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L Introduction

Simple Characterization of Prime Numbers

m Wilson's theorem is a well known characterization of prime
numbers.

m There is probably no other characterization of prime numbers
in the form of a congruence simple as Wilson's theorem, but
there are many open problems concerning the characterization
of positive integers fulfilling certain congruences and involving
functions ¢ and o, where ¢(n) and o(n) stand for the Euler
totient function and the sum of positive divisors function of
the positive integer n, respectively.
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L Previous Results

Previous Results

m In 1932 D. H. Lehmer [5] was dealing with the congruence of
the form

n—1=0 (mod p(n)). (1)
m This problem is known as . Despite
the fact that the congruence (1) is satisfied by every prime
number, Lehmer's totient problem is an open problem because

it is still not known whether there exists a composite number
that satisfies it.

m Lehmer proved that, if there exists a composite number that
satisfies the congruence (1), then it must be odd, square-free
and it must have at least seven distinct prime factors.
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L Previous Results

Previous Results

m In 1944, F. Schuh [7] improved Lehmer's result and showed
that such composite number must have at least eleven
distinct prime factors.

m M. V. Subbarao was considering the congruence of the form
no(n) =2 (mod ¢(n)). (2)

m He proved [8] that the only composite numbers that satisfy
the congruence (2) are numbers 4,6 and 22.
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L Previous Results

Previous Results

m A. Dujella and F. Luca were dealing with the congruence of
the form

ne(n) =2 (mod o(n)), (3)
which is a variation of the congruence of Subbarao (2).

m They proved [4] that there are only finitely many positive
integers that satisfy the congruence (3) and whose prime
factors belong to a fixed finite set (ineffective result).
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m We deal with the variation of the congruence of Subbarao (3)
and try to answer the question which positive integers n of
the form

n=2%%°% a>0, >0,

satisfy the congruence (3).
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m Let P ={p1,...,px} be a finite set of prime numbers and let
S’p:{plal ----- pik‘a,’ZO,I‘:L...,k}

be the set of all positive integers whose prime factors belong
to the set P.

Theorem (B.)

If P ={2,5}, then the only positive integers n € Sp that satisfy
the congruence (3) are n =1,2,5,8.
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Proof for prime numbers

m The congruence (3) is satisfied for all the prime numbers, or
more precisely,

p(p—1)=2 (mod (p+1)).

Hence, 2 and 5 satisfy the congruence (3).

m The remaining part of the proof deals with the composite
numbers of the form n =258 o >0, 5 > 0.
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L Proof

Proof for n =2 o > 2

m Let 8 = 0 which implies dealing with the positive integers of
the form n =2, a > 2.

m We define
D :=o(2%) =2t 1,

m Because of the congruence (3), we obtain

2%. 2% <1 ;) =2 (mod D),

22(0F1) = 2% (mod D),
(¢t —1)(2"1 +1) - 15=0 (mod D).
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Proof for n =2 o > 2

m The condition
D ((2*T —1)(2*™ + 1) — 15)
is satisfied if and only if D | 15, or more precisely, if and only if
(2ot — 1) | 15.

m For a >2, (2%t — 1) | 15 is satisfied only when o = 3.

m Hence, n = 23 is the only positive integer of the form
n=2% « > 2, that satisfies the variation of congruence of
Subbarao (3).
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Proof for n =5, 3> 2

m Let @ = 0, we deal with the positive integers of the form
n="5° p>2.

m We define
5/3+1 -1

D :=o(5%) = 2

m Because of (3), we obtain
52071.22 =2 (mod D),

52041 .22 = 53.2  (mod D).
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Proof for n =5, 3> 2

m Using
571 =1 (mod D),

the previous congruence implies
D | 246,

which is not possible for § > 2.

m Consequently, the positive integers of the form
n=5" /3 >2, do not satisfy the congruence (3).
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Proof for n =25, o >2, 5 >2

m The remaining part of the proof deals with the most general
case, or more precisely, with the positive integers of the form

n=2%" a>2 Bg>2
m We start by defining M := 2%t — 1 and N := 53“ L
the previous cases, we use congruences

. Asin

2971 =1 (mod M)

and
5571 =1 (mod N).
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Proof for n =25, o >2, 5 >2

m We get
n2a+1 p28-1 _ o (mod MN) (4)

from the congruence (3).

m Multiplying (4) by 2 - 53, we can easily obtain

22(a+1) . 52(/B+1) =500 (mOd MN)-
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Proof for n =25, o >2, 5 >2

m Since 2971 =1 (mod M), we get that
520+1) = 500  (mod M).
m Analogously, because of 5°1 =1 (mod N), we conclude
22+1) = 500  (mod N).
m For M| (2°*1 — 1), we have
M | (22(e+1) 1),

Similarily,
N | (520°F1) —1).
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Proof for n =25, o >2, 5 >2

m We get
M, N | (23e+D) 4 52(3+1) _ 501). (5)

Our next step is to show that o and 3 are even numbers and
M and N are coprime.

