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A NOTE ON HARMONIC QUADRANGLE IN ISOTROPIC PLANE
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ABSTRACT: The harmonic quadrangle is a cyclic quadrangle ABCD with the following property:
the point of intersection of the tangents at the vertices A and C lies on the line BD, and the intersection
point of the tangents at the vertices B and D lies on the line AC. If one of the requests is fulfilled, the
other one automatically follows. In this paper we give some characterizations of harmonic quadrangles
among the cyclic ones. We also study a new harmonic quadrangle associated to the given harmonic

quadrangle ABCD.
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1. INTRODUCTION

An isotropic plane is a real projective plane where
the metric is induced by a real line f and a real
point F, incident with it. The ordered pair (f,F)

is called the absolute figure of the isotropic plane.

All straight lines through the absolute point F
are called isotropic lines, and all points incident
with f are called isotropic points. Two lines are
parallel if they intersect in an isotropic point, and
two points are parallel if they lie on the same
isotropic line. In the affine model of the isotropic
plane where the coordinates of the points are

defined by
X1 X2
X=—y=—
X0 X0

the absolute line f has the equation xo = 0 and

the absolute point F' has the coordinates (0,0, 1).

For two non-parallel points A = (x4,y4) and B =
(xp,yp) a distance is defined by d(A,B) = xp —
x4, and for two parallel points A = (x,y4) and
B = (x,yp) a span is defined by s(A,B) = yp —
va. Two non-parallel lines p and g given by the
equations y = k,x+1[, and y = k,x + [, form an
angle defined by /(p,q) = kg —kp, [5].

2.ON HARMONIC QUADRANGLE IN
ISOTROPIC PLANE

In [6] it is shown that in order to prove geometric
facts for each cyclic quadrangle, it is sufficient
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to give a proof for the standard cyclic quadran-
gle. We consider the standard cyclic quadrangle
ABCD with the circumscribed circle given by

2
y=x (D
and vertices are chosen to be

A= (a,a®),B= (bb*),C=(c,c*),D = (d,d°),

(2)
with a, b, c,d being mutually different real num-
bers, where a < b < ¢ < d. The following two
lemmas characterize such a quadrangle.

Lemma 1 (/6], p. 267) For any cyclic quadran-
gle ABCD there exist four distinct real numbers
a,b,c,d such that, in the defined canonical affine
coordinate system, the vertices have the form ,
the circumscribed circle has the equation (1) and
the sides are given by

AB...y = (a+b)x —ab,
BC...y = (b+c)x—bc,

DA..y=(a+d)x—ad,
AC...y = (a+c)x—ac,

CD..y=(c+d)x—cd, BD..y=(b+d)x—bd.

3)
Tangents o/ \HB,€,% of the circle at the
points ([2)) are of the form

o ...y =2ax—a’, B...y=2bx—Db
€...y=2cx—c?, D...y=2dx—d>.
4)



The points of intersection of the tangents in ({)
are

Typ=A NA = (#,ab),
TAC =dNEC = (“T“,ac),
Tap = NP = (44, ad),

bic &)
Tge = BNE = (T,b(}),
Tep = BN D = (22,bd),
Tecp=NY = (#,Cd).

An allowable triangle is a triangle whose sides
are non isotropic lines, see [2]. According to
[6] the allowable cyclic quadrangle is the cyclic
quadrangle having the allowable diagonal trian-
gle.

Lemma 2 The diagonal points U,V,W of the al-
lowable cyclic quadrangle ABCD are of the form

ac—bd  ac(b+d)—bd(a+-c)

U —

(a+c—b—d’ at+c—b—d )

V= ab —cd ab(c+d)—cd(a+b))
at+b—c—d’ a+b—c—d ’

W= ad — bc ad(b+c)—bc(a+d))
“a+d—-b—c’ at+d—b—c ’

(0)
and the sides of the diagonal triangle are given
with

UV — 2(ad —bc)  ad(b+c)—bcla+d)
YT atd—b—c at+d—b—c
_ 2(ab—cd) ab(c+d)—cd(a+Db)
UW“'y_a—Fb—c—d a at+b—c—d
_ 2(ac—bd) ac(b+d)—bd(a+c)
Wy = T a" ™ atcb-d
(7)

where a+c—b—d+#0,a+b—c—d#0,
a+d—b—c#0.

