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L Definitions and preliminaries

Relative fractal drum (A, Q)

m P AACRN
m J-neighbourhood of A:

As = {x e RN : d(x, A) < &}

B QCRVN |Q <00, 30>0, suchthat QC A;, reR

m lower r-dimensional Minkowski content of (A, Q):
AN Q|

m upper r-dimensional Minkowski content of (A, Q):

M"(A, Q) := limsup M;I\Erm

6—07F
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L Definitions and preliminaries

Relative box dimension

m lower and upper box dimension of (A, Q):
dimg(A,Q) =inf{re R : M"(A,Q) =0}
dimg(A,Q) =inf{reR : M'(A Q) =0}

m dimg(A, Q) =dimg(A,Q) = Jdimg(A,Q)

m if 3D € R such that

0< MP(A Q)= MP(A Q) < o,

define (A, Q) Minkowski measurable = D = dimg(A, Q)
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L Definitions and preliminaries

The relative distance zeta function [LapRaZul]

m generalization of Professor Lapidus' definition of a zeta
function associated to bounded (fractal) sets (Catania 2009)

m (A,Q) RFDin RV |Q| <0, s€C andfix§ >0

m the distance zeta function of (A, Q):

Ca(s,2;6) == /A . d(x, A)* N dx
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L Definitions and preliminaries

Holomorphicity theorem for the relative distance
zeta function

Theorem (Cited from [LapRaZu
(A, Q) RFD in RV, then

(a) Ca(s, ) is holomorphic on {Res > dimg(A,Q)}, and

Ch(s,Q) = /A I d(x,A)* Nlog d(x, A) dx

(b) R > s < dimg(A, Q) = the integral defining a(s, Q) diverges

(c) (3D = dimgs(A, Q) < N)(MP(A,Q) > 0) =
Ca(s,Q) — +oo when R 3 s — Dt
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L Definitions and preliminaries

The relative tube zeta function [LapRaZu]
(A, Q) an RFD in RN and fix 6 > 0
m the tube zeta function of (A, Q):
_ 6
Cals, Q:6) = / N4, 1 Q| dt
0

m the analog of the the holomorphicity theorem holds for
Ca(s, 2;6)

m a functional equation connecting the two zeta functions:

Cals, ;0) = 85N A; N Q| + (N — 5)Cals, Q;6)
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L Fractal tube formulas for relative fractal drums

Fractal tube formulas for relative fractal drums

m The problem: Derive an asymptotic formula for the relative
tube function t+— |A; N Q| as t — 0" from the distance

zeta function (a(-,Q) of (A Q).

m More precisely, express |A; N Q2| as a sum of residues over
the complex dimensions of (A, Q).

m Apply this to derive a Minkowski measurability criterion for
a large class of RFDs.
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L Fractal tube formulas for relative fractal drums

The idea of solving the problem

- +0o0
Ca(s, 2;0) :/o t° ! <X(o,5)(t)t_N!AtﬂQI) dt

m Mellin inversion theorem =

Theorem (The integral tube formula [Ra])

(A,Q) an RFD in RN and fix § > 0.
Then, for every t € (0,6) and ¢ > dimg(A, ), we have

1 c+ioco "
AnQ = -1 / £N=58,(s, Q: 5) ds. (1)
C

271']1 —ico

m express (1) as a sum over the residues of Ca( -, )
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L Fractal tube formulas for relative fractal drums

Figure: The screen and the window

Im
S(T,) +iT, Ty c+iT,

0 dimp(4,Q) N+1 Re

S(T.,) + iT\ T, c+iT ,

Figure: Using the residue theorem to express |A; N Q| as a sum over the
complex dimensions of (A, Q).
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L Fractal tube formulas for relative fractal drums

The screen and the window, admissibility

Definition (Adapted from [Lap

the screen: S := {S(7)+1ir : 7 € R}

S(7) bounded, real-valued, Lipschitz continuous:
1S(x) = S(y)| < ||S|lLiplx —y|, forall x,y,e R

infS:=inf S(7) and supS :=supS(7)
TER TER

the window: W :={se€ C:Res> S(Ims)}
(A, Q) is admissible if its relative tube (or distance) zeta function

can be meromorphically extended to an open connected
neighborhood of some window W.
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L Fractal tube formulas for relative fractal drums

Languidity

Definition (Adapted from [Lap—vFr

An admissible (A, Q) is languid if for some § > 0, Ca( -, <; 6)
satisfies: (3x € R), (3C > 0), I(Tp)nez such that T_, <0< T,
for n > 1 and lim,_, 1 | 7| = 400 satisfying

L1 For all n € Z and all o € (5(T,), ¢),
[Calo +0T0, 2:8)| < C(I Tl + 1),

where ¢ > dimg(A, Q) is some constant.