Let G := gcd(M, N), then

20t =5t =1 (mod G).

Because of (5), we conclude G | —499.
Number 499 is a prime number, so G =1 or G = 499.
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Proof for n =25, o >2, 5 >2

m For start, we can assume G = 499. This implies that 499 | M,
or, more precisely, 499 | (221 —1).

m The order of 2 modulo 499 is 166, so 166 | (« + 1).

m Especially, 2 | (& + 1). Hence, a is an odd number.
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Proof for n =25, o >2, 5 >2

m We can notice that M can be expressed as
M=20t1 _1=0%_1

for k € N.
m Obviously, 3| M.

m Hence, 3 | (np(n) — 2), or, specifically, 3 | (220+1.526-1 _2),
which is not possible.

m As a consequence, we conclude 499t M, so G = 1. We have
proved that o+ 1 is an odd number which implies that « is
an even number.
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Proof for n =25, o >2, 5 >2

We show that [ is an even number, also. On the contrary, we
assume that S is an odd number.

m In that case, we write

5O+l 1 _ 52k _q

)

for k € N.

Obviously, 24 | (5% — 1), and because of 6 | N and
N | (220F1.520=1 _2), we get 6 | (222+1. 5261 _ 2) which
is not possible.

Hence, 3 is an even number, which automatically implies that
N is an odd number.

We have proved that M and N are odd and coprime numbers.
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«, (3 are even numbers

m As a consequence of (5), we may notice

MN | (22(e+1) 1 52(5+1) _ 501).
m On the other hand, we have

AMN = (22T — 1)(5°F1 — 1),

and obviously 22(2+1) 4 52(5+1) _ 501 = 0 (mod 4).



A Variation of a Congruence of Subbarao for n = 2%5% o > 0,8 >0
L Proof

Properties of the number ¢

Let x := 22! and y := 5%*1. The initial problem is now
represented by the equation

x* 4+ y? =501 = c(x — 1)(y — 1), (6)

for some ¢ € N.
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Properties of the number ¢

m Since numbers v and (3 are even, the following congruences

hold
x=0 (mod8), x>?=0 (mod 8)

and
y=5 (mod8), y>’=1 (mod 8).

m Using these congruences, from (6), we get 4c =4 (mod 8)
which is satisfied for

c=1 (mod?2). (7)
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Properties of the number ¢

m We also notice that congruences
x=2 (mod3), x>=1 (mod 3)

and
y=2 (mod3), y>’=1 (mod 3)

are satisfied. From (6) we easily get

c=2 (mod 3). (8)
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Properties of the number ¢

m We also conclude that
x=3 (mod5), x?=4 (mod5) for a =2 (mod 4),
x=2 (mod5), x>)=4 (mod5) for a=0 (mod 4).

m Obviously,
y=y>=0 (mod 5).

m From (6), we obtain

c=1 (mod5), for a=2 (mod 4),

or
c=2 (mod5), for a=0 (mod 4). (9)
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Properties of the number ¢

m Let t =2%.5%71 We get that

m According to (4), we conclude 5t =1 (mod M), which

imples () = (4) =1

m In this case M = 1,4 (mod 5).
m Since M =2°T1 — 1, we get

21 _1=1 (mod 5)

or
2071 _1=4 (mod 5).
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Properties of the number ¢

m The first congruence is satisfied when o = 0 (mod 4), while
the second possibility is satisfied when oo = 3 (mod 4).

m The second possibility is excluded since we deal with the
positive integers « that are even numbers.

m Consequently, we consider only positive integers ¢ that satisfy
the congruence
=2 (mod 5).

m Taking into account congruences (7),(8) and (9) and using
Chinese Remainder Theorem, we determine that required
positive integers ¢ satisfy

c =17 (mod 30) (10)
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Pellian equations

m We "diagonalize" the equation (6) as in [4].

m Let
X :=cy —c—2x, (11)
Y =cy—c—2y. (12)

m Then
(c+2)Y? — (c —2)X% — (—1996¢ + 4008) =

= —4(c—2)(x* +y?> - 501 — c(x — 1)(y — 1)) = 0.

m This method has resulted with the Pellian equation of the form

(c+2)Y? — (c —2)X? = —1996¢ + 4008. (13)
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Pellian equations

m Let X =0. In this case, the Pellian equation (13) becomes

_ —1996¢ + 4008

Y2
c+2

m The only integer solution of the above equation is Y = £2 for
c = 2. Since ¢ = 2 does not satisfy the congruence (10), in
our case Y is not the solution of (13).



