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Abstract

We prove quenched versions of (i) a large deviations principle (LDP), (ii) a central
limit theorem (CLT), and (iii) a local central limit theorem (LCLT) for non-autonomous
dynamical systems. A key advance is the extension of the spectral method, commonly
used in limit laws for deterministic maps, to the general random setting. We achieve
this via multiplicative ergodic theory and the development of a general framework
to control the regularity of Lyapunov exponents of twisted transfer operator cocycles
with respect to a twist parameter. While some versions of the LDP and CLT have
previously been proved with other techniques, the local central limit theorem is, to our
knowledge, a completely new result, and one that demonstrates the strength of our
method. Applications include non-autonomous (piecewise) expanding maps, defined
by random compositions of the form T n-1,, 0--- 0Ty, o T,. An important aspect of
our results is that we only assume ergodicity and invertibility of the random driving
o : ) — € in particular no expansivity or mixing properties are required.
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1 Introduction

The Nagaev-Guivarc’h spectral method for proving the central limit theorem (due to Nagaev
[39, 40] for Markov chains and Guivarc’h 45, 26] for deterministic dynamics) is a powerful
approach with applications to several other limit theorems, in particular large deviations and
the local limit theorem. In the deterministic setting a map 7' : X — X on a state space X
preserves a probability measure g on X. An observable g : X — R generates p-stationary
process {g(T"x)}n>o and one studies the statistics of this process. Central to the spectral



method is the transfer operator £ : B O, acting on a Banach space B C L'(u) of complex-
valued functions with regularity properties compatible with the regularity of T'[[] A twist is
introduced to form the twisted transfer operator L% f := L£(e% f). The three key steps to the
spectral approach are:

S1. Representing the characteristic function of Birkhoff (partial) sums S,,g = Z?;ol goT!
as integrals of n'" powers of twisted transfer operators.

S2. Quasi-compactness (existence of a spectral gap) for the twisted transfer operators £’
for 0 near zero.

S3. Regularity (e.g. twice differentiable for the CLT) of the leading eigenvalue of the twisted
transfer operators £? with respect to the twist parameter 6, for § near zero.

This spectral approach has been widely used to prove limit theorems for deterministic dy-
namics, including large deviation principles [28, [44], central limit theorems [45, [1T], 28], [6],
Berry-Esseen theorems [26] 23], local central limit theorems [45, 28|, 23], and vector-valued
almost-sure invariance principles [306], 24]. We refer the reader to the excellent review paper
[25], which provides a broader overview of how to apply the spectral method to problems of
these types, and the references therein.

In this paper, we extend this spectral approach to the situation where we have a family
of maps {7}, }weq, parameterised by elements of a probability space (€2, P). These maps are
composed according to orbits of a driving system o : {2 — ). The resulting dynamics takes
the form of a map cocycle T n-1,0- - -0T,,0T,,. In terms of real-world applications, we imagine
that € is the class of underlying configurations that govern the dynamics on the (physical
or state) space X. As time evolves, o updates the current configuration and the dynamics
T, on X correspondingly changes. To retain the greatest generality for applications, we
make minimal assumptions on the configuration updating (the driving dynamics) o, and
only assume o is P-preserving, ergodic and invertible; in particular, no mixing hypotheses
are imposed on o.

We will assume certain uniform-in-w (eventual) expansivity conditions for the maps 7T,,.
Our observable g : 2 x X — R can (and, in general, will) depend on the base configuration
w and will satisfy a fibrewise finite variation condition. One can represent the random
dynamics by a deterministic skew product transformation 7(w,z) = (o(w),T,(x)), w €
Q, x € X. It is well known that whenever o is invertible and fi is a T-invariant probability
measure with marginal P on the base €2, the disintegration of i with respect to P produces
conditional measures j,, which are equivariant; namely p,, o T,' = jiy,,. Our limit theorems
will be established p,-almost surely and for P-almost all choices of w; we therefore develop
quenched limit theorems. In the much simpler case where ¢ is Bernoulli, which yields an
i.i.d. composition of the elements of {T,},cq, one is often interested in the study of limit
laws with respect to a measure f which is invariant with respect to the averaged transfer
operator, and reflects the outcomes of averaged observations [43],[4]. The corresponding limit

'The transfer operator satisfies [y, f-goT du= [ Lf -g dpfor f € L'(n),g € L>(n).



laws with respect to i are typically called annealed limit laws; see [2] and references therein
for recent results in this framework.

As is common in the quenched setting, we impose a fiberwise centering condition for
the observable. Thus, limit theorems in this context deal with fluctuations about a time-
dependent mean. For example, if the observable is temperature, the limit theorems would
characterise temperature fluctuations about the mean, but this mean is allowed to vary
with the seasons. The recent work [I] provides a discussion of annealed and quenched limit
theorems, and in particular an example regarding the necessity of fibrewise centering the
observable for the quenched case. Without such a condition, quenched limit theorems have
been established exclusively in special cases where all maps preserve a common invariant
measure [0, 41] (and where the centering is obviously identical on each fibre).

In the quenched random setting we generalise the above three key steps of the spectral
approach:

R1. Representing the (w-dependent) characteristic function of Birkhoff (partial) sums S,,g(w, -)
defined by as an integral of n'* random compositions of twisted transfer operators.

R2. Quasi-compactness for the twisted transfer operator cocycle; equivalently, existence of
a gap in the Lyapunov spectrum of the cocycle £ £Zn_1w o---0Ll oLl forf
near zero.

R3. Regularity (e.g. twice differentiable for the CLT) of the leading Lyapunov exponent
and Oseledets spaces of the twisted transfer operators cocycle with respect to the twist
parameter 6, for 6 near zero.

At this point we note that the key steps S1-S3 in the deterministic spectral approach mean
that one satisfies the requirement for a naive version of the Nagaev-Guivarc’h method [25];
namely E(e?%) = ¢(0)A\(0)"+d,,(0) for ¢ continuous at 0 and |d, |« — 0. In this case, \(f) is
the leading eigenvalue of £°. Similarly, the key steps R1-R3 yield an analogue naive version
of a random Nagaev-Guivarc’h method, where for all complex # in a neighborhood of 0, and
P-a.e. w € (), we have that

1
Jlim ~log B, (") = A(9),

where A(f) is the top Lyapunov exponent of the random cocycle generated by L% (see
Lemma . This condition is of course weaker than the asymptotic equivalence of [25], but
together with the exponential decay of the norm of the projections to the complement of
the top Oseledets space (see Section , which handles the error corresponding to quantity
d,, above, we are able to achieve the desired limit theorems. Under this analogy, we could
consider our result as a new naive version of the Nagaev-Guivarc’h method, framed and
adapted to random dynamical systems.

The quasi-compactness of the twisted transfer operator cocycle (item 2 above) will be
based on the works [I8], 20], which have adapted multiplicative ergodic theory to the setting
of cocycles of possibly non-injective operators; the non-injectivity is crucial for the study
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of endomorphisms 7,. These new multiplicative ergodic theorems, and in particular the
quasi-compactness results, utilise random Lasota-Yorke inequalities in the spirit of Buzzi
[12]. For the regularity of the leading Lyapunov exponent (item 3 above) we develop ab
initio a cocycle-based perturbation theory, based on techniques of [28]. This is necessary
because in the random setting objects such as eigenvalues and eigenfunctions of individual
transfer operators have no dynamical meaning and therefore one cannot simply apply stan-
dard perturbation results such as [29], as is done in [28] and all other spectral approaches
for limit theorems. Multiplicative ergodic theorems do not provide, in general, a spectral
decomposition with eigenvalues and eigenvectors as in the classical sense, but only a hier-
archy of equivariant Oseledets spaces containing vectors which grow at a fixed asymptotic
exponential rate, determined by the corresponding Lyapunov exponent.

Let us now summarise the main results of the present paper, obtained with our new
cocycle-based perturbation theory. These are limit theorems for random Birkhoff sums S,g,
associated to an observable ¢g: {2 x X — R, and defined by

n—1 n—1

Sng(w, x) == Zg(Ti(w,x)) = Zg(aiw,TOSi)x), (w,z) € x X, neN, (1)

1=0 i=0

where T = Tyi-1,0---0T,,0T,. The observable will be required to satisfy some regularity
properties, which are made precise in Section [3.1 Moreover, we will suppose that g is
fiberwise centered with respect to the invariant measure p for 7. That is,

/g(w,x) du,(x) =0 for P-a.e. we Q. (2)

The necessary conditions on the dynamics are summarised in an admissibility notion, which
is introduced in Definition 2.8] Our first results are quenched forms of the Large Deviations
Theorem and the Central Limit Theorem. We remark that, while our results are all stated
in terms of the fiber measures p,,, in our examples, the same results hold true when p,, is
replaced by Lebesgue measure m. This is a consequence of a the result of Fagleson [10]
combined with the fact that, in our examples, ., is equivalent to m.

Theorem A (Quenched large deviations theorem). Assume the transfer operator cocycle
R is admissible, and the observable g satisfies conditions and . Then, there exists
€0 > 0 and a non-random function c: (—eo, €g) — R which is nonnegative, continuous, strictly
convex, vanishing only at 0 and such that

1
lim —log p,(Sng(w, ) > ne) = —c(e), for 0 <e<e¢e and P-a.e. w e .
n

n—o0

Theorem B (Quenched central limit theorem). Assume the transfer operator cocycle R
1s admissible, and the observable g satisfies conditions and . Assume also that the
non-random variance Y%, defined in satisfies ¥2 > 0. Then, for every bounded and
continuous function ¢: R — R and P-a.e. w € 2, we have

s o B2 o) = [ oanto. )
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(The discussion after deals with the degenerate case ¥ = 0).

Similar LDT and CLT results were previously obtained in different contexts, and using
other methods, by Kifer [32] 33, 34] and Bakhtin [8,9]. In [32], Kifer shows a large deviations
result for occupational measures, relying on existence of a pressure functional and uniqueness
of equilibrium states for some dense sets of functions. For the CLT, Kifer used martingale
techniques. To control the rate of mixing, conditions such as ¢-mixing and a-mixing are
assumed in [34]. His examples include random subshifts of finite type and random smooth
expanding maps. Bakhtin obtains a central limit theorem and some estimates on large
deviations for sequences of smooth hyperbolic maps with common expanding/contracting
distributions, under a mixing assumption and a variance growth condition on the Birkhoff
sums [8,@]. Finally, we note that in our recent article [I5] we provide the first complete proof
of the Almost Sure Invariance Principle for random transformations of the type covered in
this paper using martingale techniques.

In this work, we prove for the first time a Local Central Limit Theorem for random
transformations. Theorem [C] presents the aperiodic version: This result relies on an assump-

tion concerning fast decay in n of the norm of the twisted operator cocycle ||£4™)]|z, for

t € R\ {0} and P-a.e. w € Q. This hypothesis is made precise in Such an assumption
is usually stated in the deterministic case (resp. in the random annealed situation), by ask-
ing that the twisted operator (resp. the averaged random twisted operator) £% has spectral
radius strictly less than one for ¢ € R\ {0}; this is called the aperiodicity condition.

Theorem C (Quenched local central limit theorem). Assume the transfer operator cocycle R
1s admissible, and the observable g satisfies conditions and . In addition, suppose the
aperiodicity condz’tz’on is satisfied. Then, for P-a.e. w € Q and every bounded interval
J C R, we have

1
lim sup |Xv/nuy(s + Spg(w,-) € J) —
Jim sup Vi g(w,-) € J) NGr:

In the autonomous case, aperiodicity is equivalent to a co-boundary condition, which
can be checked in particular examples [37]. We are also able to state an equivalence be-
tween the decay of £i0™ and a (random) co-boundary equation (Lemma , which opens
the possibility to verify the hypotheses of the local limit theorem in specific examples (see
Section . In addition, we establish a periodic version of the LCLT in Theorem m

In summary, a main contribution of the present work is the development of the spectral
method for establishing limit theorems for quenched (or w fibre-wise) random dynamics.
Our hypotheses are natural from a dynamical point of view, and we explicitly verify them in
the framework of the random Lasota-Yorke maps, and more generally for random piecewise
expanding maps in higher dimensions. The new spectral approach for the quenched random
setting we present here has been specifically designed for generalisation and we are hopeful
that this method will afford the same broad flexibility that continues to be exploited by
work in the deterministic setting. While at present we have uniform-in-w assumptions on
time-asymptotic expansion and decay properties of the random dynamics, we hope that

52
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in the future these assumptions can be relaxed to enable even larger classes of dynamical
systems to be treated with our new spectral technique. For example, limit theorems for
dynamical systems beyond the uniformly hyperbolic setting continues to be an active area
of research, e.g. [23] 24], 25] [7, 13, 42, [35], and another interesting set of related results
on limit theorems occur in the setting of homogenisation [22] 30, BI]. Our extension to the
quenched random case opens up a wide variety of potential applications and future work will
explore generalisation to random dynamical systems with even more complicated forms of
behaviour.

2 Preliminaries

We begin this section by recalling several useful facts from multiplicative ergodic theory. We
then introduce assumptions on the state space X; X will be a probability space equipped
with a notion of variation for integrable functions. This abstract approach will enable us
to simultaneously treat the cases where (i) X is a unit interval (in the context of Lasota-
Yorke maps) and (ii) X is a subset of R (in the context of piecewise expanding maps in
higher dimensions). We introduce several dynamical assumptions for the cocycle L, w €
of transfer operators under which our limit theorems apply. This section is concluded by
constructing large families of examples of both Lasota-Yorke maps and piecewise expanding
maps in R” that satisfy all of our conditions.

2.1 Multiplicative ergodic theorem

In this subsection we recall the recently established versions of the multiplicative ergodic
theorem which can be applied to the study of cocycles of transfer operators and will play an
important role in the present paper. We begin by recalling some basic notions.

A tuple R = (Q, F,P,0,B, L) will be called a linear cocycle, or simply a cocycle, if o
is an invertible ergodic measure-preserving transformation on a probability space (2, F,P),
(B,]| - ]|) is a Banach space and L£: Q — L(B) is a family of bounded linear operators such
that log™ |[|[L(w)|| € L*(P). Sometimes we will also use £ to refer to the full cocycle R. In
order to obtain sufficient measurability conditions in our setting of interest, we assume the
following;:

(C0O) o is a homeomorphism, € is a Borel subset of a separable, complete metric space and £
is P—continuous (that is, £ is continuous on each of countably many Borel sets whose
union is 2).

For each w € Q and n > 0, let £ be the linear operator given by
‘Cé(un) = E'cr”—lw ©:++0 Low o Lw-

Condition implies that the maps w +— log HEEJ”) || are measurable. Thus, Kingman’s sub-



additive ergodic theorem ensures that the following limits exist and coincide for P-a.e. w € €2:
1
A(R) := lim —log||£™||
n—oo N,

1
K(R) := lim —logic(L™M),

n—oo 1

where

ic(A) := inf {7’ > 0: A(Bpg) can be covered with finitely many balls of radius r},

and Bpg is the unit ball of B. The cocycle R is called quasi-compact if A(R) > k(R). The
quantity A(R) is called the top Lyapunov exponent of the cocycle and generalises the notion
of (logarithm of) spectral radius of a linear operator. Furthermore, x(R) generalises the
notion of essential spectral radius to the context of cocycles. Let (B',]-|) be a Banach space
such that B C B’ and that the inclusion (B, || - ||) < (B,|-]) is compact. The following
result, based on a theorem of Hennion [27], is useful to establish quasi-compactness.

Lemma 2.1. ([20, Lemma C.5]) Let (2, F,P) be a probability space, o an ergodic, invertible,
P-preserving transformation on Q and R = (2, F,P,0,B,L) a cocycle. Assume L, can be
extended continuously to (B',|-|) for P-a.e. w € Q, and that there exist measurable functions
Aus By Yo © 2 — R such that the following strong and weak Lasota-Yorke type inequalities
hold for every f € B,

[Lufll < aullfll + Bulfl and (3)
Lol < e (4)

In addition, assume
/log a, dP(w) < A(R), and /log Y dP(w) < o0.

Then, k(R) < [logay, dP(w). In particular, R is quasi-compact.

Another result which will be useful in the sequel is the following comparison between Lya-
punov exponents with respect to different norms. In what follows, we denote by A\g(w, f) the
Lyapunov exponent of f with respect to the norm [|-||z. That is, Ag(w, f) = lim, s = log ||£L(Un)f||3,
where f € B and (B, ]| - ||5) is a Banach space.

Lemma 2.2 (Lyapunov exponents for different norms). Under the notation and hypotheses
of Lemma let r .= [,logay, dP(w) and assume that for some f € B, A\g(w, f) > r.
Then, >\B(w7 f) = )‘B’(w7 f)

Proof. The inequality A\g(w, f) > Ag/(w, f) is trivial, because || - || is stronger than |- | (i.e.
because the embedding (B, | - ||) < (B, - |) is compact). In the other direction, the result
essentially follows from Lemma C.5(2) in [20]. Indeed, this lemma establishes that if » < 0
and Ag(w, f) < 0 then Ag(w, f) < 0. The choice of 0 is irrelevant, because if the cocycle is
rescaled by a constant C' > 0, all Lyapunov exponents and r are shifted by log C'. Thus, we
conclude that if Ag (w, f) > r then, Ag(w, f) < Ap/(w, f), as claimed. O
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A spectral-type decomposition for quasi-compact cocycles can be obtained via a multi-
plicative ergodic theorem, as follows.

Theorem 2.3 (Multiplicative ergodic theorem, MET [I8]). Let R = (Q, F,P,0,B,L) be a
quasi-compact cocycle and suppose that condition |(CO) holds. Then, there exists 1 <1 < oo
and a sequence of exceptional Lyapunov exponents

AR)=M>X>...>N>k(R) (if1<I<o0)

or
AR)= A >X>... and lim A\, =k(R) (ifl=00);
n—oo

and for P-almost every w € Q there exists a unique splitting (called the Oseledets splitting)
of B into closed subspaces

B=V(w) o@PY;w) (5)

depending measurably on w and such that:

(I) For each 1 < j <, Y;(w) is finite-dimensional (m; := dimY;(w) < 00), Y; is equiv-
ariant i.e. L,Y;(w) =Y;(ow) and for every y € Y;(w) \ {0},

1
lim ~ log || £Vy[| = A;.
n—oo M

(Throughout this work, we will also refer to Yi(w) as simply Y (w) orY,,.)

(1) V is equivariant i.e. L,V (w) C V(ow) and for every v € V(w),

1
lim —log||[£™v| < K(R).
n—oo M

The adjoint cocycle associated to R is the cocycle R* = (Q, F,P,071, B*, L*), where
(L), := (Lo-1,)*. In a slight abuse of notation which should not cause confusion, we will
often write £, instead of (L*),, so L} will denote the operator adjoint to L,-1,,.

Remark 2.4. [t is straightforward to check that if [(CO) holds for R, it also holds for R*.
Furthermore, A(R*) = A(R) and K(R*) = k(R). The last statement follows from the
equality, up to a multiplicative factor (2), ic(A) and ic(A*) for every A € L(B) [3, Theorem
2.5.1].

The following result gives an answer to a natural question on whether one can relate the
Lyapunov exponents and Oseledets splitting of the adjoint cocycle R* with the Lyapunov
exponents and Oseledets decomposition of the original cocycle R.



Corollary 2.5. Under the assumptions of Theorem[2.3, the adjoint cocycle R* has a unique,
measurable, equivariant Oseledets splitting

l

B =V'(w oy (w) (6)

j=1
with the same exceptional Lyapunov exponents \; and multiplicities m; as R.

The proof of this result involves some technical properties about volume growth in Banach
spaces, and is therefore deferred to Appendix [A]

Next, we establish a relation between Oseledets splittings of R and R*, which will be
used in the sequel. Let the simplified Oseledets decomposition for the cocycle £ (resp. L*)
be

B=Y(w)® H(w) (resp. B*=Y"(w)® H"(w)), (7)

where Y (w) (resp. Y*(w)) is the top Oseledets subspace for £ (resp. £*) and H(w) (resp.
H*(w)) is a direct sum of all other Oseledets subspaces.

For a subspace S C B, we set S° = {¢p € B*: ¢(f) =0 for every f € S} and similarly
for a subspace S* C B* we define (S*)°={f € B:¢(f) =0 for every ¢ € S*}.

Lemma 2.6 (Relation between Oseledets splittings of R and R*). The following relations
hold for P-a.e. w € €):

H*(w)=Y(w)” and H(w)=Y"(w)". (8)

Proof. We first claim that

1
lim sup — log||L5™ |y @]l < A1, for P-ae. w € Q. 9)
n

n—oo

Let II,, denote the projection onto H(w) along Y (w) and take an arbitrary ¢ € Y (w)°. We
have

L5l = sup |(L5Me)(f) = sup |p(L, (f))]
IfllB<1 IfllB<1
= sup [¢(L", (Mpnf))] < Bllse - L5 Tynsll,
IfllB<1

and thus
1255y e | < [1£57, Tp-ng]).

o "w

Hence, in order to prove @D it is sufficient to show that

1
lim sup — 10g||£(") I,-ng,l| < Ay, for P-ae. w e (10)

o "w
n—oo T

However, it follows from results in [14] and [I7, Lemma 8.2] that

1 "
lim = log|| £, |hienwll = A

n—oo M,
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and

1
llm - ]-OgHHO'*”w | - O,
n—oo M
which readily imply (10). We now claim that
B*=Y(w) ®Y(w)’, forP-ae we-qQ. (11)

We first note that the sum on the right hand side of is direct. Indeed, each nonzero
vector in Y (w)* grows at the rate A;, while by (9] all nonzero vectors in Y (w)® grow at the
rate < A;. Furthermore, since the codimension of Y (w)® is the same as dimension of Y (w)*,
we have that holds.

Finally, by comparing decompositions @ and , we conclude that the first equality
in holds. Indeed, each ¢ € H*(w) can be written as ¢ = ¢; + ¢, where ¢ € Y (w)* and
¢2 € Y(w)°. Since ¢ and ¢ grow at the rate < A\; and ¢; grows at the rate A\, we obtain
that ¢; = 0 and thus ¢ = ¢9 € Y (w)°. Hence, H*(w) C Y (w)® and similarly Y (w)° C H*(w).
The second assertion of the lemma can be obtained similarly. O]

2.2 Notions of variation

Let (X, G) be a measurable space endowed with a probability measure m and a notion of a
variation var: L'(X,m) — [0, oo] which satisfies the following conditions:

V1) var(th) = |t| var(h);
V2) var(g + h) < var(g) + var(h);
V3) [|h|lze < Cyar(]|R]]1 + var(h)) for some constant 1 < Cy,, < 00;

V4) for any C' > 0, the set {h: X — R : ||h]|; + var(h) < C} is L'(m)-compact;

<

6) {h: X > R, :||h|l; =1 and var(h) < oo} is L'(m)-dense in {h: X — R, : ||h]|; = 1}.

V7) for any f € L'(X,m) such that ess inf f > 0, we have var(1/f) < s var(f)

ess inf f)2°

V8) var(fg) < || fllze - var(g) + llgll e - var(f).

V9) for M >0, f: X — [-~M, M] measurable and every C* function h: [-M, M] — C, we
have var(h o f) < ||A'||p= - var(f).

(V1)
(V2)
(V3)
(V4)
(V5) var(ly) < oo, where 1y denotes the function equal to 1 on X:
(V6)
(V7)
(V8)
(V9)

We define
B:= BV = BV(X,m) = {g € L*(X,m) : var(g) < oo}.

Then, B is a Banach space with respect to the norm
lglls = llgllx + var(g).

11



From now on, we will use B to denote a Banach space of this type, and ||g||s, or simply ||g||
will denote the corresponding norm.

Well-known examples of this notion correspond to the case where X is a subset of R™.
In the one-dimensional case we use the classical notion of variation given by

var(g) =  inf sup Z|h(3k) — h(sk_1)] (12)

h=g(mod m) O=s0<s51<...<8p=17__

for which it is well known that properties (V1)-(V9) hold. On the other hand, in the
multidimensional case, we let m = Leb and define

var(f) = sup 1 osc(f, Be(z))) dx, (13)

0<e<eg €~ Rd

where
OSC(f’ Be(x)) = €88 Supxl,xQGBe(m)lf(xl) - f(xQ)’

and where ess sup is taken with respect to product measure m xm. For this notion properties
(V1)-(V9) have been verified by Saussol [46] except for (V7) which is proved in [15] and (V9)

which we prove now.

Lemma 2.7. The notion of var defined by satisfies (V9).

Proof. Take M > 0, f and h as in the statement of (V9). For arbitrary x € X, ¢ > 0 and
x1, T2 € B(z), it follows from the mean value theorem that

|(ho f)(@1) = (ho f)(@)] < [|W ||z - | f(21) = f(z2)],
which immediately implies that
osc(ho f, Bo(x)) < ||A||z - osc(f, Be(x)),

and we obtain the conclusion of the lemma. O

2.3 Admissible cocycles of transfer operators

Let (Q,F,P,0) be as Section 2.1} and X and B as in Section 2.2] Let T;,: X — X, w € Q
be a collection of non-singular transformations (i.e. m o T ! < m for each w) acting on X.
The associated skew product transformation 7: 2 x X —  x X is defined by

T(w,x) = (0(w), T,(x)), we, xzelX. (14)

Each transformation T}, induces the corresponding transfer operator £, acting on L'(X,m)
and defined by the following duality relation

/(£w¢)wdm:/ p(YoT,)dm, ¢e L' (X,m), Y€ L>(X,m).
X X

For each n € N and w € €, set
TOS") =T n1,0---0T, and EU(J”) =Lyn1,0---0L,.

12



Definition 2.8 (Admissible cocycle). We call the transfer operator cocycle R = (Q, F,P,0,B, L)
admissible if, in addition to the following conditions hold.

(C1) there exists K > 0 such that

\Luflls < K||fllg, for every f € B and P-a.e. w € Q.

(C2) there exists N € N and measurable o™, 8V : Q — (0,00), with [, log o™ (w) dP(w) < 0,
such that for every f € B and P-a.e. w € (Q,

1£5Y flls < o™ (W)IIflls + BY @) £l

(C3) there exist K',\ > 0 such that for every n > 0, f € B such that [ fdm = 0 and
P-a.e. w € (2.
1257 (H)lls < K'e™ | fls-

(C4) there exist N € N, ¢ > 0 such that for each a > 0 and any sufficiently large n € N,
ess inf LN f > ¢||f|ly,  for every f € Cy and P-a.e. w € Q,

where Cy == {f € B: f >0 and var(f) <a [ fdm}.

Admissible cocycles of transfer operators can be investigated via Theorem [2.3] Indeed,
the following holds.

Lemma 2.9. An admissible cocycle of transfer operators R = (Q,F,P,0,B,L) is quasi-
compact. Furthermore, the top Oseledets space is one-dimensional. That is, dimY (w) = 1
for P-a.e. w € Q.

Proof. The first statement follows readily from Lemma [2.1] and a simple observation
that for a cocycle R of transfer operators we have that A(R) = 0. The fact that dim Y (w) =1

follows from |(C3)| O

The following result shows that, in this context, the top Oseledets space is indeed the
unique random acim. That is, there exists a unique measurable function v° : Q x X — R*
such that for P-a.e. w € Q, 02 := 1" (w,-) € B, [v2(z)dm =1 and

L0 =) for P-a.e. w € (. (15)

ow?

Lemma 2.10 (Existence and uniqueness of a random acim). Let R = (2, F,P, 0, B, L) be an
admissible cocycle of transfer operators, satisfying the assumptions of Theorem [2.3. Then,
there exists a unique random absolutely continuous invariant measure for R.

13



Proof. Theorem shows that the map w +— Y, is measurable, where Y,, is regarded as
an element of the Grassmannian G of B. Furthermore, [I8 Lemma 10] and an argument
analogous to [20, Lemma 10] yields existence of a measurable selection of bases for Y.
Lemma ensures that dim Y (w) = 1. Hence, there exists a measurable map w + h,,, with
h,, € B such that h,, spans Y, for P-a.e. w € Q.

Notice that Lebesgue measure m, when regarded as an element of B*, is a conformal
measure for R. That is, m spans Y} for P-a.e. w € €. In fact, it is straightforward to verify
LI m = m, because the L, preserve integrals.

Thus, the simplified Oseledets decomposition (|7]) in combination with the duality relations
of Lemma imply that m(h,) # 0 for P-a.e. w € Q. In particular we can consider the
(still measurable) function w +— v := T o

The equivariance property of Theorem ensures that £,0° € Y,,, and the fact that
L., preserves integrals, combined with the normalized choice of vY and the assumption that
dimY,,, = 1, implies that £,0° =19 _.

The fact that v2 > 0 for P-a.e. w € Q follows from the positivity and linearity properties
of L,,, which ensure that the positive and negative parts, v} and v, are equivariant. Recall
that v}, v, have non-overlapping supports. Thus, if v # 0 # v for a set of positive
measure of w € Q, the spaces Y, Y, spanned by v, v, respectively, are subsets of Y (w),
contradicting the fact that dim Y (w) = 1. Then, since the normalization condition implies
vl # 0, we have v, = 0 for P-a.e. w € Q. The fact that the random acim is unique is also a

direct consequence of the fact that dim Y (w) = 1. O

For an admissible transfer operator cocycle R, we let p be the invariant probability
measure given by

(A x B) = / 0 (w,2) d(P x m)(w,z), for A€ Fand Be€Gg, (16)
AxB

where v° is the unique random acim for R and G is the Borel o-algebra of X. We note that
W is T-invariant, because of . Furthermore, for each G € L'(Q x X, ) we have that

[, 60 [ [ oo e

where fi, is a measure on X given by du, = v°(w,-)dm. We now list several important
consequences of conditions |(C2)| |(C3)|and |(C4)| established in [I5, §2].

Lemma 2.11. The unique random acim v° of an admissible cocycle of transfer operators
satiesfies the following:

1.
ess sup,,cqllvolls < 00 (17)

ess infv?(:) > ¢ >0, forP-ae weQ; (18)
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3. there exists K > 0 and p € (0,1) such that

‘/ ﬁi")(fvg)hdm—/ fduw~/ h dpone
X X X
form >0, he L>*(X,m), f € B and P-a.e. w € Q.

< Kp"[[hllzee - [1f I3, (19)

We emphasize that is a special case of a more general decay of correlations result
proved by Buzzi [12], but in this case with the stronger conclusion that the decay rates and
coefficients K are uniform over w € ).

2.3.1 Examples

In order to be able to be in the setting of admissible transfer operators cocycles, we need
to ensure that [(CO)| holds. To fulfill this requirement (see [I8, Section 4.1] for a detailed

discussion) in the rest of the paper we will assume

(C0’) o is a homeomorphism, €2 is a Borel subset of a separable, complete metric space, the
map w — T, has a countable range 71,75, ... and for each j, {w € Q: T, = T} is
measurable.

Although this condition is somewhat restrictive, we emphasize that the assumptions on the
structure of ) are very mild and that the only requirements for ¢ are that it has to be
an ergodic, measure-preserving homeomorphism. In particular, no mixing conditions are
required. Furthermore, the T, need only be chosen from a countable family.

Following [15] §2], we present two classes of examples, one- and higher-dimensional piece-
wise smooth expanding maps, which yield admissible transfer operator cocycles.

Random Lasota-Yorke maps. Let X = [0, 1], a Borel o-algebra G on [0,1] and the
Lebesgue measure m on [0,1]. Consider the notion of variation defined in (12)). For a
piecewise C? map T : [0,1] — [0,1], set 6(T") = ess inf,ep1y|T’| and let b(T) denote the
number of intervals of monoticity (branches) of T'. Consider now a measurable map w — T,
w € Q of piecewise C? maps on [0, 1] such that

b:=ess sup,cq b(T,) < 00, 0 :=ess inf,cqd(T,) > 1, and D := ess sup cq||Th| L= < .
(20)
For each w € , let b, = b(T},), so that there are essentially disjoint sub-intervals
Jwis-sJup, C I, with UZ“’:P]WC = I, so that Tw|Jw’k is C? for each 1 < k < b,. The
minimal such partition P, := {Jy1,..., Jup,} is called the regularity partition for T,,. It is
well known that whenever § > 2, and ess inf,cq minj<x<p, m(J, %) > 0, there exist o € (0, 1)
and K > 0 such that

var(L, f) < avar(f) + K| f|l1, for f € BV and P-a.e. w € €.

15



More generally, when § < 2, one can take an iterate N € N so that 6V > 2. If the
regularity partitions PY = {Jf\fw, vy d N})( v} corresponding to the maps TN also satisfy

ess infueqmin, _, _, v m(JJ}) > 0, then there exist ™ € (0,1) and K > 0 such that

var(LY f) < oV var(f) + KV ||f|li, for f € BV and P-a.e. w € Q. (21)
We assume that holds for some N € N.

Finally, we suppose the following uniform covering condition holds:
For every subinterval J C I,3k = k(J) s.t. for a.e. w € QT (J) = I. (22)

The results of [I5] §2] ensure that random Lasota-Yorke maps which satisfy the conditions
of this section plus are admissible. (While [(C2)|is not explicitely required by [15], it
is established in the process of showing the remaining conditions.)

Random piecewise expanding maps in higher dimensions. We now discuss the case
of piecewise expanding maps in higher dimensions. Let X be a compact subset of RY which
is the closure of its non-empty interior. Let X be equipped with a Borel o-algebra G and
Lebesgue measure m. We consider the notion of variation defined in for suitable o and
€p. We say that the map T : X — X is piecewise expanding if there exist finite families
A = {A}72, and A = {A;}7, of open sets in RV, a family of maps T} : A; — RV,
i=1,...,mand ¢ (7T) > 0 such that:

1. Ais a disjoint family of sets, m(X \ U, 4;) = 0 and A; D A4, for each i = 1,...,m;

2. there exists 0 < y(T;) < 1 such that each T is of class C1+7(7);

3. For every 1 <i < m, T|a, = T;|a, and T;(A;) D Be,(1)(T(A;)), where B (V) denotes a
neighborhood of size € of the set V. We say that 7T; is the local extension of T" to the
A

4. there exists a constant C1(T") > 0 so that for each i and =,y € T(A;) with dist(z,y) <
El(T)a

| det DT} (x) — det DT, Y (y)| < C(T)| det DT, (x)|dist(z, y) "D,

5. there exists s(7') < 1 such that for every z,y € T'(4;) with dist(z,y) < (T, we have
dist(T; 'z, T, y) < s(T) dist(x, y);

7

6. each OA; is a codimension-one embedded compact piecewise C! submanifold and

4s(T)
1—s(T)

S(T)V(T) +

where Z(T) = sup ) #{smooth pieces intersecting dA; containing x} and I'y is the

volume of the unit ball in RV,
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Consider now a measurable map w +— T;,, w € ) of piecewise expanding maps on X such
that

€1 := inf €, (T,) > 0, v := inf y(T,,) > 0, Cy :=supCy(T,) < 00, s:=sups(T,) <1
wes wes weN weD

and

48(T ) FN—I
sup (s(T,)7T) 4 222292 7 ) < 1.
weg( ( ) 1- S(Tw> ( ) 11N
Then, [40, Lemma 4.1] implies that there exist v € (0,1) and K > 0 independent on w such
that

var(L, f) < vvar(f) + K| f|l1 for each f € Band w € Q, (23)

where var is given by with @ = 7 and some €y > 0 sufficiently small (which is again
independent on w). We note that readily implies that conditions |(C1)| and |(C2)| hold.
Finally, we note that under additional assumption that

for any open set J C X, there exists k = k(J) such that for a.e. w € Q, T*(J) = X,

the results in [15], §2] show that |(C3)|and [(C4)| also hold.

Remark. We point out that while conditions [(C1), [(C3)|and |(C4) are stated in a uniform
way, sometimes it is possible to recover them from non-uniform assumptions. For example,
assuming that {7}, },cq takes only finitely many values, one can recover a uniform version
of from a non-uniform one, for example by compactness arguments (see the proof of
Lemma {4.7| for a similar argument). Also, our results apply to cases where conditions |(C1)

[(C4)] or the hypotheses which imply them (e.g. (20])), are only satisfied eventually; that is,

for some iterate TOSN), where N is independent of w € €).

3 Twisted transfer operator cocycles

We begin by introducing the class of observables to which our limit theorems apply. For a
fixed observable and each parameter § € C, we introduce the twisted cocycle £% = {L£ },cq.
We show that the cocycle £? is quasicompact for § close to 0. Most of this section is devoted
to the study of regularity properties of the map 6 — A(#) on a neighborhood of 0 € C, where
A(6) denotes the top Lyapunov exponent of the cocycle £?. In particular, we show that this
map is of class C? and that its restriction to a neighborhood of 0 € R is strictly convex.
This is achieved by combining ideas from the perturbation theory of linear operators with
our multiplicative ergodic theory machinery. As a byproduct of our approach, we explicitly
construct the top Oseledets subspace of cocycle £? for 6 close to 0.
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3.1 The observable

Definition 3.1 (Observable). Let an observable be a measurable map g: Q2 x X — R satis-
fying the following properties:

e Reqularity:
lg(w, x)||Leaxx) =t M <00 and ess sup,cq var(g,) < 0o, (24)
where g, = g(w,-), w € Q.

o [iberwise centering:

/g(w,x) du,(x) = /g(w,x)vg(a:) dm(z) =0 forP-a.e. weQ, (25)

where v° is the density of the unique random acim, satisfying .

The main results of this paper will deal with establishing limit theorems for Birkhoff
sums associated to g, S,g, defined in ((I).

3.2 Basic properties of twisted transfer operator cocycles

Throughout this section, R = (2, F,P, 0, B, L) will denote an admissible transfer operator
cocycle. For € C, the twisted transfer operator cocycle, or twisted cocycle, R? is defined as
RY = (Q, F,P,0,B, L%, where for each w € Q, we define

LL(f) = La(™f),  feB. (26)

For convenience of notation, we will also use £? to denote the cocycle R?. For each § € C,
set A(0) := A(RY), k(0) := k(R?) and

£om = o o---oL! forwecQandneN.

on~lw
The next lemma provides basic information about the dependence of £% on 6.
Lemma 3.2 (Basic regularity of 6 — L?).

1. Assume holds. Then, there exists a continuous function K: C — (0,00) such
that
1L8h|ls < K(O)||hlls, forhe€B,0eC andP-a.e. we Q. (27)

2. Forw € Q,0 € C, let M? be the linear operator on B given by MZ(h(-)) := 9@ (..
Then, 0 — M9 is continuous in the norm topology of B. Consequently, 6 — L% is also
continuous in the norm topology of B.
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Proof. Note that it follows from (24) that |e?“)h|; < el™|p|,. Furthermore, by (V8) we
have
var(e?9@Ih) < ||e%9)|| Lo - var(h) 4 var(e?“)) - ||A]| oo

On the other hand, it follows from Lemma and (V9) that
29| e < M and  var(ef)) < |0]elM var(g(w, -))
and thus using (V3),
Heeg(“”')hHB = Var(eeg(“’")h) + |699(W")h\1

< "M||h]|5 + 101" var(g(w, -)) I L (28)
< (™ 4 O] 01€'™ ess sup, . var(g(w, ) ||| 5.

We now establish part 1 of the Lemma. It follows from that
L5015 = | £ (e n) |5 < K|[e”“hl|s.
Hence, implies that holds with
K(0) = K(e™ 4 C\0]0]el/™ ess sup,cq var(g(w, -))). (29)
For part 2 of the Lemma, we observe that
(MG — MZ)hlls < [[MGHslI(1 — M=) |s]|All5.
By and the mean value theorem for the map z — e(?1702)2 we have that for each z € X,
le@1=02)9(wa) _ 1| < Melhr=21M g, _q,).

Thus,
1 el < el ]9, — ) (30)

and

(1 = MZ")hly < Mel™ %[0, — 0] - |l (31)

Assume that [0y — 6, < 1. We note that conditions (V3) and (V8) together with and
Lemma [B.2) imply

var(T = M200)h) < (|1 — €@ 0050 | 1 Gy var(1 — €02 0090)) 1]

32
scw@—emmm, (32)

for some C’" > 0. Hence, it follows from and that 6 — M? is continuous in the
norm topology of B. Continuity of 6 +— L then follows immediately from continuity of L,
and the definition of £, in ([26)). O

The following lemma shows that the twisted cocycle naturally appears in the study of
Birkhoff sums .

19



Lemma 3.3. The following statements hold:

1. for everyp e B*, f € B, we Q, 0 € C and n € N we have that

LEM(f) = L9 f),and L2 (¢) = 259 L1 (g), (33)

w

where (950901 9)( ) i= G(eISrat) f);
2. for every f € B, w € Q and n € N we have that

/ LM (f) dm = / I5n9@) £ dm, (34)

Proof. We establish the first identity in by induction on n. The case n = 1 follows from
the definition of £°. We recall that for every f, f € B,

LE(foTM) - )= L&) (35)

Assuming the claim holds for some n > 1, we get

E(n—i—l) (695n+1g(w,~)f> _ /Co'”w (E(n)( Qg(U"w;)oT“(,n)e@Sng(w,~)f))

w w

_ Eo-”w( 0g(oc"w, )ﬁ((dn) (eeSng( f)) £9 [,0 (n)(f) _ Ef},(n+1) (f)

oW w

The second identity in follows directly from duality. Finally, we note that the second
assertion of the lemma follows by integrating the first equality in (33)) with respect to m and
using the fact that £ preserves integrals with respect to m. m

3.3 An auxiliary existence and regularity result

In this section we establish a regularity result, Lemma [3.5 which generalises a theorem
of Hennion and Hervé [28] to the random setting. This result will be used later to show
regularity of the top Oseledets space Y,/ := Y(w) of the twisted cocycle, for § near 0.

Let

S = {V : 1 x X — C |V is measurable, V(w, ) € B,

(36)
ess Sup,cq || V(w, )| < oo,/V(w,x)dm =0 for P-a.e. w € Q},
endowed with the Banach space structure defined by the norm
[Vlloo := ess sup,eq [V(w, ) |5. (37)
For 6 € C and W € S, set
Lo (W(O’ w,+) +05-1,(1)
FOW)(w, ) = 7 < - W — v, 38
S (17 e R 6) 7 R
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Lemma 3.4. There exist ¢, R > 0 such that F: D — S is a well-defined map on D := {0 €
C:|0| < e} x Bs(0, R), where Bs(0, R) denotes the ball of radius R in S centered at 0.

Proof. We define a map H by

1

HOW)(w) = /Eglw(W(alw, Vvl () dm = /eeg("_ I W(o w, )00, ()) dm.

It is proved in Lemmas [B.4] and of Appendix that H is a well-defined and differen-
tiable function on a neighborhood of (0,0) (and thus in particular continuous) with values
in L>(Q,P). Moreover, we observe that H(0,0)(w) = 1 for each w € € and therefore

[H (0, W)(w)] =1 = [H(0,0)(w) — H(O,W)(w)| = 1 = [|H(0,0) = H(0, W)]|r~,

for P-a.e. w € Q. Continuity of H implies that ||H(0,0) — H(0,W)||L~ < 1/2 for all (6, W)
in a neighborhood of (0,0) and hence, in such neighborhood,

ess inf,|H (0, W)(w)| > 1/2.
The above inequality together with and yields the desired conclusion. O]

Lemma 3.5. Let D = {0 € C: || < €} x Bs(0, R) be as in Lemma(3.J Then, by shrinking
€ > 0 if necessary, we have that F : D — 8 is C' and the equation

F(O,W) =0 (39)

has a unique solution O(0) € S, for every 6 in a neighborhood of 0. Furthermore, O(0) is a
C? function of 6.

Proof. We notice that F'(0,0) = 0. Furthermore, Proposition of Appendix |B| ensures
that F is C? on a neighborhood (0,0) € C x S, and

(D2F(0,0)X) (w, ") = Lo1,(X (07w, ") — X(w,-), forweQand X €S.

We now prove that Dy F'(0,0) is bijective operator.

For injectivity, we have that if Dy F(0,0)X = 0 for some nonzero X € S, then L,X, =
X,, for P-a.e. w € