Electric Power Systems Research 154 (2018) 515-527

journal homepage: www.elsevier.com/locate/epsr

Contents lists available at ScienceDirect

Electric Power Systems Research

£ ELECTRIC POWER
B8 SYSTEMS RESEARCH

Sensitivity analysis of method for harmonic state estimation in the

power system

@ CrossMark

Vedad Becirovi¢®*, Ivica Pavi¢P?, BoZidar Filipovié-GréiéP

3 Faculty of Electrical Engineering, University of Sarajevo, Zmaj od Bosne bb, 71000 Sarajevo, Bosnia and Herzegovina
b Faculty of Electrical Engineering and Computing, University of Zagreb, Unska 3, 10000 Zagreb, Croatia

ARTICLE INFO ABSTRACT

Article history:

Received 5 January 2017

Received in revised form 31 May 2017
Accepted 28 July 2017

Keywords:

Power systems

Power quality

Harmonic estimation

Kron reduction matrix

Optimization evaluation genetic algorithms
Sensitivity analysis

In this paper, a new algorithm for harmonic state estimation in power systems is represented. The algo-
rithm is based on node voltage method, Kron reduction matrix, modeling of power system in frequency
domain using phase values and optimization genetic algorithm. The algorithm uses measured voltage
and current harmonics as an input data, with partially known data about transmission network. Algo-
rithm estimates RMS and angle values of voltage harmonics in the unmonitored part of power system.
Sensitivity analysis of proposed algorithm was conducted on a case study of 110kV transmission net-
work. Admittance matrix of power system is identified by using genetic algorithm with an accuracy of
0.5%, while an error of harmonic voltage estimation is lower than 1.129%.
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1. Introduction

PSs represent the most complex techno-economical systems of
today. For an efficient management of PS, basic requirement is
efficient monitoring. High demanding life standards, application
of optimization processes to improve efficiency, productivity and
cost effectiveness of PSs are reasons why increasing number of PSs
nowadays work near stability limit.

Current situation and future activities in the field of PQ are top-
ics of concern of numerous working groups, research centers and
science gatherings. In the papers [1-3] authors have presented a
detailed overview of PQ monitoring. They concluded that harmonic
monitoring represents a very important factor for cost effective
techno-economical functioning of a PS. PQ monitoring at one point
of PS gives information solely about PQ at the monitored point. On
the other hand, estimation of PQ parameters in PS gives a global
picture of PQ in observed PS. References [4,5] contain overview of
methods, procedures and algorithms of PQ estimation in PS.

At the beginning of 70’s a term “harmonic estimation” was intro-
duced [6] and since then harmonic estimation remains topic of
interest.

Causes of harmonic propagation in transmission networks, algo-
rithm for HSE and mathematical formulation of higher harmonics
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in frequency domain are given in reference [7]. References [8,9]
have similar approach to conducting HSE. In the reference [8] har-
monics were analyzed, i.e. classic HSE, while in the reference [9]
sub-harmonic state estimation was analyzed. In both references a
node voltages method, Kron reduction matrix and problem solv-
ing in system of phase values were used. A proposed algorithm in
references [8,9] was implemented on real PS configuration.

Most of the algorithms are based on node voltages method,
however, algorithms implementing Kirchhoff’s current law can be
encountered as well. In the reference [10] Kirchhoff's current law
was used, i.e. measurement of currents of buses. Certain simplifica-
tions were introduced and fitness function was formed. Maximum
HSE error was 0.5% which is a good result.

Generally speaking, usage of LS, TLS, WLS, FDWLS and SVD in
HSE represents basics of algorithms. Reference [11] used TLS and
statistical approach to HSE results processing, and moreover, it dis-
cussed IEEE case study containing 14 buses. In the reference [11] for
HSE were used WLS, SVD i FDWLS. Listed algorithms were imple-
mented on two examples with real PS measurements. Furthermore,
application of SVD in HSE was also explained in the reference
[12,13]. By implementation of different approaches to HSE, so-
called hybrid algorithms were developed, one of them being
OA-HSE. OA-HSE was mathematically formulated and published in
[14]. The algorithm is often cited in papers listing probability as one
of the approaches to HSE. Furthermore, in reference [14], an exam-
ple was given with real measurements made in PS. In the paper
[15], authors used probability of certain harmonics occurrence at
unmonitored PS buses in order to estimate harmonic state. Fur-
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Nomenclature

BGA binary genetic algorithm

CT current transformer

EMTP-RV electromagnetic transient program — RV
FDWLS fast decoupled weighted least square

GA optimization evaluation genetic algorithms
GPS global positioning system

HDA harmonic domain algorithm

HS harmonic sensitivity

HVN height voltage networks or HV networks

LS least square

LVN low voltage networks or LV networks

MHS mean harmonic sensitivity

MHVC monitoring harmonic voltage and current — bus
MVN medium voltage networks or MV networks

OA-HSE observability analysis - HSE

PMU phasor measurement unit

PQ power quality

PS power system

RMS root mean square

SVD singular value decomposition

TLS total least squares

TVE total vector error

VHE voltage harmonic estimation - bus
VT voltage transformer

WLS weighted least square

thermore, IEEE case study containing 14 buses was discussed and
criteria for HSE assessment, i.e. for HSE evaluation, were introduced
in the same paper. Similarly, in 1998 paper [16] was published
where concept of HSE application in PS was stated. It is interest-
ing to compare ideas proposed in the past with their nowadays
implementation. Certain proposals are today outdated in terms of
new technologies.

HSE is often used as a tool to identify a harmonic source. In
reference [17] an algorithm was presented for harmonic source
identification in PS using LS for HSE. Moreover, in [ 18] HSE was also
used for identification of harmonic sources and time synchronized
measurement. GPS technology was implemented. The problem was
analyzed in system of phase values.

All previously stated algorithms assume that input data are
harmonics (voltage or current harmonics) of monitored PS buses.
However, measurement instruments can give measurement data
in form of power per each harmonic. In reference [19], a power
flow calculation method HDA in frequency domain was given. The
method is based on Newton-Raphson method, Norton’s theorem
and Kron reduction matrix.

In reference [20], GA was used for HSE, more accurately BGA
was used for SVD. This paper discusses optimal positioning of PQ
monitoring devices, and moreover it uses WLS for forming fitness
function. A new approach to positioning of PQ devices was pre-
sented and the approach was implemented on IEEE case study
containing 14 buses [20].

