of

(iv). O
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6. PROOF OF THEOREMS 2.4 AND 2.5

In order to prove Theorem 2.4 and 2.5 we need to separate the cases
where [ is odd and [ is even. Here we only prove the case when [ is odd and
we mention that the other case can be proved in the very same way. During
the proofs we shall use (3.3) several times without further reference.

For the rest of this section put [ := 2¢ + 1.

First we prove Theorem 2.5, since its proof is much simpler.

Proof of Theorem 2.5. Lemma 5.1 shows that if 1 < j < ag;y3 then f, =

P2itli g equivalent to
q2i+1,j

0 <d, < p2it2
(6.8)
Pit1,5 <Cn < q2i41,j4+1-
Further, f,, = Z;Zj%i‘j also yields ¢,+1 = ¢, — @uit1,; and dyi1 = dyy + pait1j-

These, together with (6.8) show that we have

P2it1, <dnt1 < D2it2 + D2it1j
(6.9)

0 <cny1 < @it15+1 — @it1,js
this latter being equivalent to

(6.10)

JP2ite + D2it1 <dpi1 < (J + 1)p2ito + D2it1
0 <cnt1 < @iya-

Now using 1 < j < ag;+3 (6.10) has the consequence

D2it2 Jdpy1 < D2it3 + Paito
(6.11)

0 <cnt1 < @243,

which proves

(612) fn+1 _ p2i+2.
q2i+2

Now we prove the statement f, | = %. Suppose indirectly that
(6.13) fo Pait2

q2i+2
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This is equivalent to the negation of the following condition:
P2iv2 <dy + p2iv2 < P2iv3 + D2it2

(6.14)

0 <¢n — @it2 < Qits-
However, the negation of (6.14) is
(6-15) dn & [Oap2i+3[

or

(6.16) cn & @2it2; Qivs + Qisal-

However, using ¢o;13 = @2;413G2i12 + @oir1 and 1 < j < ag;43 it is easily seen
that both (6.15) and (6.16) contradict (6.8). Thus the indirect assumption
is false, and we have

(6.17) fo = P2z‘+2.
42i+2
Now (6.12) and (6.17) is just what we had to prove. O

The proof of Theorem 2.4 is more complicated, so we split it into several
lemmas. However, these lemmas may be interesting themselves, too. Recall
that [ := 27 4+ 1.

Lemma 6.1. Suppose that s, = p°rq®™. Then

(6.18) Fo=for == forb1 = D2it1
q2i+1

18 equivalent to

(6.19)

0 <d,, < poiy2 — (k — 1)pait1
kqait1 <cn < @it2 + G2ig1-

Proof. Put s; = q%p% for j € N. By (6.18) we have ¢,4; = ¢, — lgg;41 and
dpyy = dp + Ilpyieq for 1 =0,...,k— 1. Thus, by Lemma 5.1, more precisely
by (5.7) we have
0 <d,, + lp2is1 < Poito fori=0,...,k—1
{inH <cn — lg2iv1 < Qit2 + Qi1 forl=0,...,k—1.
In fact this is a system of 2k inequalities, k of them containing c¢,, and

the other k£ containing d,,. It is easy to see that the solution of this is just
(6.19). O
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Lemma 6.2. Suppose that s, = prq® and 1 < k < agiyo + 1. Then

D2i+2 P2i+1 D2i+2
(620) fn—lz s fn:fn-‘rl:"':fn-i-k—l:—; fn—l—k:
q2i+2 Gq2i+1 q2i+2

15 equivalent to
(6.21) max(0, pair2 — kpaiv1) <d,, < paita — (k — 1)pait1
. maX(/fQ2i+1a Qit2) <Cn < Qoit2 + Qi1

Proof. Using Lemma 5.1 and Lemma 6.1 it is easily seen that (6.20) is
equivalent to

( D2it2 < dy 4 D2ito < P2it2 + P2iys
0< ¢ — @it2 < Qigs
0< dn < p2ite — (kK — 1)paiss
(6.22)
kqaiv1 < Cn < @i+2 T Q2i+1
DPoive < dy 4 kpaiv1 < paite + Poits
\ 0< c¢n—kgir1 < qoits
and this set of conditions clearly is equivalent to (6.21). O

Lemma 6.3. Suppose that s, = prq®™ and 1 < k < agiyo + 1. Then

P2ik—1 P2i+1 P2ik—1
(623) fn—lz s fn:fn-‘rl:"':fn-i-k—l: y fn—l—k:
q2i k—1 q2i+1 q2i k—1