L2 Forall T € R, |7]| > 1,

Ca(S(r) + ir, Q; 6)| < C|r|".
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L Fractal tube formulas for relative fractal drums

Figure: Languidity

Im
S(T,,) +iT,, Ty ¢ +iT,

0  dimp(4,Q) N+1 Re

S(T) +iT \ I, CcHiT,

Figure: Languidity of an RFD roughly equals to at most polynomial
growth of its tube zeta function along a suitable double sequence of
segments and along the vertical direction of the screen.
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L Fractal tube formulas for relative fractal drums

Strong languidity

Definition (Adapted from [Lap—vFr
(A, Q) is strongly languid if

L1’ For all n € Z and all o € (—o0, ¢),
|ZA(0- + ﬁTnaQ;5)| < C(|Tn| + 1)H7

where ¢ > dimg(A, Q) is some constant.
Additionally, 3(S,,)m>1 such that sup S,, — —oco and
SUPy>1 ||SmlLip < 00, such that

L2’ there exist B, C > 0 such that for all 7 € R and m > 1,

ICa(Sm(T) + i7, Q; 6)| < CBIS"OI(|7| + 1)*.
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L Fractal tube formulas for relative fractal drums

Complex dimensions of an RFD

Definition

Assume that (A, Q) is admissible for some window W
Visible complex dimensions of (A, Q) (with respect to W):

P(Ca(-,;0),W) :={we W :wis apole of (a(-,;0)}.

(W = C) = the set of complex dimensions of (A, Q).

The set of principal complex dimensions of (A, Q):

dimpc(A, Q) := {w € P(Ca(-,Q2;6), W) : Rew = dimg(A, Q)}.
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L Fractal tube formulas for relative fractal drums

Tube formula via the distance zeta function

[ V([QQ)(t) the k-th primitve function of |A; N Q|

m keN: (s)p:=1 (s)k=s(s+1)---(s+k—1)

mkeZ: (s)k:= 1“(Fs(Jsr)k)

Theorem (Pointwise formula with error term [Ra])

e (A, Q) d-languid for some xy4 and dimg(A, Q) < N
e k > kg a nonnegative integer

Then, for every t € (0,9) we have

Vas(= D0 res <(tN_S+k<A(s, 0i8). ) +RH ().

N_
WEP(Ca( - 2), W) Skt
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L Fractal tube formulas for relative fractal drums

Theorem (...continued)

The error term R is given by the absolutely convergent integral

(] 1 tN—s+k
Ry = = [ L a(s,9:6)ds.
(t) 2m‘1/5(N—s)kHCA(S’ 9)ds

We have the following pointwise error estimate:
RU(t) = O(tN—suPS*k)  as  t—07.
Moreover, (V7 € R)(S(7) < supS) =

RI(t) = o(tN—suPS+Kk) as  t— 07,
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L Fractal tube formulas for relative fractal drums

Exact tube formula in case of strong languidity

Theorem (Exact pointwise tube formula [Ra])

e (A, Q) strongly d-languid for some ¢ >0, kg €R
e k > kg — 1 a nonnegative integer and dimg(A,Q) < N

Then, for every t € (0, min{1,d,B7'}) we have
([A]Q (t) Z res (MCA(S, Q),w) .
wEP(Ca(-,92),C)
Here, B is the constant appearing in L2’.