Majority of algorithms proposed or used nowadays for HSE
are based on PMU technology. Furthermore, in the book [21] a
mathematical formulation of PMU technology is given. In reference
[22,23] PMU technology, along with ridge estimation, was used for
HSE. Estimation error was determined by LS and satisfying results
were obtained.

Through previous analysis of relevant literature and revision of
papers from 2005 [24], 2011 [25] and 2013 [26], several important
factors were established for analysis in process of HSE algorithms
application: (1) based on what data and how fast HSE can be con-

ducted, and moreover, what is expected accuracy of the algorithm,;
(2) Mathematical formulation of the problem, i.e. on what theo-
retical principles the algorithm is based; (3) models of certain PS
elements (transmission line, power transformer, power electronics,
power sources and loads); (4) applicability of certain optimiza-
tion tools; (5) analysis in different domains (frequency and time
domain). Through literature analysis Frances C. Arrillaga can be sin-
gled out as first person who introduced HSE algorithm, and as a
result, a majority of papers rely on Arrillaga’s researches.
Research presented in this paper is a continuation of the ones
shown in the reference [27]. The goal of this paper is to show a
detailed mathematical description of proposed HSE algorithm, to
explain its characteristics and to conduct sensitivity analysis.

2. Problem statement

Efficient operation of PS is directly related to influences of
harmonic propagation in PS. Harmonic propagation throughout
power network and voltage distortion are directly transmitted from
transmission power network to MVN and LVN. Philosophy of man-
agement and operation of HVN with goal of PQ improvement is
the basis of reliable, stable and economically feasible transmis-
sion management. Higher harmonics cause the following effects
in transmission networks: additional heating and losses of PS ele-
ments (transmission lines, transformers, compensation devices),
unwanted voltage distortion, interference with railway systems,
increased or decreased voltage levels, increased flow of circulating
currents through grounding wire, decrease of transformer rated
power, interference with conventional telecommunication lines,
etc.

According to the procedure for harmonic measurement shown
in IEC61000-4-7 [28], it is possible to analyze harmonic content
using RMS and angle measurements (harmonic phasor). Other
approaches to post-processing of waveforms for determining the
harmonic content exist as well, such as application of wavelet-
packet transform [29]. Majority of conventional PQ monitoring
devices usually measure the average RMS values of recorded
waveforms, while neglecting the angle. Stated neglection is a con-
sequence of lack of angle analysis in standard EN50160 discussing
PQ. If current and voltage harmonic phasors are treated using PMU
technology [21], result are synchronized harmonic phasors. Appli-
cation of algorithm for PMU ensures elimination of phase error from
harmonic phasors. Post-processing of voltage and current wave-
forms on MHVC buses (Fig. 1) is based on IEC61000-4-7 [28] and
then on algorithm for PMU technology [30,21].

Certain data about PS structure are usually unknown and there-
fore they represent a major problem for efficient HSE. Certain HSE
algorithms having high accuracy assume that matrix [Y] is known.

In this paper, an algorithm is proposed which is applied to the
transmission network of a single voltage level. This paper has two
goals of research: (1) proposed HSE algorithm should enable faster
and simpler modeling of PS based on a partially known data about
PS; (2) algorithm should estimate harmonics on all buses with the
same accuracy.

Sensitivity analysis is applied to determine how many results
are within the range of acceptable (satisfying) values in terms of
global matrix [Y(h)] identification.

3. Harmonic state estimation

In the following chapters, an algorithm for HSE on PS buses
without harmonic monitoring is mathematically and graphically
described. An algorithm is based on: node voltages method, Kron
reduction matrix, modeling of PS in the system of phase values,
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Fig. 1. Graphic interpretation of the problem.

a matrix in the set of complex numbers, optimization GA and PS
analysis in the frequency domain.

The problem of higher harmonics estimation in unmonitored
part of PS can be defined in a following way:

Definition 1. For known network topology, know transmission
line lengths, partially known structure of transmission line tower
heads and known harmonic content in voltage and current wave-
forms at places of electrical energy exchange (MHVC buses), it is
needed to estimate voltage harmonics at unmonitored points of
power system (VHE buses).

Definition of a MHVC bus:

Definition 2. Buses having a monitoring of harmonic magnitude
and angle are called harmonic monitoring buses (MHVC).

Definition of a VHE bus:

Definition 3. Buses without generation or consumption of elec-
trical energy are buses of interest for voltage harmonic estimation
(VHE).

3.1. Graphic interpretation of the problem

Graphic interpretation of the problem is shown in Fig. 1. In order
to simplify problem interpretation, the problem is displayed using
single-phase diagrams. The PS part surrounded (closed in terms
of power) by harmonics monitoring devices, is shown in Fig. 1.
Observed network has n buses in total, i.e. 3n nodes when it is
observed in a system of phase values. Buses 1 to k have installed
MHVC devices, while buses k + 1 to n do not have consumers or gen-
erators of electrical energy. This is a general case with no limitations
in terms of number of buses where voltage harmonic estimation
should be conducted.

3.2. Input data

Necessary data for implementation of the proposed algorithm
introduced in the following chapters of this paper, can be divided
into two groups. (1) Buses MHVC are PS points (three phase
buses) at which devices for harmonic monitoring are permanently
installed. Mentioned devices measure RMS values and angles of
harmonics, as shown in the upper right part of Fig. 1. It should be
noted that devices positioned on MHVC buses must be time syn-
chronized and this is usually done by using GPS system. (2) For the
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Fig. 2. Flowchart of proposed algorithm for estimation of voltage harmonics in
unmonitored part of PS.

implementation of algorithm the following data must be known:
network topology, transmission lines lengths, data about transmis-
sion line conductors (conductor type, Rpc (£2/km), conductor radius
re (mm)), type of transmission tower head (cat-head type, Y-tower,
portal, triangular). It is not necessary to know the exact topology
of transmission tower head.

Based on partially known data about part of the power network,
itis not possible to form global matrix [Y], and therefore this matrix
is unknown.

The mentioned matrix is formed for every harmonic of interest
and is a function of transmission tower head geometry, transmis-
sion line length, switching status of the network and soil resistivity.
Based on Fig. 1 and the definition of the problem, it can be concluded
that global matrix [Y(x, h)] is function of vectors [x] and [h], where
[x] is an independent variable (geometric parameters of transmis-
sion tower head and soil resistivity) and [h] is a vector of harmonics.
Independent variable [x] by it’s nature has limits that are function
of transmission tower head and soil type along the transmission
line route.