18 equivalent to

(6.24)

0 <d,, < py
kgaiv1 <cn < k@it1 + q2i-

Proof. Using Lemma 5.1 and Lemma 6.1 it is easily seen that (6.23) is
equivalent to

D2ij—1 < dp + Doik—1 < P2ik
0< ¢ — @ik—1 < @it
0< dn < paive — (k — 1)paisa

(6.25) X
/fQ2z‘+1

IN

Cn < G2i42 + G2i41

DP2ik—1 < dp + kpaip1 < Paig

0< ¢ —Ek@it1 < qaina
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and (using also (3.3)) this set of conditions is clearly equivalent to (6.24). O
Lemma 6.4. Suppose that s, = pq? and 1 < k < agi o + 1. Then

P2ik—1 D2i+1 P2ik
(6.26) fo1="—, fa=fo1 == forr1=" forx =
q2i.k—1 q2i+1 q2i.k

15 equivalent to

(6.27)

Da2i <dp < Pait1
kqaiv1 <cn < kqoit1 + qoi-

Proof. Here we have to split the proof in two cases, depending on k < ag;12
or k = agjio.

If k£ < ag;15 then using Lemma 5.1 and Lemma 6.1 it is easily seen that
(6.26) is equivalent to

( D2ik—1 <y + D2ik—1 < P2ik
0< ¢ — @ik—1 < Qi1
0< dn < paive — (k — 1)pais1

(6.28)
kqait1

IN

Cn < 2i+2 T G2i+1

DPoik < dp + Epaip1 < ik

0< ¢ —Ek@it1 < qaigr

\
and (using also (3.3)) this set of conditions is clearly equivalent to (6.27).

If & = ag;12 then the same argument applies, except that the last two
conditions in (6.28) are replaced by

Poive < dy 4 Epaiv1 < paiye + Poits
(6.29)

0< ¢y — kqeiv1 < qoits.

However, this set of conditions will be equivalent to the same (6.27) as in
the case k < ag;yo. ]

Lemma 6.5. Suppose that s,, = pcnqd" and 1 < k < agizo+ 1. Then

D2ik P2i+1 P2i k-1
(630) fnfl = - > fn:fn+1 :"':fn+k7122—+7 fn+k: :
q2i.k q2i+1 q2i,k—1

1 equivalent to

0 <d,, < p
(6.31)

kgoiv1 + qoi <cn < (k+1)q2it1-
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Proof. Here we have to split the proof in two cases, depending on k < ag; o
or k= asjio.

If £ < ag;1o then using Lemma 5.1 and Lemma 6.1 it is easily seen that
(6.26) is equivalent to

D2k < dp + P2ik < P2ikt1

0< Cn — @ik < @2i+1

0< dn < paive — (k — 1)p2is1
(6.32)
kqoit1 < Cn < @2i+2 t @2i41

DP2ik—1 < dp + Epaip1 < Daig

\ 0< cn— kg1 < qain
and (using also (3.3)) this set of conditions is clearly equivalent to (6.31).

If £ = ag;1o then the same argument applies, except that the first two
conditions in (6.32) are replaced by

(6.33) Doite < dy + Poite < D2it2 + D2its
' 0< ¢n— @iv2 < @it3-

However, this set of conditions will be equivalent to the same (6.31) as in
the case k < ag; 2. O

Lemma 6.6. Suppose that s, = prq®™ and 1 < k < agiyy. Then

D2ik P2i+1 D2ik
(6.34) foe1 = i s fa=fari == forn1 = ;7 Foin = i
q2i.k q2i+1 q2i.k

18 equivalent to

D2i <dp, < p2it+1
(6.35)

kqoiv1 + qoi <cn < (k+ 1)goit1-

Remark. We mention that the case k = aq;1 5 is just the case described by

Lemma 6.2.
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TABLE 1.
’ H 1<k <agiyo ‘
D, 0
D, dy, € [0, pait1]
Cn € k@i, (k4 1)qai1]
D d, € [p2i+2 — kpait1, Paive — (k - 1)p21+1[
3
Cn € [Qit2; Qi1 + Qita]

Dy 0

Proof. Using Lemma 5.1 and Lemma 6.1 it is easily seen that (6.26) is
equivalent to
D2k < dp + D2k < D2ikt1

0< Cn — Qi k < 2it1

0< dn, < paite — (k= 1)poita
(6.36)
kqait1 < Cn < Q2i2 + Q2it1

Pk < dy + kpoig1 < Poikt1

0< ¢ —kguy < @it

and (using also (3.3)) this set of conditions is clearly equivalent to (6.35). O
Lemma 6.7. Suppose that s, = prq®™ and 1 < k < agiyo + 1. Then

DP2i+1 D2i+1 DP2i+1
(6.37)  fac1 # o, fu=farr = = farkor = o, fagn #
q2i+1 q2i+1 q2i+1

15 equivalent to
(dn, Cn) € D1 U D2 U D3 U l)47

where the sets D; are given in Tables 1, 2 and 3.

