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Research project

Part of the ongoing research project which deals with establishing

limit theorems for random dynamical systems. Two approaches:

@ martingale approach: we will describe how to obtain almost
sure invariance principle for random piecewise expanding maps

using this technique;

® spectral approach: heavily relies on the multiplicative ergodic
theorem. We have obtained (local) central limit theorem and
large deviations principle for random piecewise expanding
maps. will be briefly discussed in the talk of Cecilia

Gonzalez-Tokman.
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Almost sure invariance principle

Almost sure invariance principle is a strong result that ensures
that the trajectories of a process can be matched with the
trajectories of a Brownian motion. Contributions:

-originated in the work of Philipp and Stout;

-independent or weakly dependent one-dimensional processes
(Denker, Philipp, Hofbauer, Keller)

-for higher dimensional processes (Berkes, Philipp, Einmahl,
Zaitsev)

-hyperbolic dynamical systems (Melbourne, Nicol, Gouézel)
-sequential dynamical systems (Haydn, Nicol, Tor6k, Vaienti)

-random dynamical systems (Kifer' 98 mentioned without proof)
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Piecewise expanding maps

Let / = [0, 1] denote the unit interval equipped with Borel
o-algebra B and a Lebesgue measure m. We say that f: | — [ is a

piecewise expanding map if there exists a partition
O=xg<x1<...<Xp—1<x=1

and « > 1 such that:
@ restriction f|(x,-71,x,-) is a C! function which can be extended
to a C! function on [x;_1, x];

® |f'(x)| > a for x € (xi—1,xi);

@ g(x) = ‘f,%x)‘ is a function of bounded variation.
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Random piecewise expanding maps

Let (Q, F,P) be a probability space and let o : Q — Q be an
invertible P-preserving transformation. We will assume that P is
ergodic. Let f,: [0,1] — [0,1], w € Q be a collection of piecewise
expanding maps on [0, 1]. The associated skew product

transformation 7: Q x [0,1] — Q x [0, 1] is defined by
7(w, x) = (a(w), fu(x)).

Let £, be the transfer operator associated to f,. For each n € N

and w € €2, set

= fanq(w) o---of, and ﬁl(d”) = £o"*1(w) o---0L,.

w
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Assumptions and consequences |

Let BV denote the space of all functions of bounded variation on
[0,1]. Recall that BV is a Banach space with respect to the norm
|I-llsv = var(:) + ||-||[1. We assume the following:
@ there exists C > 0 such that ||£,¢| v < C||¢||gy for
¢ € BV and a.e. w € Q;
@ there exist K, A > 0 such that for a.e. w € Q and n € N,

17 6]lsy < Ke||6llgy for ¢ € BV and /gbdm _ 0.

© there exists N € N such that for each a > 0 and any

sufficiently large n € N, there exists o, > 0 such that

essinf LV"h > a,||h||1, for every he C, and ae. w € Q,



Assumptions and consequences ||

where

C, = {quBV:gZ)ZO and var(¢)§a/¢dm}.

Then, there exists a unique acim p (with respect to P x m) for 7

with density h such that h,, := h(w,-) € BV and

esssup,,cqllhwl By < oo.

Finally,

essinf h, > o, for a.e. w € Q.
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For f piecewise expanding, let §(f) = essinf,¢[o 1j|f'| and denote

by N(f) the number of intervals of monoticity of f. Assume that
esssup,, N(f,) < oo, essinf, 6(f,) > 1, esssup,, |£]oc < o0

and esssup,, var(1/|f/|) < oco. Under those conditions, our
assumption 1. holds. On the other hand, 2. and 3. are implied by
the following conditions:

@ there exists N € N and o € (0,1) and KV > 0 such that
var(LNg) < aNvar(¢)+K"N||¢|ly for ¢ € BV and ae. w e Q;

@® for every subinterval J C [ there exists m = m(J) s.t. for a.e.
weQ, f7(J)=1.



Main result

We consider an observable ¢: Q x | — R such that

esssup,,colltwllBy < 0o, where ¥, == Y(w,-).

Let
iw :—ww_/wwdﬂwa wGQ,

where du, = h,dm. Finally, set

¥ = / B, x) dp(w, x) +23 / Blw, )" (w, X)) dp(w, x).
n=1
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One of the following two alternatives holds:

@ either ¥ = 0, and this is equivalent to the existence of

¢ € L2(Q x [0,1]) such that
b=¢—gor.

@® or X2 > 0 and in this case for P-a.e. w € Q and d > 0, by
enlarging the probability space ([0,1], B, ) if necessary, it is
possible to find a sequence (Zx), of independent centered

(i.e. of zero mean) Gaussian random variables such that

k k

Z(QZU"LU © fui) - Z Z/‘ = O(n1/4+d), e — a.S.
i=1 i=1

sup
1<k<n
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|dea of the proof

Forw € Q and k € N, let
TX = (£)71(B).
Set
M, = Q;’Z;o”w + G, — GnJrl o fony, N> 0,

where Gp = 0 and
ﬁakw(&akwhakw + Gkhcrkw)

hok+1y,

Gk+1 = ) k > 0.

Then,
(1) 7;k—|—1 C 7:uk;
® M,of] is T-measurable;

n|n+1ly _
® E,(Myo T =0.
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Theorem (Cuny and Merlevede)

Let (X,)n be a sequence of square integrable random variables
adapted to a non-increasing filtration (G,),. Assume that
E(Xn|Gnt1) =0 a.s., 02 := > 7_ E(X?) — oo when n — oo and
that sup, E(X?) < co. Moreover, let (a,), be a non-decreasing
sequence of positive numbers such that the sequence (a,/02), is

non-increasing, (an/on) is non-decreasing and such that :

n

Y (EXEIGkr) —E(XF)) = o(an) as.;

k=1

Za;"E(|X,,|2") < oo forsomel <v <2,
n>1
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Theorem (continued)

Then, enlarging our probability space if necessary, it is possible to
find a sequence (Zx)x of independent centered (i.e. of zero mean)

Gaussian variables with E(X?) = E(Z?) such that

k

k
>3z
i=1

i=1

sup

= o((an(|log(c2/an)|+loglog a,))/?), a.s.
1<k<n
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Set X, = Mpof] and G, =T].
o
n—1 2 n—1 2
0',% = EW<ZX;(> NEW(Zwokw (e} fj) ~ nz2;
k=0 k=0
@® using Sprindzuk theorem (or Gal-Koksma inequality),

n

S (EX(Ghr1) — E(XR)) = o(n/2H)  as.
k=1

© finally,
3 E(1X:*) <o

nlt+2d
n>1

This yields an ASIP for (M, o ), which implies ASIP for
(1;0'"0.) © ﬁj)”
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