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Abstract. For a noncommutative configuration space whose coordinate algebra
is the universal enveloping algebra of a finite dimensional Lie algebra, it is known
how to introduce an extension playing the role of the corresponding noncommu-
tative phase space, namely by adding the commuting deformed derivatives in a
consistent and nontrivial way, therefore obtaining certain deformed Heisenberg al-
gebra. This algebra has been studied in physical contexts, mainly in the case of the
kappa-Minkowski space-time. Here we equip the entire phase space algebra with a
coproduct, so that it becomes an instance of a completed variant of a Hopf algebroid
over a noncommutative base, where the base is the enveloping algebra.
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1. Introduction

Recently, a number of physical models has been proposed [1, 12, 19],
where the background geometry is described by a noncommutative
configuration space of Lie algebra type. Descriptively, its coordinate
algebra is the universal enveloping algebra U(g) of a Lie algebra g with
basis Z1, ..., &, (noncommutative coordinates). So-called x-Minkowski
space is the most explored example [11, 19, 20, 21]. That space has
been used to build a model featuring the double special relativity,
a framework modifying special relativity, proposed to explain some
phenomena observed in the high energy gamma ray bursts.

The noncommutative phase space of the Lie algebra g is introduced
by enlarging U(g) with additional associative algebra generators, the
deformed derivatives, which act on U(g) via an action » satisfying
deformed Leibniz rules [23, 27]. The subalgebra generated by the de-
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formed derivatives is commutative. In fact, this commutative algebra is
a topological Hopf algebra isomorphic to the full algebraic dual U(g)*
of the enveloping algebra. In this article, we extend the coproduct of the
topological Hopf algebra U(g)* of deformed derivatives to a coproduct
A:H—>H ®U(9)H on the whole phase space H (and its comple-

tion H ); this coproduct is moreover a part of a (formally completed)
Hopf algebroid structure on H over the noncommutative base algebra
A = U(g). Descriptively, a Hopf algebroid is an associative bialgebroid
(Definition 2 in Subsection 1.1) with an antipode map (the antipode is
treated in Section 7).

The notion of a Hopf algebroid in this paper is slightly modified re-
garding that the tensor product ®U(g) in the definition of the coproduct
is understood in a completed sense; a part of the definition still needs
the tensor products without completions. Our bialgebroid structure is
similar but a bit weaker than the bialgebroid internal [3] to the tensor
category of complete cofiltered vector spaces; a true internal variant is
possible in a more intricate monoidal category involving filtrations of
cofiltrations and is treated along with generalizations in [25].

The noncommutative phase space of Lie type is nontrivially isomor-
phic to an infinite-dimensional version U (g)4U (g)* = U(g)4S(g*) of the
Heisenberg double of U(g) [27]. Heisenberg doubles of finite dimensional
Hopf algebras are known to carry a Hopf algebroid structure [7, 18].
However, our starting Hopf algebra U(g) is infinite-dimensional, though
filtered by finite-dimensional pieces. While the generalities on such fil-
tered algebras can be used to obtain the Hopf algebroid structure [25],
we here use the specific features of U(g) instead, and in particular the
matrix O introduced in the Section 3 and used to define the crucial part
of the bialgebroid structure, the target map 3 : #q — > 335 ® (015,

From a dual geometric viewpoint, where U(g) is viewed as the alge-
bra of left invariant differential operators on a Lie group, the matrix O
is interpreted as a transition matrix between a basis of left invariant and
a basis of right invariant vector fields. Then our phase space appears as
the algebra of formal differential operators Diff (G, e) around the unit
e of the Lie group G integrating g. Every formal differential operator
is a finite sum of products of the form fsD, where D is an invariant
differential operator (belonging to U(g)) and fs is a formal function
(this decomposition amounts to a Hopf algebraic smash product in the
algebraic part of the paper). By L. Schwartz’s theorem [9], the space
J(G, e) of formal functions at e and U(g) are dual by evaluating the
differential operator on a function at e; the duality equips J*°(G, €) with
a topological Hopf algebra structure with coproduct A”7. Then define
the coproduct of the J*°(G, e)-bialgebroid Diff“(G, e) by the scalar ez-

halgrev.tex; 10/10/2016; 14:13; p.2
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tension formula A(fsDs) = (fs®1)Aj(Ds), where the tensor product is
over U(g) (and needs some completion). Though the noncommutativity
of the base and completions makes it far more complicated, this is simi-
lar to the classical example ([29]), where the algebra Diff (M) of smooth
differential operators on a manifold M becomes a bialgebroid over the
commutative base C°°(M) via the coproduct which multiplicatively
extends the rule X — 1® X + X ® 1 for vector fields X and f— f®1
for functions f; the canonical embedding C*°(M) < Diff (M) serves
both as the source and the target map.

While we justified the initial formulas in Section 2 by the formal
geometry on a Lie group (a wider picture in formal geometry will be
exhibited in [26]), much of the paper is continued in the dual algebraic
language dictated by the physical motivation where the Lie algebra gen-
erators are interpreted as deformed coordinates, rather than invariant
vector fields. A different variant of this Hopf algebroid structure has
been outlined in [15, 16, 17], for the special case when the Lie algebra
is the k-Minkowski space, at a physical level of rigor.

1.1. ALGEBRAIC PRELIMINARIES

We assume familiarity with bimodules, coalgebras, comodules, bial-
gebras, Hopf algebras, Hopf pairings and the Sweedler notation for
comultiplications (coproducts) A(h) = > hg) ® h(g), and right coac-
tions p(v) = > vy ® vy (with or without the explicit summation
sign). We do not assume previous familiarity with Hopf algebroids. In
noncommutative geometry, one interprets Hopf algebroids [2, 4, 7, 18]
as formal duals to quantum groupoids.

The generic symbols for the multiplication map, comultiplication,
counit and antipode will be m, A, ¢, S, with various subscripts and
superscripts. All algebras are over a fixed ground field k of charac-
teristic zero (in physical applications R or C). The Einstein summation
convention on repeated indices is assumed throughout the article. The
opposite algebra of an associative algebra A is denoted A°P, and the
coopposite coalgebra to C' = (C,A) is C° = (C,A°). Given a vec-
tor space V, denote its algebraic dual by V* := Hom(V, k), and the
corresponding symmetric algebras S(V) and S(V*). If an algebra A
is graded, we label its graded (homogeneous) components by upper
indices, 4 = @X, A", A'- A C A and, if B is filtered, we la-
bel its filtered components By C By C Bs C ... by lower indices,
B;-B; C B;yj and B = U2 B;. When applied to spaces, we use the hat
symbol " for completions. We often use the completion of the symmetric
algebra S(V*) = {gnzsl(v*) >~ T, S°(V*) of a Lie algebra V (our main

example is when V is the underlying space of a Lie algebra g) which
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is the completion of S(V*) with respect to the degree of polynomial;
it may be identified with the formal power series ring k[[0",...,0"]]
in n variables. For our purposes, it is the same to regard this ring,
as well as the algebraic duals U(g)* and S(g)* of the enveloping and
symmetric algebras, either as topological or as cofiltered algebras (see
Appendix A.2); the continuous linear maps then translate as linear
maps distributive over formal sums.

The n-th Weyl algebra A, is the associative algebra generated
by @1,...,2y, O%,...,0" subject to relations [z4,z5] = (0,0 =0
and [0%, xg] = 65. It has a vector space basis formed by all expres-
sions of the form z,, ---xakaﬁl x -8/3[; if we define the degree of this
element as ' + ... + B!, then A, becomes a filtered algebra; it has
no zero divisors and the elements of the degree at least k£ form an
ideal (Ap)deg>k- Thus we can form the (semi)completed Weyl algebra

~

Ay, = limg Ay, /(An)deg>s (“completed by the degree”). In the geometric
part of the paper we shall also consider the n-th covariant Weyl
algebra A where the position of the upper versus lower indices in
the notation will be interchanged; hence [0, 2°] = 82. Here we shall
similarly dually complete by the dual degree which is a; +... 4+ oy on
the basis elements ! ---x%0dg, - - - d3, to obtain the completion A7°Y.
The correspondence % — 9 and dg — g extends to the canonical
antiisomorphism fl%o" — A,. The Fock space is the faithful repre-
sentation of A,, on the polynomial algebra in z1,..., 2, where each x,
acts as the multiplication operator and 9" as the partial derivative; this
action extends continuously to a unique action of A, also called Fock.

DEFINITION 1. Let A be an algebra and B a bialgebra.