When can we apply the tube formula at level k=07

m tube formula with error term: if kg <0

m exact tube formula: if kg <1
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L Fractal tube formulas for relative fractal drums

Distributional fractal tube formulas

[A: N Q| = Z res <tN_S Ca(s, Q),w> + RI(¢)

N—s
WGP(CA( . 7Q)7W)

B removing the restriction on kg we derive a tube formula only
in the sense of Schwartz’s distributions

m exact analogs of the the tube formula with and without the
error term hold distributionally for any exponent x4y € R and

any keZ
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L Fractal tube formulas for relative fractal drums

The Minkowski measurability criterion

Theorem (Minkowski measurability criterion [Ra])

o (A, Q) such that 3D :=dimg(A,Q) and D < N

e (A, Q) d-languid for a screen passing between the critical line
{Res = D} and all the complex dimensions of (A, Q) with real
part strictly less than D

Then, the following is equivalent:
(a) (A, Q) is Minkowski measurable.

(b) D is the only pole of {a( -, ) located on the critical line
{Res = D} and it is simple.

res(¢a(-,$2), D)
N-D

MP(AQ) =



Fractal analysis of unbounded sets in Euclidean spaces: complex dimensions and Lapidus zeta functions

L Fractal tube formulas for relative fractal drums

m (a) = (b) : from the distributional tube formula and the
Uniqueness theorem for almost periodic distributions due
to Schwartz

m (b) = (a): a consequence of a Tauberian theorem due to
Wiener and Pitt (conditions can be considerably weakened)

m the assumption D < N can be removed by appropriately
embedding the RFD in RN+!
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L Fractal tube formulas for relative fractal drums

Theorem (Bound for the upper Minkowski content [Ra])

(A, Q) such that D :=dimg(A,Q) < N

Ca(+,9) mero. extendable to a neighborhood of {Res=D}

D is its simple pole

{Res = D} contains another pole of (a(-,) different from D
o let

Aa,Q) = inf {ID —w| : wedimpc(A Q) \{D}}

Then, we have the following upper bound:

3Ma.Q)

_ 2n(N—D)
2r ([ 1—e a9

MP(A,Q) < res(Ca( -, Q), D).
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L Fractal tube formulas for relative fractal drums

Figure: The Sierpinski gasket

m an example of a self-similar fractal spray with a generator
G being an open equilateral triangle and with scaling ratios
r1:r2:r3:1/2

m (A,Q)=(9G,6) UL (A Q)

J=1
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L Fractal tube formulas for relative fractal drums

Example (The Sierpinski gasket)

6(\/§)1—s2—s 5 55—1
o)z -3 s T

Ca(s; 0) =

27
= 1 | 17,
By letting wy := log, 3 + pki and p := 27/ log 2 we have that

t25

|A¢] = Z res <2

weP(Ca)

ki
_ 2 |og23 6[ Z 2 4[) wkt PK1 n (3\/5_‘_77‘) t2’

|Og2 wk Wik — 1)wk 2

Galsid).o

valid pointwise for all ¢ € (0,1/2v/3).
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L Fractal tube formulas for relative fractal drums

Tube formula for self-similar fractal sprays

m in general, for a self-similar fractal spray we have a
generator G and a “ratio list” {ri,r,...,ry}, rj >0 such

J N
that > 7, r" <1
m )\ are built as all possible words of multiples of the ratios r;.

B A:=90(UNG) Q:=UMNG

Theorem ([Ra])
dims(9G, G) < N. Then, (A,Q) = (G, G)U| |_,(r;A, ;Q) and

N—s
|A:NQ| = Z res G (s, JG) yw | +R(t),
we(@NW)UP(Cag(-,G),W) (N —5s) <1 - Zj:l rjs>

where © is the set of complex solutions of ZJ-le rjs = 1.
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L Fractal tube formulas for relative fractal drums

Cantor sets of higher order

Example (The Cantor set of second order [Ra])
C the standard middle-third Cantor set in [0, 1], Q := [0, 1].
G :=Q\ C; scaling ratios p = rn = 1/3.

~3°Cc(s,Q) 3°
<C2(S’ Qz) T 35_2 = 92s-1g (35 _ 2)2

Pcei(-90)) = (0} U (logs 2+ i
(G)e N Q| = t1*'°g32<|og t 1G(log t™1) + H(log t71)> + 2t

G, H: R — R nonconstant, periodic with T =

log 3.
m a pole w of order m generates factors of type
tN=“(logt~ 1)k~ for k=1,....m
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L Fractal tube formulas for relative fractal drums

Example (The fractal nest generated by the a-string)

a>0, 0= L:=j7-(+1)77 Q:=B,(0)

22_S7T > 1
Ca(5:92) = — > e+ aj)
=i
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L Fractal tube formulas for relative fractal drums

Example (The fractal nest generated by the a-string)

(As)e N Q| = _2°Dr pipep (4r¢(a) — 2t
at (2—D)(D —1)
res ( Ca,( -, ), 31 !
+ ( 1+1> +O(t2), ast — 0"
2— 39
2—s

(A1)e N Q| = res (;_ (o (5,9), 1) +o(t)

= 2rtlogt™! + const-t+ o(t) ast— OF



Fractal analysis of unbounded sets in Euclidean spaces: complex dimensions and Lapidus zeta functions

I—Embeddings in higher dimensions

Embeddings in higher dimensions

Proposition
e (A Q) with dimg(A,Q) =D and fix § € (0,1)
Then, the following functional equality holds:

/2 Ca(s, S; §sin T)

ins_N_lT dr (2)

ZAX{O}(Svﬂ x [-1,1];6) = 2/0

S}

for all s € {Res > D}.
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I—Embeddings in higher dimensions

Theorem ([Ra])

e (A, Q) such that D := dimg(A,Q) < N and fix a > 0
Then, the following functional equation is valid:

\/>|- (N s)
r (N+1 s)

Caxoy(s, 2 x [-a,a]) = Ca(s, ) + E(s;a).  (3)

E(s; a) is meromorphic on C with a set of simple poles contained
in {N + 2k : k € No}.

m complex dimensions of an RFD are independent of the
ambient space

m determine complex dimensions of RFDs by decomposing them
into relative fractal subdrums
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I—Embeddings in higher dimensions

Figure: The Cantor dust

m A:=COB) % c/3  Q:=(0,1)?

(A, Q) may be viewed as a self-similar RFD with scaling
ratios n =rn =r3 =r; =1/3 and the base RFD (Ao, Qo)

Qo is the ‘'middle open cross’

Ag is the union of Cantor sets contained in 0€2;
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I—Embeddings in higher dimensions

Complex dimensions of the Cantor dust

Let A:= C(1/3) x C(1/3) pe the Cantor dust and Q := [0, 1]2.
Then,

g s
s ) = ('(5) () =

-0\ 6 TG esE-2) +E(5;6_1)>’

where I(s) = 271By 5 (1/2,(1 — 5)/2) is entire.

P(Cal-,Q)) C <|0g34—|- 21 ﬁZ) U <I0g32 + &m) U {0}.

log 3

m Be(a,b) =[5t 1(1— t)b=1dt is the incomplete beta
function
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I—Lapidus zeta functions of unbounded sets at infinity

Minkowski content and dimension at infinity

B QCRVN |Q <00, reR
m upper r-dimensional Minkowski content of (oo, Q):

|B:(0)° N Q|

M (00,Q) := limsup N

t——+o0
m upper box dimension of (oo, Q):
dimp(00,Q) :==sup{r e R : M'(c0,Q) = 00}

+00

M (00,9) = M "(0,9) = +00

forr < D D

M7 (,9)

MP(00,0)

— - — — — = —

M (0,9) = M "(00,2) = 0
1 for r > D
D := dimp(c, Q) -N 0
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I—Lapidus zeta functions of unbounded sets at infinity

a>0 8>1,a =/ bj::aj+j_ﬂ

o0

Qa, 8) = | J(a), by)

j=1

D := dimg(c0, Q(a, B)) = M, MP (o0, Q(a, B)) = .
« 6—1

® we can obtain any value in (—o0, —1) for dimg(o0, Q(a, 5))

m dimg(oo, Q(a, B)) = —o0 and MP(00,Q(a, B)) — 0 as
B — +oo
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I—Lapidus zeta functions of unbounded sets at infinity

a>1,Q2:={(xy)eR?: x>1, 0<y<x“}

1
a—1

D :=dimg(00,Q) = -1 -,  MP(c0,Q) =

m dimg(o0, Q) = —oo and MP(00,Q) =0 as a — +oo

Q:={(x,y)€R? : x>1,0<y<e *} = dimg(oo,Q) = —00




Fractal analysis of unbounded sets in Euclidean spaces: complex dimensions and Lapidus zeta functions

I—Lapidus zeta functions of unbounded sets at infinity

QC RN, Q] < oo, fix T >0 Lapidus zeta function of (oo, Q):
Gels @)= [N
Br(0)<NQ

(3) Coo( -, Q) is holomorphic on {Res > dimg(co, Q)}.