A Variation of a Congruence of Subbarao for n = 258 o > 0,8 >

L Proof

Pellian equations

m Let Y = 0. The initial Pellian equation (13) is of the form

~1996¢ — 4008

X2
c—2

m The right-hand side of the equation is an integer for
c=1,3,4,6,10,18. Those numbers do not satify the
congruence (10). Since none of these numbers is a perfect
square, there does not exist a solution X of the Pellian
equation (13).
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Pellian equations

m Now we deal with the general case.
m Let (X, Y) be a solution of the equation (13) in positive
integers.

m In this case, é is a good rational approximation of the

. . c2 .
irrational number =5 More precisely,

X Je+2| 1996¢ — 4008 -
Y c—2| (Ve+2Y++ec—2X)\/c—2Y ~

_ 1996(c —2) _199%
T V2 —4Yy? Y2
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Pellian equations

m The rational approximation of the form

X c+2 1996

y \c—2|~v2

(14)

is not good enough to conclude that é is a convergent of

continued fraction expansion of %%

m We use Worley and Dujella’s theorem from [9], or [2].
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Pellian equations

Theorem (Worley, Dujella)

Let « be an irrational number and let a, b # 0 be coprime nonzero
integers satisfying the inequality

H
<?,

'a_a

b

where H is a positive real number. Then

(a,b) = (rPm+1 £ SPm, rAm+1 % 5Gm),

for m,r,s € Ny such that rs < 2H, where p—z is m—th convergent
from continued fraction expansion of irrational number c.
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Pellian equations

m According to Worley and Dujella’s theorem we get that every
solution (X, Y) of the Pellian equation (13) is of the form

X = £d(rpx+1 + upk), Y = £d(rqis1 + uq)

for some k > —1, u € Z, r nonnegative positive integer and
d = gcd(X, Y) for which the inequality

1996

|ru| < 2 7

holds.
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Pellian equations

In order to determine all the integer solutions of the Pellian
equation (13), we also use Lemma from [3].

Lemma (Dujella, Jadrijevi¢)

Let a8 be a positive integer which is not a perfect square and let
Pk/qx be the k-th convergent of continued fraction expansion of

\/%. Let the sequences (si)k>—1 and (tx)x>—1 be the sequences

of integers appearing in the continued fraction expansion of —Vﬁaﬁ
Then

a(rqus1+uqr)?—B(rors1t+upk)? = (1)K (WPt 1 +2rusgo—rticy o).
(15)
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Pellian equations

m Applying Lemma 3, it is easy to conclude that we obtain

(C—‘r2) = (C — 2)X2 = d2(—1)k(u2tk+1 4+ 2rusyyo — r2tk+2),
(16)
where (sk),~_; and (tk),~_; are sequences of integers

appearing in the continued fraction expansion of the quadratic

+
2

| Our next step is to determine the continue fraction expansion

irrationality /<

of , Where c is a positive and odd integer.
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Pellian equations

m From the continued fraction expansion, we get

so=0, tp=c—2, ag =1,
c—3
2 9
S»=c—4, tph=2c—5b, ap=1,
ss=c—1, t3 =1, a3 =2c — 2,
sa=c—1, t4=2c—5, ag =1,
c—3
2 )
Ss=Cc—2, tg=c—2, ag =2,

si=c—2, t1 =4,a1 =

ss=Cc—4, ts =4, a5 =

2 —3 =3
€t 1 ¢ ,1,2c—2,1,CT,2 . ¢ odd integer.
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Pellian equations

m The length / of the period of the continued fraction expansion
of \/Ci+2 is | = 6, so we consider the equation (16) for
k=0,1,2,3,4,5 and determine all the positive integers ¢
that satisfy the congruence (10).

m From (13) and (16) we get
d? (=) (P14 2rusi o — r’tign) = —1996¢ +4008. (17)

m Obviously, d canbe d =1or d =2 for all k =0,1,2,3,4,5.
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Pellian equations

m Our goal is to determine all positive integers ¢ that satisfy the
congruence (10), that are of the form (18) and for which the
triples (d, r, u) satisfy the conditions
deN, reN, ueZ, u#0 and the inequality

d?|ru| < 3992.

m It is useful to mention that the latter condition implies that
d < 63.
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Pellian equations

m An algorithm for generating triples (d, r, u) that satisfy the
inequality
d?|ru| < 3992

is created.

m This algorithm plugs these triples (d, r, u) into formulas for
c-s for every k =0,1,2,3,4,5.

m It checks if the obtained numbers are positive integers and if
these positive integers satisfy the congruence (10).