A left action> : B® A — A (right action < : A® B — A), is
a left (right) Hopf action if b (aa’) = Y (bay > a)(bp) > a’) and
b1 = e(b)1 (or, respectively, (aa") <b = Y (a < bpy)(a < b)) and
1<b = €(b)1), for alla,a’ € A and b,/ € B. We then also say that A is a
left (right) B-module algebra. As usual, we freely exchange actions and
representations; thus by abuse of language we say that a representation
¥ : B — End(A) is a left Hopf action (representation) if b@a — 1 (b)(a)
is a left Hopf action. Given a left Hopf action, the smash product
A8B (for a right Hopf action, the smash product B§A) is an associative
algebra which is a tensor product vector space A Q@ B (B ® A) with the
multiplication bilinearly extending the formulas

(atb)(a'$b) = 3~ a(bay > )bb', a,a’ € A,bV € B,
(bfia)(b'ta’) = be’(l)ﬁ(aﬂ b’(2))a’, a,a’ € A,b,b € B,

where, for emphasis, one writes afb == a ® b.
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Note that Afil and 14B are subalgebras in AfB, canonically isomorphic
to A and B. If B is a Hopf algebra with an antipode S, we may replace
a left Hopf action ¢ : B — End A by a homomorphism ¢ oS : B® —
End®? A, yielding a right Hopf action <: AQB® — A, <4 : a®b — a<b :=
S(b) > a, and enabling us to define the smash product BfA. If B is
cocommutative (for instance, B°® = B = U(g) below) then §? = id and
there is an isomorphism A§B = BfA of algebras, afib — »_ b()f(a<b(y)),
with the inverse bfja — > (b(1) > a)ib(2).

Simple examples of smash products are the Weyl algebras A,, (and
completions Ay,). Indeed the symmetric algebra S(V) of a vector space
is a Hopf algebra with A(z) = 1 ® o + 2 ® 1 for generators z € V;
and if V' is a vector space spanned by x1,...,x, then there are canon-
ical isomorphisms A,, = S(V)1S(V)* 2 S(V)*4S(V) where the smash
products are constructed using the (right and left) Hopf actions of
S(V) on S(V)* defined using duality. More generally, replacing S(V)
by its noncommutative generalization — the universal enveloping alge-
bra U(g) — we explictly construct in Section 3 certain smash products
HY = U(g")4S(g)* and H = S(g)*tU(g?), both isomorphic as alge-
bras to fln; their special smash product structures however give rise to
a left and a right U(g)-bialgebroid structures (in a completed sense).

DEFINITION 2. /2, 7] A left bialgebroid (H,m,«a, 3, A, €) over the
base algebra A (shortly, left A-bialgebroid) consists of

— (total algebra) an associative algebra H with multiplication m

— (A-bimodule structure on H ) morphisms of algebras source « :
A — H and target 5 : A°® — H satisfying [o(a), B(b)] = 0 for all
a,b € A, hence equipping H with the structure of an A-bimodule
via the formula a.h.b := a(a)B(b)h for a,b € A and h € H;

— (A-coring structure on H, see Definition 5) A-bimodule maps
coproduct A : H - H® 4 H and the corresponding counit e : H —
A making (H, A, €) into a comonoid (coalgebra) in the category of
A-bimodules equipped with the tensor product ® 4 of A-bimodules.

In addition, A and € need to be compatible with the multiplication m, but
in more subtle way than in the bialgebra case. Namely, if the base A is
noncommutative, H® 4 H does not inherit a well defined multiplication
from the usual tensor product H® H over the ground field. Instead, one
demands that the image of A is within the subspace H X 4 H consisting
of all 3, b; @b, in H® 4 H such that Y, bi@bla(a) =, b;f(a) b, for
alla € A; it appears that Hx 4 H automatically inherits the well-defined
algebra structure from H® H. We demand that after corestricting A to
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this smaller codomain H x 4 H, A becomes an algebra map. Similarly,
the counit € is not required to be an algebra map, but a weaker condition
is assumed: the formula h ® a — €e(ha(a)) needs to define an action
H ® A — A restricting to the multiplication A ® A — A.

1.2. PRELIMINARIES ON FORMAL DIFFERENTIAL OPERATORS

If £ is R or C then for any smooth manifold M of dimension n we
denote by C°°(M) the algebra of smooth functions. Given a point
e € M and a natural number s, recall that an s-jet of functions
around e is a class of equivalence of smooth functions defined locally
around e, where two functions are equivalent if they are defined in some
neighborhood of e and their Taylor series up to order s agree at e. All
s-jets around e form a vector space J*(M, e) with canonical projections
JTY(M,e) — J*(M,e) and the inverse limit J> (M, e) = Eiins J*(M,e)
is by definition the space of formal functions around e; the spaces
J*(M,e) with their canonical projections then form a cofiltration of
J*° (M, e). In any chosen coordinate chart around e the formal functions
are represented by formal power series in n = dim M indeterminates.
Similarly, one can consider s-jets of maps to other manifolds (including
the coordinate charts viewed as maps to k™) and, in the limit, formal
maps and formal charts. Since, by a theorem of E. Borel [5], each formal
power series over R is a Taylor series of a non-unique smooth function, a
formal function may be viewed as an oo-jet of an actual but non-unique
smooth function. Thus those quantities in differential geometry which
depend only on their Taylor series have formal analogues, namely the
oo-jets of actual locally defined smooth quantities.

A regular differential operator @) € Diff (M) of degree up to s is in
every smooth chart a sum of the form Z| J|<s q’ 07 where the sum is over

multiindices J = (j1, ..., jn) € NB with |J]| = ji+...4+j, < s, and ¢” is
a smooth function defined over the chart. At the jet level, the ring of reg-
ular differential operators Diff (M) = Ugen Diffs(M) C Endg(C*(M))
gives rise to the ring Diff¥ (M, e) C Endgr(J*°(M,e)) of formal differen-
tial operators at e, namely the oo-jets of regular differential operators
around e. A formal differential operator at e is a sum Z| J|<s q’ 07 where
¢’ = ¢’ (x',... 2") is a formal function at e; these sums can be viewed
as elements of the semicompleted Weyl algebra A%OV. The evaluation
of a differential operator at a function at e is a rule for a degenerate
pairing between Diff“(M,e) and J*(M,e). If M = G is a Lie group
and e € GG the unit element, then it restricts to a nondegenerate pairing
between the subspace Diff"f(G,e) c Diff*(G,e) of right invariant
formal differential operators and J*°(G,e).
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For the later transition to the noncommutative point of view, it is
useful to consider also the algebra of differential operators acting to the
left, which is simply the opposite algebra Diff°?(M) C Endy’ (C>°(M))
and its formal version Diff*°P(M,e). In order to stick to the Weyl
algebra notation and commutation relations, after changing the order
of operators we denote x, = (9,)°® and 0¥ = (2")°?. The canonical
antiisomorphism Diff* (M, e) — Diff*>°(M, e) hence sends 3, ; q’0;
to Z\JISS xzyp? (0Y,...,0") where p’ is (¢7)°P (written as a formal
function of 0#"). The latter sum can be viewed as belonging to the
semicompleted Weyl algebra A,, with contravariant notation (asin 1.1).

2. Left versus right invariant differential operators

In Section 3 we shall introduce a noncommutative phase space HT
of Lie type and important matrix O which plays the central role in
defining our Hopf algebroid structure. Geometrical origin of this matrix
and related issues are clarified in this section using calculations relating
left and right invariant vector fields.

Throughout the article, g is a fixed Lie algebra over k of some finite
dimension n. In a basis 21, . . . , £, of g, we define the structure constants
Cp, by

[£M7£V]::Cﬁujk‘ (1)

Introduce the opposite Lie algebra gt generated by Uy, Where
(G190 = =Cpin- (2)

The Lie algebra g% is antiisomorphic to g~ := g via Yu — Ty, inducing
an isomorphism U (g%)°P = U(g®).

If £ is R or C we also fix a Lie group G with unit e such that g
is its Lie algebra, realized as the algebra Vect™(G) of left invariant
vector fields on G, then gf = Vect’(G). The universal enveloping
algebra g® < U(g®) can be realized as the algebra of right invari-
ant differential operators on G, i.e. by embedding g® = Vect(G) —
Diff?(@). If R, : G — G is the right multiplication by g € G then
a differential operator D € Diff(G) is right invariant if (Rg«)pDp =
Dyg. Therefore Dy = (Rg«)eDe and every right invariant formal dif-
ferential operator D € Diff"f(G,e) at the unit e (cf. 1.2) extends
to a unique right invariant analytic differential operator on G. Thus
U(gh) = Diff*®(G, e) — Diff“(G, e) and the evaluation of differential
operator at oo-jets of smooth functions gives a pairing of U(g) and
J*°(G, e) which is nondegenerate by the L. Schwartz’s theorem ([9]).
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The generators of the universal enveloping algebra U(g”) and U (g*)
are also denoted by %, and ¢, unlike the generators of the symmetric
algebra S(g) which are denoted by x1,...,z, (without hat symbol)
instead. Each element Y € gf* can be written as ¥ = YHg,, thus
Y* : g — k may be taken as global coordinates on g as a manifold.
The exponential map exp : T.G — G restricts to a diffeomorphism
from some star-shaped open neighborhood U of 0 € g® to some open
neighborhood V = exp(U) of e € G. Thus w*,d* : TV — R given by

w"(exp(Y7gy)) =Y*, 9 = (dexp)(9/0Y"), p,v=1,...,n, (3)

form a system of coordinates on the tangent manifold TV. The corre-
sponding multiplication by a coordinate and the derivative elements in
Diff (V') satisfy the usual commutation relations [0/, w"] = 0,, gener-
ating a copy “AS®Y of the Weyl algebra A%V (see 1.1). There is a well
known formula (see [13], Chapter II or [24], Lecture 4 Cor. 1) for the
differential dexp : TU — T'G of the exponential map exp |y : U — G,

1— efadY

- forall Y =Y7§ R 4
AV or a gy g, (4)