(b) The half-plane from (a) is optimal.

(c) (3D = dimp (00, Q))(MP (00, Q) > 0) =
Coo(5,2) = 400 fors€e Rand s — DT

Theorem (Zeta function via Holder equivalent norms [Ra])

e | - |l another norm in RN, o € (—o0, 1]

o x|l =Ix|+O(]x|%), as |x|—= +oo, x€Q

= Cool . Q)=Co(+, 2 || - |) is holomorphic on (at least)
{Res>D — (1 —a)}
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I—Lapidus zeta functions of unbounded sets at infinity

The inverted relative fractal drum

m let ®(x):= x/|x|> be the geometric inversion on R

Theorem (Inversive invariance of complex dimensions [Ra])

Q be a Lebesgue measurable subset of RV, O the origin and fix
T > 0. Then, we have

Coo(5, 82 T) = Co(s, ®(Q): 1/T).

m (00,Q) and (O, P(2)) have identical complex dimensions

s dimg(0, (Q))=dimg(c0,Q) dimg(0, d(Q))<dimg (oo, Q)
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I—Lapidus zeta functions of unbounded sets at infinity

Theorem (The residue connection [Ra])
e QCRN |Q| < oo, such that dimg(c0,Q) = D < —N

e 0< MD(OO,Q) < A7D(OO,Q) < 00
e (o, ) mero. extendable to a neighborhood of s = D

Then, D is its simple pole and
D res(COO(~,SZ),E)
<
M (00,Q) < GEE)

Moreover, if Q is Minkowski measurable at infinity, then

res(Coo( -, Q), D) = —(D + N)MP (0, Q).

< /VD(OO,Q).

Corollary

If both, (o0, ) and (O, $(£2)) are Minkowski measurable, then

D+ N
D—-N

MP(0,d(Q)) = MP (0, Q).
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I—Lapidus zeta functions of unbounded sets at infinity

m Wiener—Pitt Tauberian theorem: sufficiency for Minkowski
measurablity at infinity and an upper bound result

Example (The two parameter unbounded set Qf [Ra])
e a€(0,1/2), b€ (1 +logy/,2,+00)

Q) = {(x,y) eR? i x>a ™ 0<y<xP}, m>1
0o 2m-1
Q(O?b) — st’b)
gy e)

° (Qg’b)> _are translated copies of Q{z:b)
J
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I—Lapidus zeta functions of unbounded sets at infinity

Proposition ([Ra])

1 1
(a,b). | . = g

PlCoo(5.28)) = {~(b+1)} U (logl/az—(b+1)+

dimg (00, Q&) = logy /52 — (b +1)

2T
log(l/a)”Z>

m the oscillatory period of QP p(a) = 2m/log(1/a)

m p(a) >0 as a— 0"

Proposition ([Ra])

1 al=b_—1
b—1 al-b_2’

MP (00, Q2P)) = MP(00,Q@P)) > 0



Fractal analysis of unbounded sets in Euclidean spaces: complex dimensions and Lapidus zeta functions

I—Lapidus zeta functions of unbounded sets at infinity

Definition (Quasiperiodicity at infinity)

1B:(0)° N Q| = t"*P(G(logt) + o(1)) as t — +oo
G:R— [mM], m>0, De (—oo,—N]is a given constant
(a) G transcendentally n-quasiperiodic

(b) G algebraically n-quasiperiodic

m D < =2 (an)s>1 suchthat 0<a,<1/2 and a, \, 0" as
n— 400
m b, :=logy, 2-D-1 = dimg(co,QE"™)) =D

mfor neN:
1
' 2n

m define Q° as the disjoint union of translates of §~2n

Q, Qanbn)
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I—Lapidus zeta functions of unbounded sets at infinity

Proposition (co-quasiperiodic maximal hyperfractal [Ra])

D € (—3,—-2) = Q% is co-quasiperiodic at infinity with
quasiperiods
T, :=log(1l/a,), neN.

