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In recent decades, an increasing interest in using meshless methods has existed due to their 

beneficial properties in comparison to more commonly used numerical methods such as the 

Finite Element Method (FEM). In this class of numerical approaches, the discretization of 

geometry and the approximation of unknown field variables have been done by using only 

points that are not connected into elements. Hence, there is no need for a time-consuming 

mesh creation process and the problems associated with the distorsion of elements are 

avoided. Despite these attractive properties of meshless methods, high numerical costs and 

low accuracy associated with the calculation of high order derivatives of approximation 

functions, which are particularly needed for solving problems involving the gradient 

elasticity, still represent a severe setback. The use of meshless methods based on the mixed 

approach [1] can alleviate the aforementioned drawbacks since they require a lower continuity 

degree of the approximation functions. 

In this contribution, the mixed Meshless Local Petrov Galerkin (MLPG) collocation 

method [1] is considered for modeling the deformation of heterogeneous structures. Thereby, 

the strain gradient elasticity based on the Aifantis theory [2] with only one 

unknown microstructural parameter is employed. The gradient theory is used here in order to 

more accurately capture the material behaviour near the interface between regions with 

different material properties and to remove jumps in the strain fields that can be observed 

when a classic theory of linear elasticity is used.  
 

 
 

Figure 1. Plate with circular inclusion Figure 2. Contours of strain x  
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As an example to portray the mentioned jumps in the strain field, a rectangular square plate of 

2 2L L  with the circular inclusion of radius 1R  , subjected to the horizontal traction at the 

opposite vertical edge is considered, as depicted in Figure 1. Due to the symmetry, only one 

quarter of the plate consisting of two subdomains 
  and 

  is  discretized. As obvious, the 

symmetry boundary conditions are used along the left and bottom edges, while the tractions 

are prescribed along other edges. The material properties of the plate are 10000E  , 

0.3   , while the values of 1000E   and 0.25    are chosen for the inclusion. The 

solution for the heterogeneous plate is obtained by using the second order approximation 

functions and discretization with 606 nodes. The strain contour plot is presented in Figure 2. 

As can be seen, here the heterogeneous structures consist of homogeneous parts with linear 

elastic material properties which are discretized by grid points, where equilibrium equations 

may be imposed. The solution for the entire heterogeneous structure is determined by 

enforcing appropriate essential and natural boundary conditions along the interfaces of the 

homogeneous subdomains. Herein, all independent variables are approximated in such a 

manner that each homogeneous subdomain is treated as a separate problem [3].  

The numerical solution of fourth order problems arising in non-classic theories requires a 

high order of approximation functions. Hence, using FEM for solving this type of problems is 

not a wise choice since standard formulations need to possess C
1
 continuity, which leads to 

complicated shape functions with large number of nodal degrees of freedom, even if mixed 

elements are utilized [4]. Therefore, these procedures are considered to be highly numerically 

inefficient [2]. The required C
1
 continuity is easily obtainable in the meshless methods since 

the approximation functions of arbitrary order can be formulated without increasing the nodal 

number of unknowns [1]. In this contribution, the fourth order equilibrium equations of 

gradient elasticity are solved as an uncoupled sequence of two sets of the second order 

differential equations according to [5]. The application of the staggered solution scheme and 

the mixed meshless approach should result in a more stable numerical formulation. The 

proposed computational strategy can be extended on the modeling of material localization 

phenomena, and it can be used for the modeling of deformation responses on the macro as 

well as microlevel in the frame of multiscale computational procedures.  
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