Apparently, conditions a+c—b—d # 0,
a+b—c—d=#0,and a+d —b—c # 0 are the
conditions for the cyclic quadrangle ABCD to be

Y

b

allowable.

The geometry of harmonic quadrangle firstly has
been discussed in [[1]. This paper presents the
sequel to such an investigation. The harmonic
quadrangle 1s a cyclic quadrangle ABCD with the
following property: the point of intersection of
the tangents at the vertices A and C lies on the
line BD, and the intersection point of the tangents
at the vertices B and D lies on the line AC. If one
of the requests is fulfilled, the other one automat-
ically follows. Due to Theorem [3| there are many
other characterizations of harmonic quadrangles
among the cyclic ones.

Lemma 3 [|/\] Let ABCD be an allowable cyclic
quadrangle with vertices given by (2)), sides by
(3) and tangents of its circumscribed circle (1)) at
its vertices given by ({)). These are the equivalent
statements:

1. the point Tayc = o/ N€ is incident with the

diagonal BD;

the point Tgp = BN Y is incident with the
diagonal AC;

3. the equality
d(A,B)-d(C,D) = —d(B,C)-d(D,A) (8)
holds;
4. the equality
2(ac+bd) = (a+c)(b+d)  (9)
holds.

Since the properties 1-3 have completely geomet-
rical sense, the property 4 does not depend on the
choice of the affine coordinate system. Choosing
the y-axis to be incident with the diagonal point
U, because of (6) ac = bd follows. Since ac < 0
and bd < 0, we can use the notation

ac=bd = —k*. (10)



Figure 1: The harmonic quadrangle

Thus the diagonal point U,V, W turns into

U= (Oak2)7v = (a_‘c_d[;:ifida _k2)7
(11)
W= (aﬁgizic7_k2)'

Such a harmonic quadrangle is said to be a stan-
dard harmonic quadrangle. As every harmonic
quadrangle can be represented in the standard po-
sition, in order to prove geometric facts for each
harmonic quadrangle, it is sufficient to give a
proof for the standard harmonic quadrangle. Fig-
ure |l| presents one standard harmonic quadrangle.

3.FEW NEW PROPERTIES OF HAR-
MONIC QUADRANGLE IN ISOTROPIC
PLANE

Hereby, we present some interesting results that

characterize the harmonic quadrangle among

cyclic ones. For the Euclidean counterparts see

[4].

Theorem 1 Let ABCD be an allowable cyclic
quadrangle. ABCD is the harmonic quadrangle
if and only if the isotropic line through the point
D intersects sides AB, BC, CA in the points P, Q,
R, respectively, such that s(Q,R) = s(R, P). The
analogous statements for the other three vertices
are valid as well.

Proof: The isotropic line through D has the
equation x = d. From (3]) we get

P(d,d(a+b)—ab),
Q(d,d(b+c)—bc),
R(d,d(a+c)—ac).

Now we have

s(Q,R)=d(a+c)—ac—[d(b+c)—bc] =
(a—b)(d—c),

s(R,P)=d(a+b)—ab—d(a+c)—ac] =
(b—c)(d—a).

Obviously, s(Q,R) = s(R, P) precisely when ab +
ad + bc + c¢d = 2ac +2bd, i.e. when ABCD is a
harmonic quadrangle.

Theorem 2 Let ABCD be an allowable cyclic
quadrangle. If Cap = ABNE, Dap = ABN 9,
Apc=BCN</, Dpc =BCNY, Acp =CDN
Bep =CDNAB, Bap =ADN B, Cap =ADNE
are considered, then the following statements are
equivalent:

1. ABCD is a harmonic quadrangle.

2. The lines BAcp, DApgc, AC are concurrent.
3. The lines ABcp, CBap, BD are concurrent.
4. The lines BCap, DCag, AC are concurrent.