Q> is Minkowski nondegenerate at infinity and maximally
hyperfractal; that is, the poles of the (. (00, 2°°) are dense in
{Res = D}, i.e., it is a natural boundary.

m a; €(0,1/2), apy1 := ai/pi" , Pn the n-th prime number

Besicovitch = Q is algebraically co-quasiperiodic

®m a,:=1/py+1, pn the n-th prime number

Baker = Q> is transcendentally co-quasiperiodic

m truncating the union: Q™ = m-quasiperiodic sets
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LLapidus zeta functions of unbounded sets at infinity

The ¢-shell Minkowski content and dimension [Ra]

m Q CR, Lebesgue measurable, || € [0,00], ® > 1, reR
m upper r-dimensional ¢-shell Minkowski content of (oo, Q):

|Bt,p¢(0) N

el .
M (00, Q) := limsup N

t—4-00

m Bys(0) := Be(0)° N Bye(0)

¢-shell function of (0o, Q): t — [B:4:(0) N Q)

upper ¢-shell box dimension of (oo, Q):
mg(m,ﬂ) =sup{reR : M;(oo,Q) = +oo}

m for standard RFDs: [A;/: N Q| Apjpr = (Ar/s) N A
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I—Lapidus zeta functions of unbounded sets at infinity

Proposition (Sets of finite measure [Ra])

Q C RNV, |Q2] < co. Then, for every ¢ > 1 and r < —N we have
M (00, Q) < M(

1 . )
T gNir M (00,Q) < M (00, Q).

1 —r
00,{2) < 1—7¢N+’ Mo(ooa Q),

Corollary

| Q) = M (00,0
¢JTOQM (00,Q2) = M (00,Q)

diimq,;(oo,Q) = dimp(co, Q); dlmB(oo Q) <dimg(c0, Q)
D := dim (00, Q) = dimg (o0, Q) = D
If Q is ¢-shell Minkowski measurable at infinity, then

1
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. T (N
] d|m‘g(oo,]RN) =0 Mg(oo,RN) = %
s dim%(c0, Q) < dimg(co, Q) <0
s —N < dimh(co,Q) <0

Q={(x,y)eR?: x>1, 0<y<x '} =
dim$ (00, Q) = —2 and M ?*(00,Q) = log ¢

Example

Q:={(x,y)eER?2: 0<y<h} =
dimg(c0, Q) = —1 and M (00, Q) = 2h(¢ — 1)
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B 1<o1<¢

m dimp (00, Q) =dimg (00, Q) dim% (00, Q) < dim% (o0, Q)

Theorem (Generalized Holomorphicity theorem [Ra])

Q Lebesgue measurable subset of RN, T > 0 and ¢ > 1 fixed.
Then,

(a)
(oo(s, Q) = /Q \x|_S_Ndx

is holomorphic on the half-plane {Re s > mg(oo,Q)}.
(b) The half-plane from (a) is optimal.

(c) (3D = dimf(00, Q))(MP (00, Q) > 0) =
Coo(5,Q) = +oo forse Rand s — DT
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Theorem (The generalized residue connection [Ra])

e ¢ > 1such that D = dim‘g(oo,Q) exists
e 0< MP(c0,Q) < M3 (00,Q) < 00
e (o, ) is mero. extendable to a neighborhood of s = D

Then, D is its simple pole.

D e [-N,0] =
1 1 5
m/ﬂi(w,ﬂ) < res(Goo(+,9), D) < (oM (00, )
D € (—o0,—N) =
D 1— ng—i—D 5
M3 (00, 9) < == res(Goo( -+, 2), D) = M, (0,Q)
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Corollary

If Q is 1-shell Minkowski measurable at infinity for every
Y € (1,¢), we have that

D
res(Coo(+,Q),D) = lim M

=1t log (#)

| Qg?;b) the two parameter set of infinite Lebesgue measure;
that is, with a € (0,1/2) and b € (logy/,2,1 + logy/,2]

m the limit (4) is also connected to the notion of surface
Minkowski content at infinity

m future work: fractal tube formulas at infinity and a (¢-shell)
Minkowski measurablity criterion at infinity

m possible application: PDEs on unbounded domains of finite
or infinite volume, unbounded oscillations...
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