(d eXp)Y = (Repr*)e o
where the action of adY = ad®Y is understood in the sense of the
identification Ty U = gt of the tangent space at Y with g/ (hence it is
—adY in the sense of gF-bracket). Let “C be the matrix of functions
(“C) = Chyw? = —Ch,w” : V — R. For fixed Y = Y*#g, € g, the
calculation (adY) () = [Y*§u, Yulgr = =Y *Cplu g, implies

(ad V)N (g5) = (“CN(exp Y)) g, w'(expY)=Y*, N =0,1,2,...
By (4) we have (Rexpy+)ela = (dexp)y o %Qa which equals

_we \P —we - P
(dexp)y <ﬂ76—1>ay5 = (eﬂic_l) (dexp)yyp; hence the basis g, :

o

w > (Rexpy+)e(Ja) of the space of right invariant vector fields Vect?(G) |y

is in the coordinates w',...,w"™ 0%, ...,0% given by
_we NP

Uo P = (Rexpy)e(Ua) = <wc1> aéu- (5)
€ - @

1

. _w . . . .
Notice that e,wicc_l is a matrix of power series in w",...,w", hence

analytic in V. The map ()*P : g, — g, © is an embedding of U(g) into
the algebra of formal differential operators Diff* (U, e) with the dis-
tinguished Weyl subalgebra Y A" in the coordinate chart w!, ... w".
The same geometric embedding is obtained by Durov in a more general

setting of formal geometry over general ring k O Q in [10], formula (36),
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where “C is denoted by M. Notice that Lexpy = Lexpy Rexp (_y)Rexp y =

dY

RexpyLexpyR;}py, hence using Adexpy = €*“* we obtain

(Lexp Y*)e = wO(GXP Y) o (Rexp Y*)e = (Rexp Y*)e o Adepra

(Lexpys)e(Ua) = ((Rexpys)e © eady)@a)7

where

(wO)(GXP Y) = (Lepr*)e o (Rexp(—Y)*)epr : TeprG — TeprG7 (6
Ady = (Lg)g10 (R e g —gf, geG, (7

e ClexpY) =™ = Adeypy, (8

vOp = ("9, (9

g

)
)
)
)

hence the bases of Vect®(G)|y and Vect™(G)|y are related via wOh,

s = O (10)
R R we B
57 = Loy )lio) = (e ) O (11)
«

3. From differential operators to the deformed phase space
If Cﬁ‘y = 0 then #,; = 9 = 9}/, which is not in the spirit of the
interpretation in physics where &, are often viewed as the analogue or
deformation of commutative coordinates x,, cf. [1, 11, 12, 15, 16]. For
that purpose most of the paper is written in somewhat dual language
obtained as follows. Introduce the antiisomorphism Diff“(G,e) — A,
(restricting to WALY — A,) mapping w* — O* and 0} — =z, and
consequently “C + C, efw% — ¢, J5P s g2 = xgqbg, ewwcic_l — &,

FP s 30 = x,gq?)g, wO s O, where C, O, ¢ and ¢ are n X n matrices

Cg:=0C3,0", a,p=1,...,n, O:= eC, (12)
—C = (-1)NBy ,x - C
:: _ —ON - . 1
¢ e €—1 ]é) N! " ¢ e€ —1 (13)

The _constants By are the Bernoulli numbers and the matrix entries
¢Z, ¢§, 05 € S(g*) are formal power series in the elements 9!, ... 9" of
S(g)* which correspond to the basis of g* dual to &1, ..., 2, of g~. This

is in agreement with the notation in the Weyl algebra A,, and in A, =
S(V)ES(V)* for V = g. The formula ¢ (4)(0°) := ¢4 determines a
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linear map ¢4 (24) : g* — S (g*), which by the Leibniz rule and conti-
nuity extends to a unique continuous derivation ¢ (&) € Der(S(g*)).
It is crucial that &, — ¢4 (&,) defines a Lie algebra homomorphism
¢y gt — Der(S’(g*)). Equivalently, ¢p1 extends to a unique right Hopf

action also denoted
¢4 : U(gh) — End(S(g")). (14)

This induces the smash product HL := U(gh)ts +5’ (g*) interpreted as
the 'noncommutative phase space of Lie type’. (Warning: in [27] we
used the notation ¢ for the left Hopf action ¢ = ¢4 o Sy4r), where

Su(gt) = S[;(lgL) is the antipode for U(g"), satisfying g* > h ~— —h).

Regarding that g% is a Lie algebra with known structure constants,
[

—C35,, the formula (13) can be applied to it. This also gives the right
Hopf action ¢4 : U(g") — End™(5(g%)), é+(5,)(0") = ol; the
right bialgebroid structure constructed below will however be based
on the left Hopf action ¢ = ¢4 o Sygny : U(g®) — End(S(g*)),
é_(—,)(0") = ¢8. Thus we can define the smash product H? :=
S(g*)ﬁqg_U(gR). Its generators are ¢,,,0", p = 1,...,n, completing in
d"-s. In addition to the relations in U(g") and S(g*), we also have

0", 4,) = (ecc_ 1>N.

v

Precomposing ()P : U(g®) — Diff(G, e) by the antiisomorphism
U(gl) — U(g®), 2, — 9, and postcomposing by the above antiiso-
morphism Diff“(G,e) — A, we obtain the monomorphism U(gk) —
U(gh) — Diffi*#(G,e) — A, denoted ()¢ : U(g") — A, used in the
rest of the article and called the ¢-realization of U(g") (by dually-
formal differential operators). When complemented by the rule 0*
O, the ¢-realization extends to a unique continuous isomorphism of
algebras U(gL)ﬁ¢+§(g*) >~ A,, the ¢-realization of HZ. Notice that
(#,)% = 30 = z,¢0. We commonly identify S(g*) with the subalgebra
185 (g*) and U(g") with U(g")#1. It follows that in H"

[0, 2, = <e_gc_ 1)” (15)

v

This identity justifies the interpretation of O* within H” as deformed
partial derivatives. The universal formula (13) for ¢ is, in this context,
derived in [10] and H' is studied in [23].

The map J®(G,e) — S(g*), w” — 0" is an antiisomorphism of
algebras and it can be combined with the realization of U(g")°P via
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VectR(G, e) to compare with the opposite smash product algebra,
WA = Diff*(G, e) = J™(G, e)f Vect™ (G, ) = (U (g")tg, S(a%))°.

The smash product J®(G, e)4 Vect?(G, e) could be also directly ob-
served using the duality between J*°(G, e) and Vect™(G, e).

Similarly to the ¢-realization of U(g”), there is a ¢-realization of
U(g") exteding to an isomorphism H% = A, given by g, — xpg?)ﬁ,
S(g™) 30" — 0¥ € A,.

THEOREM 1. There is a unique algebra isomorphism from H" =
U(g™)8S(g*) to HR = S(g*)4U(g") which fizes the commutative sub-
algebra S(g*) (i.e. identifies 185 (gh*) with S(g™*)41, 150% — OH41),
and which maps &, — yg(’),‘j, where @ = ¢ is an invertible n x n-
matriz with entries OF € S(g*) and inverse O~' = e=C. After the
identification, [&,,7,] = 0. Consequently, the images of U(g*) — HE
and U(g®) — H® mutually commute. The following identities hold

[0, 90] = C,,0%, (16)

[0, 3,] = Ch,0), (17)

(O~ d] = —Co (070 (18)

(O~ du] = =Ch 071, (19)

Cr,0 =C),0007,  C; (07" =Co (0707, (20)

Proof The isomorphism H” =2 H% is the composition of the two
isomorphisms, supplied by ¢- and <Z>—reahzatlons HL ~ A, ~ HR 1If
we express Z,, and g, within A, as quﬁ# and :quﬁ" respectively, the
commutation relation [Z,,9,] = 0 becomes [xpgbu,:vagég] = 0, which is
the Proposition 5 (Appendix A.1). If k = R this also easily follows
using the antiisomorphism with the geometric picture in Section 2

where [, , 2] = 0 because the left and right invariant vector fields
commute. Comparing ¢ and ¢ (or using (10)), note that
o=0e" &y =) = .00, (21)

Rewrite [Z,,7,] now as
[Z;pozn gu] = [gpa :'Ql/](/)z + Q/\[O;\a gu] = Q/\(_Cz\yop [O/u yV])

Starting with the evident fact [97,7,] € S(g*), and using the induction,
one shows [S(g%),9,] C S(g*). Thus, (—Cg‘y(’)ﬁ + [Ol’),gjy]) e S(g").
Elements ¢, are independent in H¥, which is here considered a right
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12 Martina Stoji¢, Zoran Skoda and Stjepan Meljanac

S(g*)-module, hence 0 = §(—C%,0f +[On, §,]) implies (16). Similarly,
in [#,,9,] = 0 replace §, with £,(O~1)} to prove (18). To show (17),
calculate Cl’)ygjp(?f\ = Cpo\ = [B,3)] = (9,00, 2] = §,[00, 2],
hence §,(C;, 0% — [0}, 2,]) = 0. For (19) we reason analogously with
[2,(O~1),9,]. If in (16) and (18) we replace 9§, (resp. &,) on the left
by §,(O~ 1)) (resp. 2,00), we get a quadratic (in O or O~1) expression
on the right, which is then compared with (17) and (19) to obtain (20).

