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Introduction

If we have u,, — 0 in L% (), @ C R? open, what we can say about |u,|*?

It is bounded in Li, . (£2) < M(), so
tn | = v
v is called the defect measure.

Of course, we have
L2
Un=80 <= v=0.

If the defect measure is not trivial we need another objects to determine all the
properties of the sequence:

e H-measures

e semiclassical measures
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H-measures

Q C R? open.

Theorem

If u, — 0 in L?(Q; C"), then there exist a subsequence (u,) and
Wy € My (9 x S4=1 M, (C)) such that for any o1, p2 € Co(Q) and
¥ € C(s )

ti [ (207 6) @ Z0(©) 6 ((§7) d& = (w122 8).

n’ Jrd

Measure p,; we call the H-measure corresponding to the (sub)sequence (uy,).
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If u, — 0 in LY (£; C"), then there exist a subsequence (u,) and
Wy € M(Q x S*71 M, (C)) such that for any @1, 92 € Cc(Q) and
¥ eC(5)
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| \
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H-measures

QCR? open.

If u, — 0 in LY (£; C"), then there exist a subsequence (u,) and
Wy € M(Q x S*71 M, (C)) such that for any @1, 92 € Cc(Q) and
¥ eC(5)

im [ (@@ ® m(e))w(%) d = (pury, o152 B 1)

n’ JRd

The distribution of the zero order puy we call the H-measure corresponding to
the (sub)sequence (uy).

v
Theorem

L2
Un—%0 <= py =0.

A\

[T1] Luc TARTAR: H-measures, a new approach for studying homogenisation,
oscillations and concentration effects in partial differential equations,
Proceedings of the Royal Society of Edinburgh, 115A (1990) 193-230.
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Semiclassical measures

Theorem

If u, — 0 in L*(Q; C"), w, \, 0, then there exist a subsequence (u,:) and
pm) e My, (Q x R M, (C)) such that for any 1, s € C°(2) and
¢ € S(RY)

ti [ (#07(0) © Fai (€)) vl ) d = (e o122 00

Measure (") we call the semiclassical measure with characteristic length
(wn) corresponding to the (sub)sequence (uy).
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Definition

|

(un) is (wn)-oscillatory if
(V9 € CX(Q)  limpsoo limsup, fis n 10 (E)7 d€ = 0.

Theorem

|
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Un—8 0 <= p“) =0 & (un) is (wn) — oscillatory .
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Semiclassical measures

If u, — 0 in LE (; C"), wn \( 0, then there exist a subsequence (u,) and
pln) e M(Q x R4 M, (C)) such that for any o1, 92 € C2(Q) and
¥ € S(RY)

lim | (@100(6) ® 520w (€) ) wlwn &) dé = (&), 12 WY
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The distribution of the zero order u“~) we call the semiclassical measure with
characteristic length (wy,) corresponding to the (sub)sequence (uy).

(un) is (wn)-oscillatory if
(Ve € C¥(@)  limp oo limsup, fi,, o [F0A()]7 dE = 0.

V.

Theorem

L2
Un—8 0 <= p“) =0 & (un) is (wn) — oscillatory .

[PG] PATRICK GERARD: Mesures semi-classiques et ondes de Bloch, Sem. EDP
1990-91 (exp. 16), (1991) 4116



Example: Oscillations - one characteristic length

a>0,keZ\ {0},

2
2min®k-x Ll
Un(x) =™ 250, n = o0
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/LH:A&(;

The
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Example: Oscillations - one characteristic length

a>0, ke z\ {0},

2
27in®k-x Lioc

un(x) == e —2% 0, n—
HH = AKX 6ﬁ
o lim, n“w, =0
,ug(:”) = )\ X 6ck 5 hmn nawn =cc <0, OO>
0o , lim, n“w, = oo

= sin({/nmrx)
= sin(nmz)

2

= sin(n*mx)
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Compatification of R%\ {0}