5. The lines ADgc, CDap, BD are concurrent.

Proof: 'We will prove that statement 1 is equiva-
lent to statement 5. Used calculations are simple,
but long, so hereby we present only the final re-
sults of them.

The points D4p and Dpc have the following co-
ordinates

ab —d?
D p—
AB <a+b—2d’

bc — d?
Dpc =

2abd — d*(a+b)
a+b—2d ’

b+c—2d’

2bcd —d* (b +c¢)
b+c—2d '



Therefore, the lines ADgc and CD4p have the
equations
2, 72 2
d=)(b -2 b
ADpgen.y (@ +d%)(b+c)—2(a”+be)
d(d—2a)+a(b+c)—bc
d*(b+c—a)+bc(a—2d)
d(d—2a)+a(b+c)—bc

a,

(2 +d*)(a+b) —2(c? +ab)
CDypp...y = .
AB-Y = gd—20) tclatb)—ab
_dz(a+b—c)+ab(c—2d)

d(d—2c)+clatb)—ab

These two lines intersect in the point (xg,yo):

Ny
Xo = —,
0 D,
Ny
yO_D_y

where
N, = abc(ab—ac+bc)—4ab*cd —d* (a’b—ab*—
—a’c — ac®+bc® —b*c—4abc) —4acd>+
+d*(a—b+c),

D, = a’b?*—a*c*+b*c* —2d(a*b+-ab® —a*c—ac*+
+b?c+bc?)+2d? (2ab—2ac+2bc+b*) —4bd> +d

Ny = a®b*c® —4a’bc*d+2acd? (2ab+ac+2bc—2b?)

—2d3(a*b—ab®*+a*c+ac® —b*c+bc? )+
+d*(a® —b*+c?),

Dy = a®b*—a*?+b*c?—-2d(a*b+ab*—a*c—ac*+
+b?c+bc?)+2d? (2ab—2ac+2bc+b*) —4bd> +d*.

which is incident with the line BD having the
equation
y=(b+d)x—bd

if and only if ab —2ac + bc + ad —2bd + cd = 0.
According to Theorem [3|that happens precisely
when ABCD is a harmonic quadrangle.

Theorem 3 Let ABCD be an allowable quad-
rangle and C its circumscribed circle. If Cyp =
ABN%E, Dyg =ABN Y, Agc = BCN </, Dgc =

BCNY,Acp=CDN<f, Bcp =CDN%, Bap =
ADNAB, Cap = ADNE are considered, then the
following statements are equivalent:

1. ABCD is a harmonic quadrangle.

2. The second tangents to C at Agc and Acp
intersect on AC.

3. The second tangents to C at Bap and Bcp
intersect on BD.

4. The second tangents to C at Cap and Cup
intersect on AC.

5. The second tangents to C at Dpc and Dap
intersect on BD.

Proof: Let us prove the equivalency of state-
ments 1 and 5.

The lines

t _,2ab—ad—bd _(2ab—ad—bd 2

DagY = & T o4 atb—2d

t 52be—bd —ed 2bc — bd — cd \
LYy = X —

Dy b+c—2d btc—2d

4 are the tangents to C at Dap and Dpc (different
"from &). They intersect at the point

1 2ab—ad—bd 2bc—cd—bd

(2( a+b—2d b+c—-2d
(2ab — ad — bd)(2bc — c¢d — bd)

(a+b—2d)(b+c—2d)

Y

12)

By doing some calculations, we obtain

1 (2ab—ad—bd)(b+c—2d)+(2bc—cd—bd)(a+b—2d)
3(b+d) (a+b—2d)(btc—2d)

bd (2ab—ad—bd)(2bc—cd—bd)
YT T a+b—2d) (b+c—2d)

_ (b—d)*(ab+ad+bd+cd—2ac—2bd)
- (a+b—2d)(b+c—2d)

Therefore, the point with the coordinates (12) lies
on the line BD from (3) when ab+ad 4+ bd + cd —
2ac —2bd = 0, i.e. when ABCD is a harmonic
quadrangle.