4. Actions » and <« and some identities for them

There is a map €g : S’(g*) — k, taking a formal power series to its
constant term (‘evaluation at 0”). We introduce the "black action’ » of
H* on U(g") as the composition

m ~ A/ %y idffe
H @ U(gh) — H © H* ™ H" = U(g")te, S(g*) 5 U(gh), (22)

where m is the multiplication map. » is the unique action for which
Ot w1 =0forall pand f » 1= f for all f e U(gh). It follows that
Ow1=061=OHy»landg, » 1 =2,(0" 0w 1=0603, =3,.
Similarly, the right black action <« of H® on U(g®) is the composition

U™ @ B% — B% @ H? 1 H7 = §(g")1U/(g") =

U(g"),

characterized by 1 4 9% = 0, and 1 «€ @ = @, for all & € U(g¥). The
actions », € and the smash products H%, H® can be described ab-
stractly in terms of the pairings between S(g*) and U(g") or U(g"), or
equivalently in the geometric picture, between J®(G, e) and Vect®(G)
or Vect®(G) ([25]), but we stay here within a more explicit approach.

THEOREM 2. For any f,§ € U(g") the following identities hold

Bof = (05 ® f)is (23)

O3> (3f) = (O3 » §)(OF » f) (24)
O 2w (@) = (0w PO » f) (25)
Jo» [ = fia (26)

(& » )i = (O » f)(@5» 9) (27)
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Hopf algebroid 13

Proof. We show (23) for monomials f by induction on the degree of
monomial; by linearity this is sufficient. For the base of induction, it is
sufficient to note (’)3 > 1= (55 . For the step of induction, calculate for
arbitrary f of degree k

aw (&,f) = [0, 2, f] » 1+&,f0L » 1 )
= [0, @) » [+ 2, [0, f] » 1+ &, fdd
= CLOL» f+2,(0%» f)
= (CR + 882,)(OF » f)
= (08w &,)(O)» f),

and use this result in the following:

A~
~

TaZyf = (Og > ‘%V)iﬂf
= (0a > 2,)(0) » )i,
= (04 » (&0f))i,.

Thus (23) holds for f-s of degree k+1, hence, by induction, for all. Along
the way, we have also shown (24) for g of degree 1 and f arbitrary. Now
we do induction on the degree of §: replace g with Z,g and calculate

Oaw ((2:9)f) = (0aw» 2)(OF» (3f)
= (0 » &,)(0F » )O3 » f)
= (07> (#,9)(03 » ).

The proof of (25) is similar to (24) and left to the reader. To show
(26), we use (23) and the equality g, = 555((9*1)5 in HE:

#(07aw [ = G5 > (0w /) = (05 » (071> )iy
= ((O3(071)a) » iy = dafiy = fia

Finally, (27) follows from (23) by multiplying from the right with g,
and using Zg » g = Zgg and T, » f = Tof.

Now we state an analogue of the Theorem 2 for «.
THEOREM 3. For any f,§ € U(g"?) the following identities hold
Fiio = 95(f < (071)7), (28)
< Og), (29)
<(079) (30)
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14 Martina Stoji¢, Zoran Skoda and Stjepan Meljanac

f €t =19af, (31)
9(f <ia) = (5 «gp)(f <« (071D, (32)
where
2o 1= O0fp = 003,(07 ) € HY = HF (33)
[2a: 28] = Clp2y (34)

5. Completed tensor product and bimodules

In this section, we discuss the completed tensor products needed for the
coproducts (Ag(g+) in this and A* and A® in the next section), intro-
duce the maps o*, B, o, % and use them to define U(g")-bimodule
structure on H% and U(g%)-bimodule structure on H*.

Note that S(g) = @2,5(g) = UX,Si(g) carries a graded and
U(g) = U;Ui(g) a filtered Hopf algebra structure. Both structures are
induced along quotient maps from the tensor bialgebra T'(g). By the
PBW theorem, the linear map

1 . N
§: S(g) - U(g)7 Tiy = Tip > 3 Z Ligy """ Lig(ry (35)

is an isomorphism of filtered coalgebras whose inverse £~ may be
identified with the projection to the associated graded ring [6, 9, 10].
The isomorphism ¢ is related to the ¢-realization from Section 3 (hence
to the exponential map in the geometric picture in Section 2) as fol-
lows. Consider the Fock action > of A, on S(g) and the ¢-realization
()? : U(g) — Ay For each f,g € S(g), &(f) v £(9) = £(E(F)? > 9)
and this property uniquely characterizes &.

For a multiindex K = (ki,...,ky) € Njj, denote |K| :=k; + ...+
kn, Ti = a:]fl xf{l and T = 3%11“ . ;%f;" The multiindices add up
componentwise. The partial order on Njj induced by the componentwise
< is also denoted <. If J, K are multiindices the rule (zy,d”7) := J! 5%
continuously in the first factor and linearly extends to a unique map
(,) : S(g) ® S (g*) — k which is a nondegenerate pairing, hence it
identifies S(g*) 22 S(g)*. This is the unique Hopf pairing extending the
duality between g and g* where S (g*) is the topological Hopf algebra
with elements in g* primitive. By duality, the linear map

¢ U(g)" — S(a)" = S(g") (36)

transpose (dual) to £ (see (35)) is an isomorphism of cofiltered algebras.
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Hopf algebroid 15

The inclusions of filtered components Uy (g) C Uky1(g) C U(g) in-
duce epimorphisms of dual vector spaces U(g)* — Ukt1(9)* — Ux(g)*,
hence a complete cofiltration on U(g)* = limy Ug(g)* (see Appendix

H

A.2). For each finite level k, Uy(g) is finite dimensional, hence (Ug(g) ®
Ui(g))* = Uk(g)* ® Uj(g)*. Thus the multiplication Uy(g) ® U;(g) —
UkH(g) C U(g) dualizes to AkJ : U(g)* — Uk(g)* & Ul(g)*. The in-
verse limits 1<£nk Ay and {iinp lim, A, , agree and define the coproduct

Ay(g)e = limy, Ay : U(g)" — limy, Up(8)" @ Uk(g)" = limplim, Uy (g)"©
Uq(g)*. The right-hand side is by definition the completed tensor prod-

uct, U(g)*®U(g)*. (For completed tensoring of elements and maps we
below often use simplified notation, ®.) Coproduct Ay« transfers,

along the isomorphism &7 : U(g)* = S(g)* of cofiltered algebras
(see (36)), to the topological coproduct on the completed symmetric
algebra S(g*) = S(g)* (cf. [23)]),
Mg 567 > S(a")E5(").

This construction can be performed both for g” and g#. The canonical
isomorphism of Hopf algebras U(gf) = U(g”)°P induces the isomor-
phism of dual cofiltered Hopf algebras U (gf)* = (U(g%)*)*, commut-
ing with ¢7', hence inducing an isomorphism of Hopf algebras S(gf*) =
S(gh*)e fixing the underlying algebra S(g*). Thus, the coproduct on

S(gf*) is Aoglzg Loy hence we just write S(g*) and use the algebra iden-
tification, with the (co)opposite signs S(g*)° or AZ}ZB*) when needed.

As discussed in [23, 27], the coproduct is equivalently characterized
by
Py (f9) = m(Ag g (P)> @ »)(f © ). (37)

for all P € S(g*) (for instance, P = 9*) and all f,§ € U(g). Using the
action » we assumed that we embedded S(g*) < H® = A,,. The right
hand version of (37) is that for all 4,9 € U(g) and Q € S(g*),

(40) €4 Q = m((2® 6)(4® 9Agi(Q)). (38)

DEFINITION 3. The homomorphism o' : U(gh) < H" is the inclu-

sion U(gh) — U(gh)tl — U(g“)8S(g*) = H: and o : U(gh) — HE

is the inclusion ot : U(gh) — 1U(g") — S(g")tU(g") = HE.

Thus, in our writing conventions, o (f) = f and o®(4) = @. Like-

wise, L . U(gh)P — HE and g : U(gf)® — HE are the unique

antihomomorphisms of algebras extending the formulas (cf. (33))
BL(fi’u) = jp(oilm =Uu € H".

BR(g)a) = Og@p = ng'%a(o_l)z =2Z4 € HE,

(39)
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16 Martina Stoji¢, Zoran Skoda and Stjepan Meljanac

The extension BL exists, because the extension of the map &, — ¢, on
g to the antihomomorphism B%(g) :T(g) — H™ maps [T, Zg] — 0359%7
to [95, Jal — Copiy = 0; similarly for AR, using (34).

PROPOSITION 1. (i) H is a U(g")-bimodule via the formula a.h.b :=
o (a)BY(b)h, for all a,b € U(gr), h € HE. Likewise, H' is a U(g")-
bimodule via a.h.b := h3%(a)a®(b), for all a,b € U(g®), h € H®. From
now on these birpodule structures are assumed.

(ii) For any f,§ € U(g") and any 4,9 € U(gh),

BE@G) w f = fo, @« BR() = vi. (40)
Proof. (i) The bimodule property of commuting of the left and the
right U(gl)-action is ensured by [#,,9,] = 0. For the U(g#®)-actions it
boils down to [, OVi(O1)7] = 0, which follows from the Theorem 1.
(ii) follows from (26) and (31), by induction on the filtered degree

of § (respectively, of 7).