3.3. Proposed algorithm for HSE

Flowchart of the proposed algorithm shown in Fig. 2 describes
the structure of input data, calculation process and structure of out-
put data. This problem is mathematically formulated and solved in
the following three steps: (1) Determining geometric area of pos-
sible results, i.e. determining limit values of independent variable
[x]. This is an optimization problem and for its solving Matlab Opti-
mization Toolbox, Constrained Optimization and method fmincon are
used. The method fmincon searches independent variables in goal of
minimizing the fitness function. (2) Identification of global matrix
[Y(h)] of monitored and unmonitored parts of PS. The changes made
are basically reduced to the calculation of independent variable [x],
and then calculation of global matrix [Y(h)] for harmonics of inter-
est. To determine an independent variable [x] GA optimization tool
is used. (3) Based on the identified global matrix [Y(h)] and mea-
surements from MHVC buses, harmonics of VHE buses (buses 1 to
kin Fig. 1) are determined.
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3.4. Determining geometric area of possible solutions

Graphic interpretation of unknown variables is shown in Fig. 3.
Initial estimated values are depicted in Fig. 3, and their values are
either taken from project documentation or are standard values
for the discussed voltage level and transmission tower head type.
Geometric parameters and soil resistivity of transmission line can
vary along its corridor. Therefore, geometric area of possible results
needs to be calculated. This area corresponds to the area of possi-
ble physical results with all mechanical and electrical limits taken
into account. If minimal distance d,(m) among all conductors is
defined, radius around every conductor needs to be determined.
Graphic interpretation of this problem is given in Fig. 4a). The prob-
lem of calculating r . .. r4 becomes significantly more complicated
by introducing parameter d,. Moving all the parameters along the
abscissa (x-axis) can lead to certain overlaps and multiple results
with same values. As it is shown in Fig. 3, one parameter can be fix-
ated and in this case a displacement of grounding conductor along
the abscissa axis is selected, therefore xg =x4 =0(m).

Fitness function (1) is formed and mathematical limits (2) and
(3) are introduced. The sum of circle surfaces with centers in initial
points (x;, ;) i= 1,4, j=1,4mustbe maximum, and minimum
distance between two conductors must be less or equal to set value

a) (y) b)
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\
\
/
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338338888
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dz(m). Furthermore, one more limitation is introduced, circle radius
around grounding wire must be minimum r4 < min([rq, 12, 13]).

4
fry=(=1)-7- ) r? (1)
i=1

Starting from the expression (2) for calculation of distance between
two points and by introducing already mentioned limitations (3)
and (4) mathematical definition of the problem is created.

dy = /=2 + -y i £, =174 @

Based on Fig. 4 it is possible to define a system of inequalities that
should be introduced as limitations in order to determine circle
radius around every conductor.

r+rtd <dy, i#j,i=1,4,j=1,4.

(3)

Grounding wire, in formation process of substitute scheme in sys-
tem of phase values, is eliminated from matrix of serial impedance
and ground capacitance. By doing so, no omissions or simplifica-
tions are made [31-33].

ra—1;<0,i=1,3.

(4)

It is necessary to determine minimum of function f{r) (1) with
limitations (2) and (3) wherein vectors of independent variable
limit values [r] are given by following expressions ry,;; =[0], and
'max = [Mmax(dmn)], m= 1,4., n=1,4. Optimization results are
radii of circles shown in Fig. 4a). By inscribing squares into circles, as
shownin Fig. 4b), limits of possible solutions can be mathematically
determined, as shown in expression (5).

Ti Ti
Xmin; =Xi — —=5  Ymin; =YVi — —=>

v2 v2 (5)
Xmax; =Xi+7'7§ Ymax; =y,-+7'j.

As it is possible to have a significant error on y-axis while choosing
the initial points, one more variable is introduced Y, as demon-
strated in Fig. 4c). This variable compensates geometric error of
wrongly chosen initial points on y-axis. Based on soil configuration,
sag, ambient temperature, points of hanging and weather condi-
tions, it is not possible to accurately determine initial points on
y-axis. Problem is solved by introducing parameters Hin, Hmax
representing geometric limitations of transmission tower head
movement.

Soilresistivity o (2m)is one of the input data when having a goal
of global matrix identification [Y(x, h)], and therefore it is necessary

(Y) c)

jinmx
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! e =
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Fig. 4. Graphic interpretation of area of interest for calculation of possible results (a) determining area of possible results, (b) more rigorous criteria introduction and (c) area

of possible results.
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to define the borders of possible results. Soil resistivity can vary
along the transmission line corridor and it depends on soil type. In
this paper, one “equivalent” soil resistivity for every transmission
line or more transmission lines is determined. Based on soil type,
value of soil resistivity varies within the certain limitsthat can be
found in the references [34-36].

The influence of soil resistivity is discussed in the reference
[37]. High level of correlation between soil resistivity and electrical
parameters of the transmission line is shown.

3.5. Identification of global matrix [Y(x, h)]

The problem is analyzed in the system of phase values, and
furthermore, a global matrix [Y(x, h)] is unknown. Calculations
of transmission line parameters are made based on references
[32,33,38,39,37]. For substitute scheme of transmission line for-
mation, three-phase 7 elements connected in series are used.
Three-phase 7 elements are frequency dependent and a total num-
ber of elements is a function of frequency of interest and length of
transmission line [40]. For analyses conducted in this paper, the
highest frequency of interest is 10 kHz.

Three-phase Exact Pi-model of transmission line is realized
based on references [41,42].