A Variation of a Congruence of Subbarao for n = 2%5% o > 0,8 >0
L Proof

Pellian equations

m Let kK = 0. From the equation
d?(—1)(uPti1 + 2rusi o — rPteyn) = —1996¢ + 4008,
we obtain

d?(4u* 4+ 2(c — 4)ru — r*(2c — 5)) = —1996¢ + 4008.
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Pellian equations

For start, we deal with the cases when d =1 and d = 2. For
d = 1 we get the system of two equations

4u? — 8ru + 5r? = 4008,
2ru — 2r? = —1996,

that does not have integer solutions. For d = 2 we get the system

4u? — 8ru 4+ 5r? = 1002,
2ru — 2r? = —499,

which also does not have integer solutions.
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Pellian equations

Generally, for k = 0 and for all values of d, from
d? (=1 (P tiyr + 2rusiso — rPtiys) = —1996¢ + 4008,

we obtain that the positive integer c is of the form

(18)
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Pellian equations

For k =1 the equation (17) becomes
—d?(u?(2¢c — 5) + 2ru(c — 1) — r?) = —1996¢ + 4008.
For d = 1 we get the system of two equations of the form
5u% + 2ru+ r? = 4008, 2u? + 2ru = 1996,
while for d = 2 we obtain
50% 4+ 2ru+ r? = 1002, 2u? + 2ru = 499.

There are no integer solutions for both systems.
Generally, ¢ is represented by
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Pellian equations

For k = 2 we get
d?(u® + 2ru(c — 1) — r?(2c — 5)) = —1996¢ + 4008.
For d = 1 we obtain the following system of two equations
u? — 2ru+5r* = 4008, 2ru —2r* = —1996
which does not have integer solutions. For d = 2 the system
u? — 2ru+ 5r% = 1002, 2ru—2r® = —499

also has no integer solutions.
The positive integer c is of the form
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Pellian equations

For k = 3 we get
—d?(u?(2¢ — 5) 4 2ru(c — 4) — 4r?) = —1996¢ + 4008.
For d =1 and d = 2 we obtain the following systems respectively
5u% + 8ru + 4r? = 4008, 2u® + 2ru = 1996

and
5u% 4+ 8ru+ 4r2 = 1002, 2u? + 2ru = 499.

Like in previous cases, these systems do not have integer solutions.
The positive integer c is of the form
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Pellian equations

Analogously, for k = 4 we get
d?(4u® + 2ru(c — 2) — r?(c — 2)) = —1996¢ + 4008.
For d = 1 we obtain
4u® — 4ru+ 2r® = 4008, 2ru— r® = 1996,
while for d = 2 we get
4% — dru+2r? = 1002, 2ru — r? = 499.

Both systems do not have integer solutions. Generally,
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Pellian equations

Finally, for k =5 we get
—d?(u?(c = 2) — r*(c — 2)) = —1996¢ + 4008.
For d = 1 we obtain the following system of equations
2u% — 2r® = 4008, r? — u? = —1996,
and for d = 2 we get
2u% —2r2 = 1002, r?— u? = 499.

Both systems of equations do not have integer solutions. Generally,

(19)



A Variation of a Congruence of Subbarao for n = 2%5% o > 0,8 >0
L Proof

Pellian equations

We gather all the possible positive integers ¢ = 17 (mod 30) that
we get for k =0,1,2,3,4,5. We obtain

c € {17,227,497, 647,857, 2537,3107,4937}.

We set a Pellian equation of the form (13) for every obtained
positive integer c.
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Pellian equations

The Pellian equations are
19Y? — 15X? = —29924, for ¢ = 17,
220Y2 — 225X% = —449084, for ¢ = 227,
499Y? — 495X% = —988004, for ¢ = 497,
649Y? — 645X% = —1287404, for c = 647,
859Y?2 — 855X2% = —1706564, for ¢ = 857,
2530Y? — 2535X? = —5059844, for ¢ = 2537,
3109Y2 — 3105X2 = —6197564, for ¢ = 3107,
4937Y? — 4935X? = —9850244, for ¢ = 4937.
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Pellian equations

m In order to determine whether these Pellian equations have
integer solutions (X, Y), we use Dario Alpern’s quadratic two
integer variable equation solver [1].
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Pellian equations

We assumed that X, Y are of the form

X :=cy—c—2x,
Y :=cy—c—2y.
m X satisfies the following congruences

X=0 (mod4), X=1 (mod3), X=4 (mod 5),
hence, X =4 (mod 60).
We set
m Analogously, for Y we have
Y=2 (mod4), Y=1 (mod3), Y=3 (mod5),

hence, Y =58 (mod 60). We set
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Pellian equations

Additionally, we know that

=cy—c—2y=c(y—1)—2y

m Using mentioned congruences and online calculator [1] we get
that none of the mentioned Pellian equations has integer
solutions (X, Y).

m Consequently, there does not exist a positive integer of the
form n=2%5% o > 2. 3 > 2 that satisfies the variation of
congruence of Subbarao. So, the only numbers that satisfy
the mentioned congruence are numbers 1,2, 5, 8.
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