B RY
/// \\\
// \\
// \\
d—1
Yoo |'I \: Soi={0% : g €8T}
\ 120 i Soo 1= {00® : & € Sh |
\ !
| ! Koee(RY) := R\ {0} Uy USu
\ /
\ /
\ /

a) Co(R?) C C(Ko,0(R?)).
b) ¢ € C(s*hH, pom e C(Ko,co(Rd)), where (&) = £/|€].
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1-scale H-measures

Theorem

If u, — 0 in L*(Q; C"), w, \, 0, then there exist a subsequence (u,’) and
pn) € My, (Q x R M, (C)) such that for any o1, 2 € C2°(Q) and
¥ € S(RY)

i [ ()€ © (20O (08 dE = (bt 12 B

Measure ,u,(“’") we call the semiclassical measure with characteristic length
(wn) corresponding to the (sub)sequence (uy).
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1-scale H-measures

If up, — 0 in LE (2 CT), wn \( 0, then there exist a subsequence (u,) and
u&”o") € M(92 x Ko,0o (R%); M, (C)) such that for any 1, p2 € Cc(Q2) and
¥ € C(Ko,o(RY))

tim [ (10w @ (oun) (€) )l 8) dE = (prc, o 01828 07)

n’!

The distribution of the zero order [lé( we call 1-scale H-measure with

characteristic length (wx,) correspondmg to the (sub)sequence (uy).

[T2] Luc TARTAR: The general theory of homogenization: A personalized
introduction, Springer (2009)

[T3] Luc TARTAR: Multi-scale H-measures, Discrete and Continuous Dynamical
Systems, S 8 (2015) 77-90.
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Some properties

01,02 € CX(Q), 1 € S(RY), P € C(S*™), wn \ O

a) <H§<ﬁ,ﬁt;»s@1<ﬁzgw> = <N§Z’"),90130_2®1/1>7
H  (ul amien) = (wnenEd),

where m(€§) = £/[€].
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Some properties

01,02 € CX(Q), 1 € S(RY), P € C(S*™), wn \ O

a) <H£<w(f;7901<52®1/}> = <N§Z’"),90130_2®1/1>7
D (slemmion) = (manEd),

where m(€§) = £/[€].

<

a) P o = P o
L2
b) up—2% 0 — Mg, . =0
c) u%‘i}”; (Q2%x3s)=0 <= (un) is (wn) — oscillatory

\
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Example revisited

b lim, n“w, =0
pm) = AR Suc , limn,n®wn =c € (0, 00)

0o lim,, n%w, = 0o
1 T lim,, n%w, =0
0
per =R dac, limgn®w, = c € (0,00)
é T lim,, n“w, = 0o
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Motivation (Localisation principle for H-measures)

Let @ C R open, m € N, u, — 0in L2 (2 C"), A* € C(Q; M,(C)) and
Pu, := Z Oa(A%u,) — 0in H,' (4 CT).
|a|=m

Then we have
p(x,€)py; =0,
where p(x, &) = Zlalzm £*A™(x) is the principle simbol of P.
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Motivation (Localisation principle for H-measures)

Let Q@ C R open, m € N, u,, — 0in L2 (Q; C"), A* € C(Q; M,(C)) and
Pu, = Y 9a(A%u,) — 0in H (% C).
|a|=m

Then we have

supp gy C {(x,€) € Q x SR det p(x, &) = 0},
where p(x,&) = 3|, |=,, §¥A%(x) is the principle simbol of P.

Idea: If d =1 and p is nowhere zero (e.g. elliptic operator of the second order),
we know pg = 0, and that implies u,, — 0 in LY _(Q; C").

Applications:

compactness by compensation
small amplitude homogenisation
velocity averaging

averaged control
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Motivation (localisation principle for semiclassical measures

Let @ C R? open, m € N, u, — 0 in L (9;C") and

Poup = Y & 0a(A%,) =f, inQ,

lal<m

where
e c, \(0,¢&,>0
o A% € C(; M, (C))
o f, — 0in LY (Q;C").
Then we have
p(x,€)p,. =0,
where p(x, &) = 3_ <, §¥A(x), and p,, is semiclassical measure with
characteristic length (g,), corresponding to (uy).
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Motivation (localisation principle for semiclassical measures
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Motivation (localisation principle for semiclassical measures

Let @ C R open, m € N, u,, — 0in LL.(2;C") and
Poup = Y e 0a(A%,) =f, inQ,
le|<m

where

e e, (0, &,>0

e A% € C(2;M,(0C))

o f, — 0in LY _(QC").
Then we have

supp p,. C {(x,€) € @ x R? : detp(x,£&) = 0},

where p(x,£) = 3|, §¥A%(x), and p,, is semiclassical measure with
characteristic length (e,), corresponding to (un).