For identification of global matrix [Y(x, h)] one or more har-
monics can be used. Harmonics currently present in the observed
network must be chosen in order to avoid significant error in the
identification. By applying the node voltage method, a following
matrix can be written in the system of phase values for harmonics
ofinterest [h] and vector of unknown values [x] (vector of geometric
parameters and soil resistivity):

[Y(x, )] - [V(h)] = [I(h)]. (6)

Vectors [V(h)] and [I(h)] are partially known and k is a number of
known elements. Previously defined system of matrix equations (6)
can be written in the following form:

l[Ysl,l] [Ysl,z]] | l["ﬁ (“)]] _ l[lsl (h)]]. 7)

[Ysz1] [Ys22] [Vsy (h)] [1sy(h) |

Vectors [Vs;(h)] and [Is{(h)] represent measured values of volt-
age and current harmonics in the monitored part of the PS. Vector
[Vs,(h)] represents unknown vector of voltages, i.e. vector of esti-
mated harmonic values in the unmonitored part of PS. Vector
[Isy(h)]=[0], because in the unmonitored part of PS there is no
production or consumption in process of global matrix [Y(h)] iden-
tification. Based on a condition [Isy(h)] =[0], and furthermore, based
on Kron reduction matrix [43-47], areduction of global matrix [Y(x,
h)] is performed by using an expression (7):

[Yr(x, h)] = [Ys1,1] — [AYS1.1], (8)
where:
[AYs 1] =[Ys12]-[Ys22] 7" - [Ys21]. 9)

Reduced matrix [Yr(x, h)] is of k x k size, it is a function of vector
[x] and moreover it inherits all its characteristics from global matrix
[Y(x, h)] [43,45,48], thus no simplifications are made. Reduced
matrix (8) and vectors [Vs;(h)], [Is{(h)] form a following equation:

[Yr(x, h]) - [Vs1 ()] = [Isy (h)]. (10)

Elements of reduced matrix are functions of independent variable
[x] and [h].

[A(x, h)] = [Yr(x, h)]- [Vsi(h)] - [Is1(h)] (11)

Elements of vector [ A(x, h)] are complex numbers y;(x, h)i=1, k.
and they represent an identification error. According to the rules

of metric for complex numbers [49], a following equation can be
written:

k
f(x,h)=i§1|7/f(x, h)l. (12)

In a case when global matrix identification [Y(h)] is determined for
multiple harmonics, a following fitness function is formed:

F(x) = min( 3 Kp; -f(x. hy)), (13)
X =1

where Kp is a weighting factor for harmonics and is part of Rar set
of numbers and H is length of vector [h]. Minimum of function F(x)
determines independent variables [x]. Expression (13) represents
the fitness function and optimization algorithm should be applied
to it. When vector [x] is calculated with satisfying accuracy and
limitations, then model of the network is known.

3.6. Identification error analysis

Global matrix [Y(x, h)] is calculated with satisfying accuracy
[ei(h)]=[A(x, h)]. Result of global matrix [Y(x, h)] identification
is vector [x]. If vector [x] is eliminated from the expression (10)
(because it was already calculated) and elimination error is taken
into account, then a matrix equation, per each harmonic for which
identification was carried out, is obtained.

(Yr(h)] - [Vsi(h)] = [Is1(h)] + [&1, (h)] (14)

Vector [¢q, (h)] is a complex vector of node current correction and
is equal to identification error. As a consequence of identification,
complex vector of node current correction [gr,(h)] of unmonitored
buses in observed PS exists.

ler, ()]
ler, (h)]

Vector [¢, (h)], besides being unknown, represents a problem since
there is no existing load on unmonitored buses. With intent to
eliminate vector [gr,(h)], and consequently by eliminating vector
[er, (h)], complex vector of node voltages correction [¢y, (h)]is intro-
duced, resulting in the new form of expression (14).

(Yr(h)]- ([Vs1(h)] + [ev, (M)]) = [Is1(h)] (16)

Expressions (14) and (16) are derived from expression (10) and
identification error. Consequence of introducing a node voltage cor-
rection complex vector [¢y, (h)]is an error introduction into voltage
calculation of unmonitored buses, i.e. node voltage correction com-
plex vector [ey, (h)] of unmonitored PS buses must be introduced.
Link between vectors [ey, (h)] and [ey, (h)] is defined by the follow-
ing expression:

[ev,(M)] = —[Zs2,2(h)] - [Ys2,1 ()] - [ev, ()] (17)

It should be noted that in the above expression
[Zsy2(h)]=[Ysp2(h)]~!. Moreover, according to expres-
sion (16), [ey,(h)] can be written in a following way
[sVI(h)]:[Yr(h)]q~[Is1(h)]—[Vsl(h)]. Node voltages correc-
tion vector [ey,(h)] of unmonitored PS buses obtains a new
form:

lev,] = —1Zs32]-[Ys2,1]- ([Zr] - [Is1] — [Vs1]) (18)

In the above formula, [Zr(h)]=[Yr(h)]!. In order to maintain
discussed problem in form of node voltage method [Y]-[V]=[I],
correction of node voltages vector must be made. Thus, term of
voltage conditions of unmonitored PS buses correction vector is
introduced.

[Vs{(h)] = [Vs1(h)] + [ev, ()] (19)

[ei([RD] = [ (15)
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Fig. 5. Graphic illustration of the problem along with the set of satisfying results.

New matrix equation (20) is formed based on expression (7). The
equation is suitable for further implementation when calculating
voltage conditions at unmonitored PS buses in case without gener-
ating or consuming units attached to it.

[Ys1,1] [Ys12] [Vs(lk)} [Is1]
: - (20)
[Ysz1] [Ys22] [Vs2] + [ev,] [Isz]

3.7. Calculation of voltage harmonics in the unmonitored part of
power system

By applying the Kron reduction matrix on the expression (20)
voltage conditions of unmonitored buses get a form of:

[Vsa] + [ev, ] = [Ysp2] ™" - ([152] ~[¥s21]. [ngk)D (21)

Buses number k+1 to n do not have generating nor consump-
tion units connected to it, therefore node currents vector for these
buses is a zero vector [Isy([h])]=[0]. Matrix equation (21) can be
expressed as:

[Vsa] + [v, ] = —[¥s5a] ™" [¥s21]- [Vs&“)} . (22)

Vector [ey, (h)] is obtained by using expression (18) and when it is
included into expression (22), voltage vector of unmonitored buses
is determined by using the following expression (23).

[Vsy(h)] = —[Yspa(h)] ™" - [Ys1(h)] - [Vsy ()] (23)
4. Sensitivity analysis

Sensitivity analysis is carried out to determine how many results
are within the limits of acceptable values in terms of global matrix
[Y(h)]identification. In order to simplify an explanation of the prob-
lem, it is assumed that the problem is solved in 2D space. The
segment [Xmin, Xmax] iS established by geometric area of possible
results Section 3.4. Set of acceptable results is defined by satisfying
accuracy &, and ¢ is obtained using [28,50]. For a given function f{(x),
as one in Fig. 5, satisfying set of results is:

fxe) =f(xr) <yr (24)

where yr=f(xe)+¢&, axr € [X1, X2]U[X3, X4].
4.1. Mathematical formulation of sensitivity analysis

Set of input data is uniformly generated within the area shown
in Fig. 4c) according to [51] (linear generator), matrix [X]=||x¢q]|,
[X] € R. Counter t represents set of data in process of sensitiv-
ity analysis, t = 1, ne where ne is total number of experiments.
Counter q represents total number of variables g = 1, nv where
nv=9 (example in Section 5). Initial vector [Xg4] (initial geome-
try of transmission tower head) is specified and then the diagonal
matrix [A] containing elements {0, 1} and having dimensions of

nvxnv is formed. Furthermore, an appropriate metric vector [dX;]
with dimensions of 1 x nv is also specified for every step t.