Y



The theorem given above provides the fol-
lowing geometric construction of the harmonic
quadrangle: Let ¢ be a circle inscribed to given
triangle POR. D is a point of contact of a tangent
OR and the circle ¢. The line DP intersects the
circle ¢ in the point B. A and C are points of in-

gle A’B'C'D' is equal, Figure 3| Only in one case
tersection of the lines BR and BQ with the circle

points A’,B',C’,D’ coincide with one point P,
the first Brocard point. In similar manner, the
second Brocard point P; is obtained as well. In
the latter case lines P,A, P,B, P,C, and P,D form
the equal angles with the sides AD,DC,CB, and
rangle. This claim follows from Theorem 3| by

BA, respectively. Brocard points are of the form
¢, respectively. The quadrangle ABCD which the
using the notation in a way: ¥ = QR, Dgc = Q

construction results with is the harmonic quad-

P = (k,3k%) P = (—k,3k%) .
and Dap = R. Figure 2] illustrates the described
construction.

(13)

y v
3 H
[] /]
v {
i D
)

[]

[}

1

1

%

[}

|‘

1

)

1

[}

D ’
(]
.
(]
1 4
f)
\ )
\ [)
A %
‘\
‘\A 5
\ 3
A
b))
(3
\.- C
xr
B c
B
P

Figure 3: A harmonic quadrangle A’B'C'D’
obtained from the given harmonic quadrangle
ABCD
Figure 2: A construction of the harmonic quad-
rangle ABCD from the given triangle POR

There is an interesting result discussed in

In the sequel, we will also study on the har-
[L]: whole family of harmonic quadrangles can

monic quadrangle joint to given harmonic quad-

rangle. Similar investigations in the Euclidean

case can be found in [3]]. First let us prove lemma
that follows:
be obtained out of given harmonic quadrangle.

Namely, let ABCD be a harmonic quadrangle. Lemmad Let ABCD .be an allowgble cyclic
Lines @', b/,c,d’ are taken in a way that are in- quadrangle. There exist unique point Q1 such
cident t(,) V’ert,ices A,B,C,D, respectively, and that triangles Q1AB and Q\CD have equal angles
5%, 1 TESP Y, (ie. /(Q1A,AB) = /(Q\C,CD), /(AB,BQ;) =
make equal angles to sides AB,BC,CD, DA, re-
spectively. The quadrangle formed by lines

(CD,DQy)). Similarly, there exist unique point
a,b',c',d" is a harmonic quadrangle as well.

Furthermore, denoting obtained quadrangle by
A’B'C'D/, the ratio of the corresponding sides of
given quadrangle ABCD and obtained quadran-

Q» such that triangles Q>BC and Q,DA have
equal angles.

Proof: Let p and ¢ be lines through A and B,
respectively, with /(p,AB) =m and /(AB,q) =
5



n. The equations of p and g are

p ... y=(a+b—m)x+am—ab,
q ... y=(a+b+n)x—bn—ab.

Thus, Q1 = pNgq has coordinates

am-+bn a’m+b*n+mn(a—Db)
) (14)
m+n m+n

Analogously, let p’ and ¢’ be lines through C
and D, respectively, with /(p’,CD) = m and
/(CD,q') = n. Then the point Q] = p'Nq is
given with

<cm+dn c2m+d2n+mn(c—d)) (15)

m+n "’ m+n

Looking for m and n such that Q; and Q) coin-
cide, we obtain unique solution

(b—d)(a—b+c—d)

Y

a—b—c+d
(16)
(a—c)(—a+b—c+d)
N a—b—c+d ’
which turns (T4)) into
ad — bc ad — bc
— 2 2
O = e i —erd T
b—d)—bd(a—
+ac( ) (a c)>
a—b—c+d
(17)
In similar manner, we get
ab—cd ab—cd
— 2 2
Q2 <a+b—c—d’ (a—l—b—c—d) +

+bd(c—a) —ac(b—d)

a+b—c—d )

(18)
as well.

Theorem 4 Let ABCD be a harmonic quad-
rangle, and let Qi, Q, be the points, such
that /(01A,AB) = /(0:C,CD), /(AB,BQ1) =
Z(CD,DQl), and Z(QQB,BC) = Z(QQD,DA),
/(BC,CQ,) = /(DA,AQ»), respectively. The
quadrangle Q1MscQ>Mpp is also a harmonic
quadrangle.