Problem: p . = 0 is not enough for the strong convergence!
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Localisation principle

Let @ C R? open, m € N, u,, — 0in L2 _(Q; C") and
> T 0a(A ) =, in Q,

i<]al<m

where

l€0.m

en N0, en >0

A% € C(; M, (Q))

f, € H,_ " (Q; C") such that

loc

(Vo e CZ(Q) o e 0 L2R%CT)  (Clen))

I

s=

12116



Localisation principle

Let @ C R? open, m € N, u,, — 0in L2 _(Q; C") and
> T 0a(A ) =, in Q,

I<|al<m

where

le0.m

en (0, €, >0

A% € C(; M, (Q))

fn € H 7" (©; C") such that

loc

ofn

VeeCl(Y) —=m s
14+ 30 en gl

0 in L*R%CY)  (Clen))

a) (C(en)) is equivalent to

oo E . 2 d T
VpeCl(Q —0 in L°(R%C").

b) 3k el.m)f, — 0inH_ *(Q;C") = (ek!f,,) satisfies (C(en)).

loc
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Localisation principle

Z e 9 (A%,) =, in 9,

I<]a<m
o E . 2 d T
(Ve eCl(Q)  —n g —0 in LY(R5CY. (Clen))
T4+ en l‘£|5

Theorem (Tartar (2009))

Under previous assumptions and | = 1, 1-scale H-measure py  _ with
characteristic length (e,,) corresponding to (u,) satisfies

supp (pﬂﬁo,m) CQxXo,

where

x, &) = ) ol &% pa x) .

1<al<m
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Localisation principle

> a0 (A ) =, in Q,

I<|al<m
oo ;:F: - 2 d T
(Vo e CZ(Q) —— - —0 in L (R%C").  (C(en))
1+ Y0 et gl

Theorem

Under previous assumptions, 1-scale H-measure py _ with characteristic
length (ey) corresponding to (uy) satisfies
T
p“'KO,oo = 07

where

o || Ea A
p(X, ) lglazlgm(27m) |£|l i |£|m (X)

13116



Localisation principle - final generalisation

Theorem

en > 0 bounded u, — 0 in LY .(Q; C") and
Z S‘nal_laa(Azun) = fn,

I<|a|<m

where A5y € C(;M:(C)), Ay — A uniformly on compact sets, and
fn € H 7' (Q; C") satisfies (C(en)).

Then for w, N\, 0 such that lim,, 2> = c € [0, oc], corresponding 1-scale
H-measure py, _ with characteristic length (wn) satisfies

P, . =0,
where
| mA"(X) : lim,, 22 = 00
p(x,§) == EK‘aKm(%)\alﬁAa(x) , lim, ¥2 = c € (0,00)
jaj=m ErE AT () : limy, &2 =

14116



Localisation principle - final generalisation

Theorem (cont.)

Moreover, if there exists eg > 0 such that €, > €0, n € N, we can take

px8)i= T AT().

lee|=
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Localisation principle - final generalisation

Theorem (cont.)

Moreover, if there exists eg > 0 such that €, > €0, n € N, we can take

pOE)i= X EAT).

lec|=m

As a corollary from the previous theorem we can derive localisation principles
for H-measures and semiclassica measures.
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Summary

H-measures do not catch frequency

In some cases, semiclassical measures do not catch direction

1-scale H-measures are generalisation of H-measures and semiclassical
measures and do not have above anomalies

Localisation principle for 1-scale H-measures is obtained
Localisation principles for H-measures and semiclassical measures via
localisation principle for 1-scale H-measures
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