[Xt.q] = [Xt-1,q] + [A] - [dX:] (25)

For uniformly predefined set of data, set of output data is
obtained, 3D matrix [W]=||wp ||, [W] € C. Counter b represents
total number of buses b = 1, nb, where for example in Section 5,
nb=12 (bus 4 x 3). Counter h represents total number of harmonics
of interest h = 1, nh, where nh=4 (example in Section 5). Mea-
surements of voltage [Vsq(h)] and current [Is{(h)] harmonics are
conducted on MHVC buses. Vector [Vs;(h)] is used for determin-
ing set of output data, Algorithm 1. Based on vector [Isq(h)], matrix
[Im] =[limy || [Im] € C is formed.

Algorithm 1. Algorithm for calculation of output data

t=1,ne
[Xt,l:lw] =[xe_1,1:0] +[A] - [dX(]
h=1,nh
[We 1050 = [YE([X¢,1:00 ], B)] - [Vs, ()]
end
end

The set of output data is analyzed to evaluate sensitivity of the
algorithm. Sensitivity analysis evaluation is performed in two steps.
(1) Standard deviation of output data is calculated to determine
sensitivity of tower head geometry change to harmonics and buses
in PS [52]. (2) Identification accuracy is represented by average
identification error per MHVC bus and per every harmonic.

4.2. Standard deviation

According to rules of metrics for set of complex numbers [49],
standard deviation is given by expression (26).

b=1,nb
h=1,nh

(26)

ne . 2
\/Zt=1(|wt,b,h —imp )
ne

Op,h =

Expression (26) is applied to all harmonics at all buses. A goal
is to determine sensitivity of tower head geometry change to har-
monics and buses in PS. Results obtained by applying the expression
(26) to 110kV power network are shown in Fig. 9.

4.3. Algorithm sensitivity

Sensitivity analysis is conducted on the set of output data
(matrix [W]) and it is compared with current amplitude measure-
ments at MHVC buses. By forming histogram shown in Fig. 10 with
default accuracy, percentage share of experiments in the nearby
area of accurate value is determined. Default accuracy is arbitrary
value and represents allowed error of global admittance matrix
[Y(x, h)] identification. Percentage share of experiments satisfying
defaultaccuracy is calculated using a program code Listing 1. Graph
in Fig. 11 shows result of the program code Listing 1 application to
buses and current harmonics.
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Listing 1. Evaluation function

function [result]=fcnEvaluation...
(default_accuracy, samples,exact-value)
n=length (samples) ;
samples (n+l)=exact_value;
max-N=max (samples) ;
min_N=min (samples) ;
eps=default_accuracy*exact_value/100;
step=floor ( (max_N-min_N) /eps) ;
if step==
result=100;
else
[sampl, valuel=hist (samples, step) ;
[mins s]=min (abs (value-exact_value)) ;
result=sampl (s) /sum(sampl) *100;
end
end

By variation of default accuracy in range from 0.1% to 20% a set of
data per buses and harmonics is obtained. For each value of variable
default accuracy it is possible to determine sensitivity of certain
harmonic at MHVC bus. HS is a parameter expressed in percentage
and it shows how many experiments satisfy certain accuracy. HS
considers only a single harmonic at a single bus. MHS is the average
HS value. Graph in Fig. 12 is example of MHS.

5. Computational verification of proposed HSE

Current version of standard EN50160 [53] is applicable to
voltage levels up to 150 kV. For a case study, a part of 110kV trans-
mission network was considered containing seven three-phase
buses. Harmonic monitoring is present at four buses, while on
the remaining three buses it is necessary to estimate voltage con-
ditions, Fig. 6. Problem is modeled in a three-phase manner in
EMTP-RV which contains frequency dependent transmission line

model, whereas simulation is conducted in time-domain. During
the simulation, frequency of fundamental harmonic remains the
same and is equal to 50 Hz. Consumers connected to the buses 3 and
4 are generating higher harmonics, asymmetry and flickers into the
network. Electrical energy is produced at buses 1 and 2.

Computational verification of the proposed HSE method was
carried out in order to eliminate the effect of measurement errors
caused by CT and VT on harmonic estimation results.

Fig. 6 shows configuration of the 110kV power network with
transmission lines lengths and transmission tower head type. Data
about transmission tower head type are accurate values, however,
the algorithm does not have those values on its disposal while iden-
tifying global matrix [Y]. It is assumed that all 110kV transmission
lines have the same tower head type and that for all conductors soil
resistivity is 100 2m.

The problem is solved using algorithm from Fig. 2. In step 1,
based on data from Fig. 6 and mathematical model from Section 3.4,
Table 1isformed. Table 1 represents one set of input data for identi-
fication of global matrix [Y(x, h)]. Parameter Y, (Fig. 4c)) represents
min/max displacement of transmission line head on y-axis.

Second set of input data are lengths of transmission lines that
are given in Fig. 6. Third set of input data for identification of global
matrix [Y(x, h)] are measurements made on MHVC buses. Post-
processing of MHVC buses is conducted according to IEC61000-4-7
[28]. Calculated phasors per buses and per harmonics represent
input data for the identification of global matrix [Y(x, h)]. Only odd
harmonics are considered since analyses are conducted in steady
state. In Fig. 7 input data are given for the identification of global
matrix [Y(x, h)].

5.1. Sensitivity analysis of global matrix identification

Based on expression (25), a uniformly predefined set of geo-
metric data is formed, Fig. 8. For every set of data, identification
of global matrix [Y(x, h)] is conducted based on Table 2 shown in
Appendix A. Obtained results are processed using the expression
(26) and shown in Fig. 9. By comparison analysis of standard devi-
ations, existence of high correlation level between all buses and
corresponding harmonics can be noted. In other words, geometry
variation equally affects all buses and corresponding harmonics.
The stated leads to the conclusion that geometric area of possible
solutions contains multiple acceptable (satisfying) results.