Proof: Due to ac = bd = —k?, and

turn into

ad — bc

ad — bc 2 )
_ 2 k
2 (a—b—c+d’(a—b—c+d) + )’

ab — cd ab — cd 2
- 2 K.
0 (a—f—b—c—d’ <a—|—b—c—d) N >

These two points are incident with the circle

y:2x2—|—k2,
which is also passing through Myc, Mgp, U, P
and P, [1]].

It is left to prove d(Q1,Mac) -
d(Q2,Mpp) = —d(Mac,02) - d(Mpp,01).
That can be easily checked from:

a-+c ad — bc
d Mauc) = — =
(1, Mac) a—b—c+d
_(a—c)(a—b+c—ad)
 2a—b—c+d)
b+d ab—cd
d Mpp) = — =
(@2 Mpp) === = = =g
_(b—d)(—a+b—c+d
 2a+b—c—d)
ab—cd a+tc
d(Mac,02) = =

at+b—c—d 2
_(a—c)(—a+b—c+d)

2(a+b—c—d) ’

ad — bc b+d
d(Mpp, 1) = a—b—c+d 2
_(b—d)(—a+b—c+d)
2@a—b—c+d)

Let us notice that due to and (3), points
W.,Q; and V, Q, are parallel ones. Therefore, Q;
and Q; can be obtained as the points of intersec-
tion of the circle y = 2x> + k% and isotropic lines
through diagonal points W and V/, respectively.

Theorem 5 A diagonal point Q10 N\ MacMpp
of the quadrangle Q1MacQ>Mpp is a parallel
point to the diagonal point U of the quadrangle
ABCD. This point is incident with a line PP,



Figure 4: The harmonic quadrangle Q1 MscQ>Mpp associated to the harmonic quadrangle ABCD

as well, the connection line of Brocard points of
ABCD. The other two diagonal points of the
quadrangle Q1 MscQ>Mpp are incident to the
line VW from (I1).

Proof: Let us prove the first claim. We will
show that the point of intersection of the lines
010> and MycMpp lies on the y-exis, more pre-
cisely that the point (0,3k?) lies both on Q10
and MycMpp. By direct calculation, we get the
equation of the line Q| Q»:

ab — cd

ad — bc
a+b—c—d o

v (a—b+c—d
(ad —bc)(ab— cd)

-2 K2
(@—b—crd)atb_c—da

1.€.

ab—cd

ad — bc o
at+b—c—d

=2
Y <a—b-|—c—a,’+

a*bd — acd?* — ab*c + bc*d )
-2 + k-
a’?—br+c?—d?

(20)
Due to ac = bd = —k* we get that Q1 Q> has the
equation of the form

ab—cd
at+b—c—d

_s ad — bc n
y= a—b+c—d

)x+3ﬁ.

21
On the other hand, the equation of the line
MycMpp is

b2 +d*—a?—c? a-+c a?+c?
y= X—= + 9
b+d—a—c 2 2

i.e.

a2+62
>

y=(a+b+c+d) <x—a;rc) +



Thus, the line MycMpp has the equation of the
form

y=(a+b+c+d)x+3k. (22)

Obviously, the coordinates of the point (0, 3k?)
satisfy both equations (21)) and (22).

Let us now prove the second claim. The con-
nection line of the two diagonal points Q1 Myc N
O2Mpp, OQ1Mpp N Msc Q> is the polar line of the
diagonal point Q1 Q> N MycMpp with respect to
the circle y = 2x* + k2. Therefore, its projective
coordinates are

B 1 1
K 0 —3 1 — 3k
1
| -3 0 0 3k? —1
- 2
1
-5 0
1

Thus, it is the line y = —k?.

4. CONCLUSIONS

In this paper we studied the properties of the har-
monic quadrangle in the isotropic plane. We gave
a few characterizations of harmonic quadrangles
among the cyclic ones, showed a construction of
a such quadrangle, and studied a new harmonic
quadrangle associated to a given one.
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