Proof. By Lemma 6.1 we already know that (6.18) is equivalent to (6.19),

and by Lemma 5.1that f, 1 = ZQLE is equivalent to

0 <d,, — p2i+1 < D2it2
(6.38)

G2i+1 <Cp + @it1 < @2i+1 + Qiy2-
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TABLE 2.

’ H k= agito ‘
dn € [p2it2 — kpoit1, P2it1]
€ [kqait1, G2it1 + Qaiva|

D, dn € [0, paisa|
€ [kgair1, (k + 1)qais]

D,

D, { dn € [P2iva — kP2it1, D2iv2 — (K — 1)paig]
€ [q2i42, G2it1 + Q2iga|
D, { dn € [0, p2ive — (K — 1)paita|
€ [qair2, (F + 1)qait1]

TABLE 3.

’ H k= age+1 ‘
dn € [O7p2i+2 - (k - 1)p2i+1[
€ [kqait1, Q2it1 + Qoivo|

Dy { [0 Paiya — (k — 1)Q2i+1[

Dy

€ [kgait1, (k4 1)goiq]
€ [0, paiy2 — (k — 1)paig]
€ [kqait1, @iv1 + Grivol
€ [0, paiy2 — (k — 1)pasg]

€ [kqit1, @it1 + Qito]

Dy

and that under the assumption s, ;_; = pe~F@i+1gdnthrzis the statement

frar = Z 2”1 is equivalent to
(6.39) 0 <d, + kpait1 < P2it2
' G2i4+1 <Cp — kQ2i+1 < @2i+1 T Q2i42-
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Clearly, the necessary and sufficient condition for (6.37) is (6.19) and not
(6.38) and not (6.39), however, this latter is equivalent to

(6.40) dn € [0, paive — (k — 1)pais1]

and
(6.41) n € [kqoit1, 2it1 + Qoitol
and
( dp €] — 00, pait1[U[pair1 + Paiya, 0
(6.42) or
¢ €] — 00, 0[U[g2i12, 0]
and
( dp €] — 00, —kpai1[U[p2ive — kpait1, 00|
(6.43) or
Cn €] — 00, (k+ 1) g1 [U[(k + 1)g2ir1 + gire, .

The above system in fact leads to four systems of inequalities depending
on which part of (6.42) and (6.43) is considered. We shall call the solution
set of these systems by D; for : = 1,2, 3,4, and the union of the solutions
of these systems is the equivalent condition for (6.37). Depending on the
value of k£ these solutions may differ, and the corresponding solutions to the

different possibilities for k are just those summarized in Tables 1, 2 and 3.
O

Proof of Theorem 2.4. To prove our theorem it is enough to show that the
sets specified by the relations (6.21), (6.24), (6.27), (6.31) and (6.35) cover
exactly the same possibilities for (c,,d,), as the set Dy U Dy U D3 U Dy,
where the sets D; are given in Tables 1, 2 and 3.. We have to split our proof
in three parts.

If k < ag;4o then (6.21) takes the form

(6.44)

D2ita — kp2iy1 <d,, < p2ita — (k - 1)102¢+1
G2i+2 <Cp < @2i+2 + Q241
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This is just the same as D3. Further, in this case the sets specified in (6.24),
(6.27), (6.31) and (6.35) give a pairwise disjoint union of the set D,. Taking
in account that we also have D; = D, = () our proof is finished.

If £ = agi1o then (6.21) takes again the form (6.44). In this case sets D;
are not pairwise disjoint, however, here it is also easy to see that the union
of the pairwise disjoint sets specified by (6.21), (6.24), (6.27) and (6.31) is
just the set Dy U Dy U D3 U Dy, which proves our theorem for k = ag;».

Finally, the case k = ag;42 + 1 is the simplest, since in this case (6.21)
take the form

0 <d,, < paiy2 — (k — 1)pait1

(6.45)
kgait1 <cn < @ait2 + iy
Further D, C Dy = D3 = D4 shows that Dy U Dy U D3 U Dy = Dy, which
is just the set specified by (6.45)
O
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