In total 21870 experiments (sets of input data) were made.
Fig. 10 shows histogram for bus 1 (phase a) and fundamental cur-
rent harmonic. Histogram is formed in case when accuracy of 1% is
considered. This means that total number of experiments in the
area of 1% of accurate value (default.accuracy = 1%, listing 1) is
determined. 1972 experiments meet this accuracy, i.e. there is 9%
chance that the result is the range of 1%.

Previously stated is conducted for all buses and harmonics. It
can be concluded that current harmonics present on monitored PS
buses have high correlation level between required accuracy and
percentage share of satisfying experiment set. This shows that for
efficient identification it is necessary to choose harmonics present
in PS.

Efficient identification means furthermore efficient harmonic
estimation. Identification error is determined by set of experiments

Table 1
Calculated geometric area.
Con. rc (mm) Rac (€2/km) Hpinjmax (m) Xmin (M) Ymin (m) Xmax (M) Ymax (M)
1 10.85 0.123 +15 1.83 21.83 5.17 25.17
2 10.85 0.123 —-5.45 23.45 -0.55 28.34
3 10.85 0.123 1.48 27.29 3.51 29.32
4 5 0.68 0.00 31.46 0.00 34.34
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Fig. 7. Odd harmonics content (its percentage share compared to fundamental harmonic content) in voltage and current waveform on monitored busses of the PS.

having required accuracy. For each harmonic and bus a histogram
is formed as shown in Fig. 10 for required accuracy of 0.1%. Percent-
age share of experiments set with satisfactory accuracy of 0.1% for
all harmonics and buses is calculated.

Fig. 11 shows percentage of how many results is contained in
total number of conducted experiments. From a graph shown in
Fig. 11 it can be seen that harmonics present in the PS have 0.5%
experiments satisfying accuracy of 0.1%. In this particular case those
are harmonicsh=[1 5 7 11].

In Section 4.3 a procedure for obtaining the graph shown in
Fig. 12 is described. In Fig. 12 two graphs are shown and based
on these graphs an efficiency assessment of the optimization tool
application is made. In the area of required accuracy from 0.1% to
1% MHS is of same trend for all buses. This area is also the goal area
for the global matrix [Y] identification. The range from 1% to 20%
has two goals: (1) to show that all global matrix [Y] identification
results are in range of ca. 20% error, (2) to show that MHS is of the
same trend for all buses.

5.2. Harmonic estimation at unmonitored part of power system

Identification was conducted for harmonics h=[1 5 7]
using GA. From Fig. 13, significant errors in tower head geometry
and soil resistivity evaluation can be noticed. It is not possible to
use this algorithm for estimation of transmission line tower head
geometry. An error in soil resistivity is 43.9%. Through repetition
of calculations, multiple times mentioned error was in range of ca.
3.5% to 60%. In reference [54], graphs indicating possible influence
of soil resistivity on parameters of substitute scheme in system of
phase components are given. Positive and zero sequence substitute

scheme of series impedance is analyzed. Frequency dependence of
ground capacitance can be disregarded up to 1 MHz [32]. For pos-
itive sequence, parameters Ry and L; are frequency independent
till ca. 1 kHz. In zero sequence, parameter Ry is independent till ca.
10Hz, while parameter Ly is frequency dependent in range DC to
10 MHz. Transmission lines discussed in this example are symmet-
rically loaded, or to be exact, there is asymmetry presence of ca.
1% to 2% depending on transmission line. Consequently, the pres-
ence of zero sequence is negligible, and thus the whole model is
nonsensitive to major changes of soil resistivity.

For harmonic estimation GA was used. GA was chosen based on
convergence speed criteria and finding of at least one local mini-
mum satisfying certain accuracy. It cannot be ascertained that this
is the most suitable optimization tool for this mathematical algo-
rithm. However, it is shown that this algorithm obtains satisfying
results. Maximum error in process of identification is ca. 3%, Fig. 14.
In Fig. 12, an accuracy of ca. 0.5% can be read off for 3% error. From
previous considered, it can be concluded that GA has forced accu-
racy of 0.5% in process of identification. This is not a bad result,
however, much more accurate results do exist.

Results of voltage estimation for VHE buses is graphically
depicted in Fig. 15 and in Table 3. Voltage estimation of VHE buses
is conducted based on voltage conditions of MHVC buses. From
expression (23) identification error is eliminated, thus making a
HSE algorithm more efficient.

In the considered case study, system frequency during the sim-
ulation period was 50Hz. If a system frequency was changed, it
would have been necessary to post-process voltage and current
waveforms of monitored buses according to algorithm for PMU
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Fig. 9. Standard deviation of current harmonics at MHVC buses.

technology. One of the possible future researches is application of
this algorithm to PSs dynamic system frequency.

5.3. Analysis of harmonic estimation error

As this paper discusses simulation model of the network, it is
possible to compare accurate and estimated values of voltages on
VHE buses. The comparison is made according to PMU algorithm
for estimation of phasor TVE measurement error. TVE represents
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stricter criteria compared to calculation of relative error of RMS
harmonics.

Result of HSE algorithm application is given in Fig. 15 and
Table 3. If simulation results and estimation results are compared,
following errors can be seen: maximum error of 1.129% is noted on
bus 7 of phase c for third harmonic; minimum error is noted on bus
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5 of phase b for first harmonic, and average error per harmonics and
phases is 0.3%. By comparing identification and estimation error, it
can be concluded that estimation error is lower.

From Fig. 16 it can be concluded that more than 98% of results
has TVE lower than 1%. Majority of published papers considers rel-
ative error of harmonic estimation. By analysis of reference [55] it
canbe concluded that 63.3% results on all buses and harmonics have
relative errors lower or equal to +5%. According to reference [8],
which is a basis for HSE, maximum relative harmonic estimation
error is +5%.

Reference [15] discusses IEEE system of 14 buses, and an aver-
age error of voltage estimation is +6.25%. Researches demonstrated
in reference [56] represent continuation of the research shown
in [8], and average relative error per harmonics and buses is ca.
+6%. In reference [57], two methods are analyzed on two different
examples: SVD and FDWLS in HSE. Analysis of harmonic estima-
tion relative error as a function of number of unmonitored buses is
conducted [57]. By analysis of results obtained from reference [57]
it can be concluded that average error in case when over 40% buses
are monitored in PS is smaller than ca. 4%. Reference [58] consid-
ers PS with 14 buses and analyzes three-phase harmonic distortion
state estimation. Majority of errors are smaller than 4% and a max-
imum harmonic estimation error is 9%. Reference [59] considers
HSE problem for distribution networks using PMUs. In reference
[59] maximum harmonic estimation error is lower than 0.1%.