PROPOSITION 2. Let HY := U(gh)8S(g*) and HE := S(g*)iU (g7)
be the completed smash product algebras defined in Theorem 6. Then

(i) the factorwise multiplication (m ®@m)(id® 7 ®id) : (H* @ HY) @
(HY @ HY) — (H* ® HY) (where T switches the factors) extends to
the unique map (H*®HY) @ (HF@HL) — (HE@HY) (note that the
middle ® 1is not completed!) distributive over formal sums in each of
the two H*&H-factors. Likewise for H® in place of H".

(ii) The inclusions HX&@HY — HL'@HY, HEQHE — HEQHR,
H[;@U(QL)HL — ﬁL®U(gL)ﬁL and HR®U(9R)HR — }A[R®U(QR)E[R are
onto;

(i1i) The actions » and <« extend to the actions of the completed
algebra w: H* @ U(g*) — U(gh) and <« U(g%) @ A — U(gh).

Proof. (i) The proof is in the vein of the proof of Theorem 6.

(ii) The cofiltered components (H%), = (HL), agree, hence both
sides of the tensor product inclusions have also equal cofiltered compo-
nents. Therefore, the completions are the same.

For (iii) extend the recipe from (22) and notice that idfeg kills also
all elements in U(g")45(g*) not in U(g%)4S5(g*) with the result in U(g).
On the other hand, there are no completed actions HX&U (gb) — U(gh)
and U(g®)&HR — U(gh) extending » and <.

DEFINITION 4. The right ideal I C Hl' ® I{L is generated by the set
of all elements of the form B (f)@1—1®a”(f) where f € HY. In other
words, I is the kernel of the canonical map HY @ HY — HT Qu(gL) HE.
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Hopf algebroid 17

The right ideal I' C HY @ H® is the set of all Y, hi @ bl € HX @ H
such that

> (hiw fi)(hiw g;) =0, for all Y fj@g; € Ug") @ U(gh).

i,j J
Similarly, T := ker (H® @ HF — HFE QU (gh) HT) is the left ideal in
HEg HE generated by all elements of the form a®(a)®1 -1 pR(a),
@ € U(g®), and I' is the left ideal in HRQH™ consisting of all Y, hi®h,
such that Y, (G <« h;)(0; < hj) = 0 for all Y, 1; ® 0; € U~(g~R) ®
U(g"®). The completions (Appendiz A.2) of the ideals I,I' and I, 1" are
denoted I,1' ¢ HE@HL =~ HL&HY and I,I' ¢ HRGQHR ~ HRQHAR,

respectively.

More generally, for » > 2, let I be the kernel of the canonical
projection (HM)®" := H' @ H' @ ... ® HY (r factors) to the tensor
product of U(gh)-bimodules H" @y HY @pgry - Qpgry H. 1)
coincides with the smallest right ideal in the tensor product algebra
(H™)®" which contains 1%% @ I ® 1®*=2) for k = 0,...,r — 2. Let
') be the set of all elements Yih1i®hy®. . hy € (HL)®T such that
for every Y u1j @ ug; @ ... @ upj € U(gh)®”

Z(hu > u1j)(ho » ugj) - -+ (hei » urj) = 0.
2
LEMMA 1. (i) There is a nondegenerate Hopf pairing
(Vo :U(@) ®S(g") = k, (i, Py = 4 (0)(P)(1),

where the action on 1 is the Fock action (on 1 this amounts to evalu-
ating €5(5") ). It satisfies the Heisenberg double identity

Py =Y (i), P)siy for PeS(g*) and i€ Ul(g).

(ii) For multiindices Jy, Ja, J, K such that J, + Jo = J,

PO = Y )00 i) (7).
Ki+Ko=K

(ii) ¢ (2)(07) € S(8%)g-c| if | K| < |J].

(i) ¢4 (2x)(07) — K!65 € S(g*) iof |K| = |J|.

(v) For multiindices K, J and for the basis {0% € S(g*)}k the
identities (#7,0%)s = K!6% hold if K > J (in partial order for
multiindices), but in general not otherwise.
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18 Martina Stoji¢, Zoran Skoda and Stjepan Meljanac

(vi) There is a unique family {015} € S(g*)} i which for all multi-
indices K, J satisfies (%, 8{K}>¢ = K! 5JK.
(vii) Let f € S(g%). Then¥r € Ny, f =, 12y, o0t € S(a),,

where the sum is finite because i =0 if ¥ < |J|. Thus, there is a
formal sum representation f =lim, f, =) ; %(aﬁ], feott.
Jm .

(viii) 87 = Z\K\ZIJI dK,Ja{K} for some dg,j € k.

Proof. (i) is a part of the content of Theorems 3.3 and 3.5 in [27].

(ii) ¢4 is a right Hopf action, hence the identity follows from the
formula A(Zx) =Dk yxo—x %@Kl ® Tk, for the cocommutative
coproduct in U(g).

(iii) This follows by a simple induction on |J| — | K| using (ii) and
¢+ (1)(0") = 9" € S(g*).

(iv) follows by induction on | K| using (ii), (iii) and ¢4 (2,) (") =
which by (13) equals J,; up to a summand in S(g);.

(v) This is an application of the formula for (,)4 in (i) to the results

v
u’

(iii) and (iv); indeed the elements in S(g*); vanish when applied to 1.

(vi) Denote, as in Appendix A.2, by 7, : S(g*) — S(g*), and 7,4
S(g*)r+s — S(g*), the canonical projections. By [27], 3.4, the isomor-
phism ¢7 : U(g)* — S(g*) (see (36)) of cofiltered algebras identifies
the pairing (, ), with the evaluation pairing (,)r : U(g) ® U(g)* — k.
By the properties of (, )y, for each r € Ny, the induced pairing (, ), :
U(g)r ® S(g*)r — k characterized by (4,7, (P)), = (u, P)s for each
@ e U(g), P e S(g*) is nondegenerate. Thus there is a basis {87{K}}|K|§T
of the cofiltered component S(g*), dual to the basis {#L})<r of the
filtered component U(g),. Now ker 45 = Span {07, r < |J| < r+s}.
By (v) (U(9)r, ker 7 p45)r4s = 0. Therefore for all K, L if |[K| < r,
(L] < 7 then 8 = (31,0 )res = (1. 700s (011 = (2,0,
By nondegeneracy, 7rr,r+s(6ifs}) = 8,{[{}. Therefore 3! 91K} g(g*)r+s
such that 7, (01K}) = ot} for r > |K| and 7. (015}) = 0 for r < |K]|;
then the requirements of (vi) hold for {9t}} k.

(vii) is now straightforward and (viii) follows from (v) and (vii).

THEOREM 4. (i) The restriction of »: HY @ U(gl) — U(gh) to
S(g")@U(gh) — U(gh) turns U(gh) into a faithful left S(g*)-module.
(ii) The right ideals I,1I' agree and the left ideals I, 1" agree.
(iii) More generally, I") = I'") | [() = ') for r > 2.
(iv) Statements (ii) and (iii) hold also for the completed ideals.
Proof. We show part (ii) for the right ideals, I = I’; the method of
the proof easily extends to the left ideals, and to (i), (iii) and (iv).
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Let >, fs®go €I and v = &y -+, a monomial in U(gl). Then

(BL(U) > fa)ga_faaL(v) > Jo = (Q,uk e ':g,ul > fa)ga_fai'ul s ’i'uk > Jo,

which is zero by Eq. (26) and induction on k. Thus, by linearity, I C I'.

It remains to show the converse inclusion, I’ C I. Suppose on the
contrary that there is an element )", hy ® k) in I', but not in I; then
after adding any element in I the sum is still in I’ and not in I. Observe
that i‘JaK®iJ/8K/ = £J8K®a (iJ/)GK 5L($J/)xJaK®aK mod 1.
The tensor factor 3(z )i ;0% belongs to H ¢ H, hence it is also a
formal linear combination of elements of the form & JllaK . Therefore,
without loss of generality, we can assume

Zh)\@)hl = Z aJKLa:Jé' ®6L (41)
J,K,L

Using Lemma 1 (vi),(vii),(viii) we can in (41) uniquely express 9% as
a formal sum in M} and 9L as a formal sum in 91X}, Therefore, we
can write >, hy ® b\ as a formal sum

th@h/ = Z bJKijﬁ{ }®8{L}
J,K,L

for some coefficients by € k. The assumption ), ha®h) € I’ implies

D (ha > &) (R » 2n) = 0.
X

Choose multiindices M and N such that (|M],|/NV]) is a minimal bide-
gree for which bjp;n does not vanish for at least some J. By Lemma 1

(i), the formula A(Znr) = D p an—nr #}\!/[2!331% ® Zp, for the co-
product in U(g), and Lemma 1 (vi)

M My 5 M > K

(K} o o _ A (KW o~ _ () Em—k, >

g Z (MQ> (s, 07D 2, { 0, otherwise.
My +My=M

Therefore, using the minimality of (|M],|N|), only the summand with
M = K and N = L contributes to the sum and

OZZ(h)\PJJM) h)\Pl'N ZbJMN:UJ?
A

hence by the linear independence of monomials Zz, all bjyny = 0, in
contradiction to the existence of J with by different from 0.
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6. Bialgebroid structures

Let us now use the shorter notation AL := U(gl), A% = U(g¥). A
suggestive symbol A denotes an abstract algebra in the axioms where
either A” or A® (or both) may substitute in here intended examples.
In this section, we equip the isomorphic associative algebras H* and
H with different structures: H” is a left .A’-bialgebroid and H® is a
right Af-bialgebroid. We start by exhibiting the coring structures of
these bialgebroids; an A-coring is an analogue of a coalgebra where the
ground field is replaced by a noncommutative algebra A.

DEFINITION 5. /2, 8] Let A be a unital algebra and C' an A-bimodule
with left action (a,c) — a.c and right action (c,a) — c.a. A triple
(C,Ae) is an A-coring if

(i) A:C = C®4C ande: C — A are A-bimodule maps; they are
called the coproduct (comultiplication) and the counit;

(ii) A is coassociative: (A ®41id) o A = (id®4 A) o A, where in the
codomain the associativity isomorphism (CR4C)R4C = CR4(C®4C)
for the A-bimodule tensor product is understood;

(111) The counit azioms (e @ 41d) o A = id = (id ®4 €) o A hold,
where the identifications of A-bimodules C @ 4 A= C, c®a > c.a and
AR4C=C, a®dw— a.d are understood.

PROPOSITION 3. (i) 3 linear maps A* : HY — HF® o HY and
AR HE — HEQ (nHE such that AV and A respectively satisfy
Pw (fg) =mAMP)>ow)(fog), fgeA", PeH", (42

(10) 4 Q =m((a®0)(4® OARQ)), a,0e A%, Q e HE. (43)

(ii) AT is the unique left A"-module map HY — H*QH" estending
Ag(g*) 1 S(g") — S(g*)®S(g*) € HL@HL. Likewise, A® is the unique
right A%-module map extending Aé(g*) from g(g*) to HR. Equivalently,

AP (f8P) = [Ag)(P),  AR(Q10) = Dy (Q)d,  (44)

for all P,Q € S(g*), f € AL and v € AR.

(iii) AL (O8) = O) @ 4 OF, AL(O1)E = (071)

AR(O,'LJL) = 03 ®AR O#, AR(Ofl)ff = (Ofl)# ®_AR

A (o) = A (2,(07))) = 3,(O7 ) @ 40 (0710 = 1@ a1 G,

AR(2,) = AR(5,00) = (103,)(0) ®0)) = O) @ grip = &, @ 4r 1.

(iv) (HY, AL, ) and (HE, AR, /) satisfy the axioms for A" -coring
and AR-coring respectively, provided we replace the tensor product of
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bimodules by the completed tensor of (cofiltered) bimodules and the
counit axioms modify to (e4id) o A = j = (id®4€) o A where, in-
stead of the identity, j is the canonical map into the completion (say,
L.HgL — AL~ HLok = kQHE).

Taking into account our bimodule structures, the counit axioms,
Definition 5 (i), read

> al (e ()@ = h =2 B4 (" ( »)hay, heH" (45)

> B (e (h(l))) =h=>% hu ( (h2)), heH"
(v) The coring structures from (iv) canonically extend to an inter-
nal AL-coring (H™, AL eL) and an internal AB-coring (H™, AR, &)
(see [3]) in the category of complete cofiltered vector spaces with ®-
tensor product (see Proposition 2 and Appendiz A.2). Bimodule struc-
tures on fIL HE involve homomorphzsms al = oaL, aft .= jRoak,
and antzhomomorphzsms 6L = jl o gL, 5R = jB o BB, where j*
HE < AL and j% : HR < HE are the canonical inclusions.

Proof. The equivalence of the two statements in (ii) is evident. By
Theorem 4 (ii), the formulas (42) and (43) determine A*(P) and A%(Q)
uniquely. To show the existence, we set the values of A" and AT by (44)
and check that (42) and (43) hold. By (37) and (38) we already know

this for P,Q € S(g*). Using the action axiom for », observe that

> (Pr(f) = & mAHP)> @) (f© )
= m(E A P) (> @ »)(f ®§))
W (AL (@, P) (> @ »)(f © )

for all f,§ € AL, hence (42) holds for all P € H-. Likewise check (43)
for all Q € H”. Conclude (i). The statement in (ii) that AL, AT extend

Ag(gy A%‘Eg*) is the statement that (42),(43) specialize to (37),(38)

when P, Q € S(g*). The rest of (ii) follows from uniqueness in (i).
(iii) By Theorem 4 (ii), the first 4 formulas follow from (24),(25),
(29),(30). The formulas for A*(g,) and Af(#,) are straightforward.
(iv) To show that A’ is an A*-bimodule map note that by (ii) A
commutes with the left A-action. It remains to show that A% also
commutes with the right A action. This is sufficient to check on the
generators &, of AL and arbitrary P € S(g*):

AL(P).2, = Y Puy @aL B(24) P
= Y Puy @4z a(iy) (0714 Py
=>.8 (Au) 1) @z (0714 Py
= Z@( ) Py @41 (O™ Py
= ALz, (071 P)
= AL(B(2,)(P))
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By Theorem 4 (iii) for r = 3, the action axiom for » and associativity
in H* implies the coassociativity of AL,

We exhibit the counits e and ¢® (and their completed versions
el L 5 AL eR . gR A by the corresponding actions on 1,

e“(h):=hw 14, €(h):=1,4r <h. (46)
The counit axioms (45) for €* are checked on the generators 2,
> (el (@) Eue) = (e (@)1 = 3,
D B (Eu)) ) = B(e"(1)d, = &4

Similarly, one checks the counit identities for e”.

Using formal expressions in the completions, (v) is straightforward.

DEFINITION 6. (Modification of [2, 4, 7], cf. 2). Given an algebra A,
a formally completed left A-bialgebroid (H, m,a, 3, A, €) consists
of the following data. H is a cofiltered vector space and (H,m) an
associative algebra with multiplication m distributive with respect to
the formal sums in each argument (Appendixz A.2) and the factorwise
multiplication on H® H extends to a multiplication (HQH) ® (H&H)
distributive with respect to the formal sums in each argument; o : A —
H and 8 : A°° — H are fized algebra homomorphisms with commut-
ing images; H is equipped with a structure of an A-bimodule via the
formula a.h.a’ == a(a)B(a’)h; A : H - HR4H is an A-bimodule
map, coassociative and with counit e : H — A understood with respect
to the completed tensor product @ and the counit axiom modifies to
(e@4id)o A = j = (id® g€) o A where j : H — HOk = H = k&H is the
canonical map into the completion; both A and € should be distributive
with respect to formal sums. It is required that

(1) € is a left character on the A-ring (H,m, ) in the sense that
the formula h @ f — e(ha(f)) defines an action H® A — A extending
the left reqular action A Q@ A — A;

(ii) the coproduct A : H — H® oH corestricts to the formal Takeuchi
product

Hx H C Ho  H

which is by definition the A-subbimodule, consisting of all formal sums
b=>,br®@4b\, where also Y, by V) € H®pH is formal and such
that

D by @abhala) =) brBla) @by, Va € A
A A

(iii) The corestriction A| : H — HX 4H is an algebra map.
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Notice that H® 4H does not carry a well-defined multiplication in-
duced from H®H, unlike Hx 4H which does. This explains the need
for (ii). Indeed, (ii) implies that for any b € Hx H and for any formal
sum ¢ = Eu Cu @A c; € H® 4H the product b - ¢ obtained by lifting b
and ¢ to H®pH is a well defined element of H® 4H (does not depend
on the lifting as a formal sum in H®yH); if moreover ¢ € Hx 4H then
b-c€ HxoH. Thus Hx 4H is an algebra and (iii) makes sense.

Interchanging the left and right sides in all modules and binary
tensor products in the definition of a left A-bialgebroid, we get a right
A-bialgebroid ([2]). The A-bimodule structure on H is then given by
a.h.b := ha(b)B(a). In short, (H,m,a, 3,4, €) is a right A-bialgebroid
ifft (H,m,p,a,A ¢) is a left A°P-bialgebroid; analogously with the
completed versions.

Let us return to our candidate examples H* and H. Regarding that
HLQHY = HLQHL it may be convenient to have all modules com-
pleted to start with, hence considering the completed smash product
algebras H-, H (Theorem 6 and Proposition 2). One of the advantages
is that for H- and H® the internal coring axiom is not modified for
AL Still, the expectation that all objects and morphisms are in the
completed sense is not true, as the multiplication m : H* @ H* — HT
can be extended to HX @ H- — HL but can not be extended to a func-
tion on the completed tensor product HEQHL — HL distributive over
formal sums. The thesis [25] alternatively introduces a canonical tensor
product on a more complicated category of filtrations of cofiltrations; it
involves less drastic completions in general and admits a truly internal
bialgebroid structure on HE.

PROPOSITION 4. (HE m,ak, gE AL L) and (HE,m, &%, g%, AL, el)
have a structure of formally completed left AL bialgebroids. Likewise,
(HE m, o, gl AR R) and (I:IR, m,alt R AR, éft) are formally com-
pleted right AR-bialgebroids.

Proof. The coring axioms are checked in Proposition 3.

To check that the rule >, hy ® fa = Y., €l(haa(fy)) (for finite
sums) is an action and (i) holds for X', observe from the definition (46)
that e“(ha(f)) = ha(f) » 1 = h » f, for all f € AL b e HE
Analogously check (i) for eR L R

To show that AL corestricts to the formal Takeuchi product H% x AL HE,
calculate for P € HL and f,§,h € A%,

(PuyBE@) » f) - (Pay» h) = (Pay» (BE@) » f)) - (Pay » )
O Py » (f9)) - (Pay» h)

= (
= <fgf}>
= (P(l) > /) (Poyat(g) » h),
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~

thus, by Theorem 4 (11)7 (iV), P(l)BL(g) QgL P(g) = P(l) QAL P(2)dL<g),
hence AL(P) € HE X 4, HE.

We now check directly that the corestriction A : AV — HF% , HY
is a homomorphism of algebras,

A (hihy) = AF(h)AL(hy)  for all hy, hy € H”.

To this aim, recall that AS( o S(g*) — S(g *)®5’(g*) is a homomor-
phism, and that by Proposition 3 (ii), AL |1ﬁ (g is the composition

Sy ay Gpowy DS A A G ALS AL
185(g%) = S(g*) — S(g")®S(g") = H" % 4 A",
hence homomorphism as well (the inclusion is a homomorphism, be-

cause the product is factorwise). We use this when applying to the
tensor factor P2)@ in the calculation

AL ((utP)(0v8Q)) = AF(u(Pyy » v)iP2)Q)

(u(Py » v)iP) ()) (1ﬁP 1Q(2))-

[(ufP1)) (viQ (1) )] ® (1P )

= (U(P( > v)iP9) Q1)) ® (1ﬁP 1Q2))-
[uﬁP() (1ﬁP(2))H(’UﬂQ(1)) (WQ(z))]

= AL(utP)AL(v1Q).

7. The antipode and Hopf algebroid

A Hopf algebroid is roughly a bialgebroid with an antipode. In the
literature, there are several nonequivalent versions. In the framework of
G. Bohm [2], there are two variants which are equivalent if the antipode
is bijective (as it is here the case): nonsymmetric and symmetric. The
nonsymmetric involves one-sided bialgebroid with an antipode map
satisfying axioms which involve both the antipode map and its inverse.
The symmetric version involves two bialgebroids and axioms neither
involve nor require the inverse of the antipode. We choose this version
here, because we naturally constructed two actions, » and «, which
lead to the two coproducts, A and A%, as exhibited in Section 6.

DEFINITION 7. Given two algebras A and AT with fized isomor-
phism (AY)P = AR g symmetric Hopf algebroid (/2)) is a pair of
a left Al-bialgebroid HY and a right AR-bialgebroid H, isomorphic
and identified as algebras H = HY =2 HE | such that the compatibilities

al ol o,BR BR. Bloeloall =ak,

OzR o 6 o BL BL’ BR o ER o O[L _ aL’ (47)
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hold between the source and target maps o, a't, B, B1, and the counits
el el the comultiplications AT and AR satisfy the compatibility rela-

tions
(AR ® 40 id) o AT = (id @ 4r AL) 0 AR (48)

(AT @ 4rid) o AR = (id @ 4 AT o AT (49)

and there is a map S : H — H, called the antipode which is an
antihomomorphism of algebras and satisfies

Sopl=al, Soplt=al
mo (S®id)o AL = aft o ef (50)
mo (id®S) o Aft = o oeL

A formally completed symmetric Hopf algebroid is defined anal-
ogously as a pair of left and right formally completed bialgebroid with
antipode S satisfying (50) and the compatibilities (47),(48),(49) satis-
fied with the tensor products replaced with the completed ones.

THEOREM 5. Data AL = U(gh), A% = U(g®) together with either
(i) H = U(g")iS(g"), H" := S(g")3U(a"), &b, ef,ab, ph, a", i
from Section 5 and AL,A AR defined in Section 6,
(ii) or H" = U(g")4S(g*), H™ := S(g*)tU (g"), €, €', a", g7, oft, pF
from Section 5 and AL, AT defined in Section 6,
form a formally completed symmetric Hopf algebroid. The antipode map
for (1) is the unique homomorphism of algebras S : H — H distributive
over formal sums and such that

S@) = -9,

and the antipode for (ii) is its restriction S = S| : H — H. The
antipode S is bijective in both cases, and by distributivity over formal
sums it follows that S(O) = S(e€) = e € = O~ and

S(?)u) = . (51)
For a general Lie algebra g, S? # id. More precisely,

S*(Gu) =S(@u) =9 — Cox, S 2(@0) =S '(u) = 80— Ciy (52)

S &) = 2y + Cpy, S72(u) = G + Oy (53)

with the summation over A understood.

Proof. In this proof, we simply write e, AL etc. without hat symbol,
as it is not essential for the arguments below which work for both ver-
sions. We proved that the above data give bialgebroids (Proposition 4).
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A~

One checks the relations (47) on generators, for which af(g,) = g,
B7(51) = Ohiy = OLir (O3 (i) = By, BH(2) = e

Regarding that A" and AR restricted to S(g*) coincide with Ag(g*),
(48) and (49) restricted to S(g*) reduce to the coassociativity. Algebra

HL is generated by S(g*) and g~, so it is enough to check (48),(49)
also on g, = 2,(O~"). This follows from the matrix identities

AFEO™M) =30 @0 0O =070 @ 40 207 = 1@ 41 4,
ARG =1@r §=§ @m0 =207 @ O
Formula S(0*) = —0* clearly extends to a unique continuous an-
tihomomorphism of algebras on the formal power series ring S(g*).
Similarly, by functoriality of g — U(g), the antihomomorphism of
Lie algebras, S : g@ — g%, Uu + Ty, extends to a unique anti-
homomorphism U(gf) — U(g"). Regarding that U(g®) and S(g*)
generate H, it is sufficient to check that S is compatible with the

o

additional relations in the smash product, namely [0*, 3,] = (ec(il .
Sy — ' _ (_c V' _ (,—c_—c ! .

Then S([o*,2,]) = S(m)y = (ﬁ)y = (e 370—1)1/ which

equals (e~C)0 [z, —0"] = [S(7,08), —0] = [S(3,),S(0").

To exhibit the inverse S™!, we similarly check that the obvious
formulas S~(%,,) = g, S~1(0") = O* define a unique continuous (that
is, distributive over formal sums) antihomomorphism S~!: H — H.

For (52) calculate S(2,) = S(9,00) = S(01)S(9,) = (O~ Yoz, =
((9_1)ZQUOZ and use [0, 7] = —CfUO; in the last step. Similarly,
we get STH(g,) = Ohis(O71)g and use [0f, &,] = —CF,O], for the
second formula in (52). Notice that S71(g,) = 2, from Theorem 3,
formula (31). For (53) similarly use the matrix identities S?(#) =
S(O7150) = 07120, §7%(j) = OO~ L.

The formula S(8%(2,)) = S(9,) = &, = al(#,) shows So L = ol
for the generators of A”. Likewise for the rest of the identities (50).

8. Conclusion and perspectives.

We have equipped the noncommutative phase spaces of Lie algebra
type with the structure of a version of a Hopf algebroid over U(g).
That roughly means that we have found a left U(g)-bialgebroid H,
and a right U(g)°P-bialgebroid H?, which are canonically isomorphic
as associative algebras H” = H and an antipode map S satisfying a
number of axioms involving a completed tensor product &.
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Hopf algebroids allow a version of Drinfeld’s twisting cocycles stud-
ied earlier in the context of deformation quantization ([29]), and are a
promising tool for extending many constructions to the noncommuta-
tive case, and a planned direction for our future work. One can find a
cocycle which can be used to twist the Hopf algebroid corresponding
to the abelian Lie algebra (i.e. the Hopf algebroid structure on the
completion of the usual Weyl algebra) to recover the Hopf algebroid of
the phase space for any other Lie algebra of the same dimension (]22]).
More importantly for applications, along with the phase space one can
systematically twist many geometric structures, including differential
forms, from the undeformed to the deformed case. This has earlier been
studied in the case of k-spaces (e.g. in [15]), while the work for general
finite-dimensional Lie algebras (and for some nonlinear star products)
is in progress.
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Appendix

A.1 COMMUTATION [Zq, 93] =0

PROPOSITION 5. The identity [Z,,9,] = 0 holds in the realization

s o _ < \7 o _ . ap _ c \* _
Ty = 100, = o (m>u} Uy = Tpdh = <ﬁ)u, where Cl =
CL,07 (cf. the equations (15,12,13)).

Proof. For any formal series P = P(0) in 0-s, [P, Z,] = % =:0,P.
In particular (cf. [10]), from [Z,,Z,] = C[L\l,i,\, one obtains a formal
differential equation for ¢¢

:L“
(0p0) 00 — (8p0)) 0} = Cl 05 (54)
By symmetry C’;k — —C;k the same equation holds with (—¢) = %

in the place of ¢. Similarly, the equation [, §,] = 0, L.e. [z}, azﬁg?)f] =
0, is equivalent to 3 3

(0p0)) 00 — (6p9)) ), = 0 (55)
Recall that ¢ = & = S¥_o(~1)VEx(CN)i, where By are the

e C-1 7
Bernoulli numbers, which are zero unless N is either even or N = 1.
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Hence ¢ = ﬁ = 2N=0 %CN = 5C+ > Neven %CN and ¢ — ¢ =
oC%
—Q%C = C. Notice that Wﬁ) = Cf,,- Therefore, subtracting (55) from

(54) gives the condition
(6P¢ZL)CZ€ - C;Yp(,bﬁ = CqubZ"

C is homogeneous of degree 1 in 9*-s, so we can split this condition into
the parts of homogeneity degree N:

[3,(CM)7ICE = (0,e2)(C™)f) = R, (€M), (56)

where the overall factor of (—1)"¥ By /N! has been taken out. Hence the
proof is reduced to the following lemma:

LEMMA 2. The identities (56) hold for N =0,1,2,....
Proof. For N = 0, (56) reads C},, = Cjl,,, which is the antisymmetry
of the bracket. For N =1 it follows from the Jacobi identity:
(C,Ch = C),CH)0 = Ch,CLO.

vp~ Ut pv ™~ pt

Suppose now (56) holds for given N = K > 1. Then
Ol (CR)5e) = [B,(C)ICrCy — Ch (CR)7C)
By the usual Leibniz rule for d,, this yields
O (CR)5C) = 6,(CRFh)CT — (CF)RCR,Co — CLL (CR)5Cy.

n po
The identity (56) follows for N = K + 1 if the second and third sum-
mand on the right hand side add up to —C7,(C**1)7. After renaming
the indices, one brings the sum of these two to the form
(CEN(=CNCp + CF,CR,)0" = —(CTN.CH07 O, = —(CFHY)7C,

p
p 7

as required. The Jacobi identity is used for the equality on the left.

A .2 COFILTERED VECTOR SPACES AND COMPLETIONS

We sketch the formalism treating the algebraic duals U(g)* and S(g)* of
filtered algebras U(g), S(g) as cofiltered algebras. The reader can treat
them alternatively as topological algebras: the basis of neighborhoods
of 0 in the formal adic topology of U(g)* and S(g)* is given by the
annihilator ideals Ann U;(g) and Ann S;(g), consisting of functionals
vanishing on the i-th filtered component. A cofiltration on a vector
space A is an inverse sequence of epimorphisms of its quotient spaces
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.= Ay = A — A1 — ... = Ap; denoting the quotient maps
m: A— A; and Tiitk - Ai+k — AZ', the identities m; = Tii+k © Titk,
Tiidtk+l = Tiitk © Titki+k+l are required to hold. The limit EiLn’“AT
consists of threads, i.e. the sequences (a,)ren, € [[, Ar of compatible

elements, a, = 7 ,4k(ar4%). The canonical map A — A to the com-
pletion A :=lim, A, is 1-1 if Va € A Ir € Ny such that mr(a) # 0. The
H

cofiltration is complete if the canonical map A — Aisan isomorphism.
Strict morphisms of cofiltered vector spaces A — B are the linear
maps which induce the levelwise maps A, — B, on the quotients.
(This makes the category of complete cofiltered vector spaces more
rigid than the category of pro-vector spaces.) We say that a = (a;,),
has the cofiltered degree > N if a, = 0 for r < N. In our main exam-
ple, Ui(9)* := (U(9)*): := U(g)"/ Ann Ui(g) = (Ui(g))" and similarly
for S(g)* = S(g*). We use lower indices both for filtrations and for
cofiltrations (but upper for gradations!). Given a family of elements in
A,a: A — A, X\ ay, the expression (‘abstract infinite sum’) >y, ax
is called a formal sum if for each r > 0, there is only finitely many A
such that m.(ay) # 0 hence 7, (3" ycp an) := D oyep Tr(an) € A, is well
defined; and therefore there is well defined thread (m.(D_\cp ax))r € A,
the value of the formal sum.

The usual tensor product A ® B of cofiltered vector spaces is cofil-
tered with the r-th cofiltered component (see [25])

A®B

A® B), = .
(A® B), Np+q=r ker 7t @ ker 75

(57)

(A® B), is an abelian group of finite sums of the form ), a\®by € A®
B modulo the additive relation of equivalence ~, for which ) a,®b, ~,
0iff mp(a,) ®mg(by) = 0in A, ® By for all p, g such that p+¢ = r. Define
the completed tensor product AQB = l<i£1T(A®B)T, equipped with

the same cofiltration, (A®B), := (A® B),. An element in A®B is thus
the class of equivalence of a formal sum ), ay ® by such that for any p
and ¢ there are at most finitely many A such that 7T1‘D4 (ax) @ T2 (b)) #
0. Alternatively, we can equip A ® B with a bicofiltration (Ny x Np-
cofiltration), (A ® B), s = A, ® Bs. Observe the inclusions ker 7,45 ®
ker m15 C Npyg=rts ker m, @ ker m; C ker 7, ® ker m,, which induce
projections A, 4s® Byys = (AR B)r4+s - A, ® By for all r, s; by passing
to the limit we see that the completion with respect to the bicofiltration
and with respect to the original cofiltration are equivalent (and alike
statement for the convergence of infinite sums inside A®B). A linear
map among cofiltered vector spaces is distributive over formal sums
if it sends formal sums to formal sums summand by summand (formal
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version of o-additivity). This property is weaker than being a strict
morphism of complete cofiltered vector spaces. In fact ([25]), a linear
map f: C — D is distributive over formal sums iff Vs 3r and a linear
map fs : Cp — Dg such that 50 f = fg o m (in the strict case we
required s = 7). If A and B are complete, we can also consider maps
A® B — C distributive over formal sums in each argument separately.
Unlike the strict morphisms of cofiltered spaces, such a map does not
need to extend to a map A®B — C distributive over formal sums in
A®B (continuity in each argument separately does not imply the joint
continuity).

A (strict) cofiltered algebra A (e.g. S(g*)) is a monoid internal to
the k-linear category of complete cofiltered vector spaces, strict mor-
phisms and with the tensor product ® ([25]). The bilinear associative
unital multiplication map 7 : A®A — A is a strict morphism, hence
inducing linear maps m, : (A ® A), — A, for all r. In other words,
A®A DY, a\ @by it doaax-by € A, where (3, ay - by), is an equiv-
alence class in A, of (m, o m)(zl)\ ay®by), where >’ denotes the finite
sum over all A such that 3(p, q) with p+¢ = r and mp(ax) @ mg(by) # 0.

Any vector subspace W of a cofiltered vector space V' is cofiltered
by W, := V, N W with a canonical linear map {iian — l(ian =V,

whose image is a cofiltered subspace WV C V, the completion of W
in V. This is compatible with many additional structures, so deﬁning
the completions of sub(bi)modules and ideals (thus I, I/, 1), I'") T,
f’, f(r), ') in Sections 5 and 6). If U is an associative algebra, Ay
a right U-module and yB a left U-module, where both modules are
cofiltered, then define A% B as the quotient of A®B by the completion
of ker(A® B — A®y B) in A®B.

In this article, the completed tensor product U (g%)&S(g*) is defined
by equipping the filtered ring U(g”) with the trivial cofiltration U(g"),
in which every cofiltered component is the entire U(g) (and carries
the discrete topology). The elements of U(gX)®S(g*) are given by the
formal sums > uy) ® ay such that Vr, m.(ay) = 0 for all but finitely
many A. The basis of neighborhoods of 0 in U(g*)®S(g*) consists of
the subspaces kf ® Hp>r SP(g*) for all fe U(g) and r € N. The right
Hopf action a ® @ — ¢4 (4)(a) admits a completed smash product:

THEOREM 6. The multiplication in H* = U(gL)ﬁ¢+S'(g*) extends to

a unique multiplication m on U(gL)®§(g*) which distributes over for-
mal sums in each argument, forming the completed smash product
algebra H' = U(g")tS(g*). Likewise, the multiplication on HT =
S(g*)ﬁéiU(gR) extends to S(g*)QU (gB) forming HE = S(g*)iU (g®).
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However, there are no cofiltered algebra structures on HL| because the
multiplication does not distribute over formal sums in HFQH".
Proof. The extended multiplication is well defined by a formal sum
Do p(uadan)(uda,) = >, u,\u:L(l)ﬁqS_F(u;l(Q))(a,\)aL if for all r € Ny
the number of pairs (u, A) such that UAUL(1)®Wr(¢+(UL(2))(G,\) -a;,) # 0
(only Sweedler summation) is finite. There are only finitely many p such
that 7,(a},) # 0; only those contribute to the sum because 7, (a)m (b) =
0 implies mg4i(ab) = 0 in any cofiltered ring. For each such u fix a
representation of A(u,,) as a finite sum ), u, (1), @ U, (2)r and denote
by K () the maximal over k filtered degree of u,(2), and by L(xu) the
minimal cofiltered degree of a,. By Lemma 1 (iii) and induction we see

that if ay € S(g*)s then D4 (uy@r)(an) € S’(g*)s_K(#). Hence for each
 there are only finitely many X for which s — K (u) + L(p) < r. That is
sufficient for the conclusion. More details will be exhibited elsewhere.
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