Based on analyzed literature it can be concluded that relative
error of £5% represents a challenge for nowadays HSE algorithms. In

Fig. 15. Estimated voltage conditions at unmonitored PS buses.
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Fig. 16. Harmonic estimation error of unmonitored buses.

comparison to analyzed literature, errorsshown in this paper repre-
sent major improvement. It should be mentioned that scope of the
problem, in comparison to literature, would be somewhat smaller.
Criteria of HSE error could be obtained from PMU requirements.
Parameter TVE on all buses and harmonics TVE < 1% represents a
challenge for certain HSE algorithms.

6. Future work

Overview of future researches and improvements of the pre-
sented algorithm: (1) In order to enhance the performances of a
proposed algorithm, future research will have direction of algo-
rithm implementation for selected harmonics based on which
global matrix identification will be performed with goal of achiev-
ing high degree of accuracy. (2) Input data of algorithm can be a
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Table 2
Tabular presentation of odd voltage and current harmonic content of monitored PS buses.

Bus Label Unit hy hs hs h7 ho hyq hys3 hys

1 |Uql kv 63.558 0.377 4.952 0.969 0.029 0.130 0.053 0.001
YAOH deg 115.191 —79.582 -176.327 22.026 —153.156 -106.113 114414 —29.541
|l A 171.276 3.372 74.985 20.688 0.778 4.319 1.975 0.074
Zpa deg 96.577 178.552 87.426 -72.195 114.226 163.080 23.903 -127.773
|Up| kv 63.280 0.228 4.983 0.816 0.043 0.120 0.043 0.002
YACH deg -4.867 131.962 —59.543 —93.649 —10.980 7.637 3.105 145.293
|1 A 175.402 2135 77.776 17.876 1.156 4.299 1.713 0.171
Ly deg -24314 31.576 —155.272 169.500 —105.573 —84.078 -96.794 75.977
(U kv 63.309 0.189 5172 0.902 0.030 0.141 0.043 0.001
yACH deg -124.691 69.336 64.474 150.630 137.883 134.879 —121.266 —161.059
|| A 176.156 1.823 80.395 20.165 0.776 4.791 1.862 0.104
L deg —142.611 —36.147 —33.161 56.369 36.398 38.417 152.000 —87.036

2 |Uql kv 64.404 0.152 0.687 0.306 0.026 0.224 0.148 0.006
yACH deg 117.799 —77.195 —142.154 175.427 3.004 63.295 —72.109 170.900
|l A 610.628 3.135 8.741 2.802 0.186 1.297 0.726 0.027
Zpa deg 109.946 19.215 —48.547 -92.141 98.935 154.667 19.772 —124.951
|Up| kv 64.002 0.031 0.625 0.243 0.064 0.234 0.124 0.039
YACH deg -2.359 127.296 —33.866 56.487 161.639 174.628 160.134 -4.215
|1y A 624.084 0.633 7.938 2.201 0.452 1.343 0.600 0.166
Ly deg —11.048 —136.706 59.615 149.399 —106.342 -93.512 —108.218 87.458
|Uc| kv 64.237 0.121 0.780 0.290 0.043 0.249 0.124 0.035
yACH deg -122.423 101.170 87.860 -51.169 -30.382 —60.089 58.997 —179.770
A A 619.504 2.534 9.882 2.628 0.311 1.451 0.602 0.144
L deg —130.541 —162.922 —178.424 41.104 61.181 31.705 149.458 —88.007

3 |Uql kv 60.061 0.286 3.045 2.054 0.117 0.758 0.367 0.011
pACH deg 109.273 —62.693 —34.172 —165.839 16.953 69.346 —64.438 156.534
|lal A 554.459 1.827 74.079 21.677 0.764 2.925 0.698 0.061
Zpa deg -79.718 —52.956 —96.690 109.516 -57.187 -11.744 —139.004 10.942
|Up| kv 59.642 0.203 3.109 1.905 0.150 0.765 0.336 0.014
YAON deg -10.811 145.783 89.966 73.082 159.282 -174.214 173.811 -30.160
|1 A 556.354 1.717 77.622 19.332 0.822 2.885 0.687 0.123
2y deg 159.430 90.821 20.887 -9.964 76.562 103.961 100.552 102.694
(U kv 59.736 0.119 2.814 1.925 0.097 0.793 0.344 0.003
yACH deg —130.280 74.167 —148.930 —43.281 —66.388 —50.931 59.218 161.697
|Ic| A 558.635 1.243 79.480 21.055 0.634 3.188 0.727 0.137
L deg 40.735 —160.066 143.284 —123.952 -162.139 —135.554 —23.451 —100.764

4 |Uql kv 61.116 0.130 0.772 0.326 0.025 0.116 0.056 0.004
ACH deg 110.029 —105.322 160.075 77.173 -91.595 -71.404 142.875 -52.193
|lal A 234.901 0.521 3.566 1.748 0.146 0.818 0.449 0.036
Zpa deg —~74.055 94.180 13.865 —-58.780 142.389 166.160 23.541 —153.829
|Up| kv 60.229 0.340 1.056 0.421 0.124 0.142 0.110 0.056
YACH deg —10.985 -36.877 —88.132 —90.652 169.418 66.129 28.529 7.747
|1 A 254.092 3.003 4.154 2.227 0.066 0.775 0.398 0.092
Ly deg 165.462 —120.628 144.224 168.822 81.240 —77.580 —95.080 71.632
|Uc| kv 60.362 0.448 1.052 0.143 0.131 0.097 0.102 0.059
YACH deg —130.269 131.843 50.274 120.930 1.099 -167.016 -122.362 —175.438
A A 249.737 2.671 3.299 1.706 0.206 0.845 0.442 0.069
L deg 44300 50.139 -93.167 41.067 -52.129 39.592 150.828 —82.085

problem because most of the PQ monitoring devices do not give
harmonic RMS and angle data. On a contrary, most of those devices
measure only RMS values. One of the possible researches is find-
ing equivalent phasor diagram on a certain interval in three-phase
power networks. (3) A disadvantage of the proposed algorithm is
its limitation solely to unloaded buses. There are special cases, i.e.
conditions, under which HSE of unmonitored buses containing gen-
eration or consumption can be conducted. The stated disadvantage
will be subject of continuation of this research. (4) One possible
continuation of this research is analysis of different optimization
tools with goal of having more accurate identification. (5) By intro-
ducing additional limitations in process of global matrix [Y(x, h)]
identification it is possible to asses exact transmission tower head
geometry. This will be one of the future researches. (6) Transmis-
sion line model can be improved or already improved models can
be used as shown in a reference [60]. One of the following future
researches is comparative analysis of improved transmission line
models and already existing models. (7) For implementation of this
algorithmin real-time PSitis necessary to make aresearch of CT and

VT influences on algorithm accuracy. This research can be experi-
mentally conducted in power network with fewer number of nodes
or using a simulation model. A simulation model represents delib-
erate input of errors in measurement process. Previously stated
(measurements in real-time PS or simulation model) are going to
be a completely new research.

7. Conclusions

HSE algorithm presented in this paper is based on matrix algebra
and optimization methods.

Based on the accurate data about PS topology and partially
know data it is possible to conduct satisfying HSE. Efficiency of the
proposed HSE algorithm is demonstrated in case of 110kV trans-
mission network. Optimization GA has achieved an accuracy of 0.5%
in identification of global admittance matrix. Maximum error of
harmonic voltage estimation equals 1.129%, while an average error
is 0.3%.
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Table 3
Tabular presentation of voltage conditions estimation results of unmonitored PS part.
Bus Label Unit hy hs hs h; hg hip hys3
5 |Uql| kv 63.622 0.240 1.643 0.192 0.026 0.243 0.166
VACH deg 115.962 —76.219 —159.401 160.931 3.766 64.135 —70.590
g % 0.015 0.209 0.150 0.315 0.933 0.273 0.839
|Up| kv 63.256 0.113 1.584 0.190 0.051 0.252 0.145
VACT deg —4.155 134.346 —46.077 39.686 157.853 177.272 163.653
g % 0.001 0.870 0.050 0.218 0.557 0.100 0.448
|Ue| kv 63.422 0.138 1.776 0.193 0.031 0.259 0.146
VAR deg -124.077 85.267 77.112 —73.383 —43.651 —58.559 58.031
g % 0.040 0.333 0.117 0.493 0.654 0.125 0.360
6 |Uql| kv 61.977 0.242 1.364 1.206 0.078 0.577 0.327
VACH deg 113.180 —68.418 -56.617 -168.672 14.208 67.677 —67.316
g % 0.025 0.359 0.193 0.137 0.320 0.191 0.621
|Up| kv 61.577 0.138 1.279 1.110 0.114 0.583 0.292
VACTH deg —6.930 142.349 70.642 70.563 159.151 —177.294 170.037
g % 0.017 0.448 0.082 0.111 0.019 0.048 0.300
|Ue| kv 61.744 0.123 1.129 1.136 0.072 0.604 0.296
YACK deg —126.669 83.742 —175.363 —45.364 —58.002 -53.313 58.362
g % 0.028 0.981 0.264 0.044 0.689 0.120 0.246
7 |Uaq| kv 62.769 0.212 0.965 0.921 0.063 0.484 0.288
VACH deg 114.751 —70.537 —70.549 —170.543 12.528 66.858 —68.444
g % 0.020 0.396 0.196 0.143 0.391 0.214 0.645
|Up| kv 62.369 0.102 0.833 0.835 0.101 0.490 0.253
YA deg -5.374 140.834 56.368 69.135 159.593 —178.877 168.182
g % 0.019 0.883 0.133 0.125 0.045 0.064 0.309
|Uc| kv 62.566 0.122 0.774 0.870 0.063 0.511 0.256
YACK deg —125.225 89.445 164.826 —46.107 —51.651 —54.581 58.279
g % 0.024 1.129 0.239 0.060 0.844 0.113 0.292

Sensitivity analysis has shown several characteristics of pro-
posed algorithm for harmonic estimation of unmonitored part of
PS. (1) Geometric area of possible results ensures an existence of
set of results having satisfying accuracy. (2) Harmonics of inter-
est for global matrix [Y(x, h)] identification have the same trends,
i.e. they have a high level of correlation. (3) Geometry obtained
by optimization procedure does not represent actual nor equiva-
lent transmission line tower head geometry. (4) Identification of
global matrix [Y(x, h)] must be conducted only based on harmonics
present in voltage and current waveforms of monitored PS buses.
(5) For any default accuracy there is a set of results ensuring certain
identification error of global matrix [Y(x, h)].

Based on necessary input data, it can be concluded that time
of PS modeling is significantly shortened when using this algo-
rithm. Modeling of each transmission line in the frequency domain
is replaced with one equivalent model representing a certain set of
transmission lines.

Comparison of error obtained by proposed HSE algorithm with
literature shows certain major improvements. Important char-
acteristic of this algorithm is uniform estimation error on all
unmonitored buses. The unknown geometry that is estimated has
contributed to improvement of HSE resluts.

Appendix A. Numerical simulation results

Tables 2 and 3 and scheme in Fig. 6 contain all necessary data
needed to repeat HSE calculation. Fig. 6 shows configuration of the
discussed 110 kV power network with its transmission lines lengths
and transmission tower head type. Data about transmission tower
head type are accurate values, however, those values the algorithm
does not have on its disposal while identifying global conductance
matrix. It is assumed that all 110kV transmission lines have the
same tower head type and that the entire geographical area of
interest has same value of soil resistivity 100 2m.

The problem was simulated using following conditions: (1) The
time simulation of 10 s after transient process. Time step, calculated
using condition of upper frequency of interest 10 kHz and shortest

transmission line, is At=24.41 ws. During the period of simulation,
frequency of fundamental harmonic remains the same and is equal
to 50Hz. (2) Consumers connected to the buses 3 and 4 are ele-
ments of the simulation generating higher harmonics, asymmetry
and flickers into the network. Buses 1 and 2 are electrical energy
producing buses. (3) Calculation of harmonics is conducted for a
time period of 200 ms [28,30,21].

AscanbeseeninFig. 7 and in Table 2, the presence of 5th and 7th
harmonic, besides the fundamental one, is obvious. Further analysis
of only odd harmonics is made since system is in steady state.
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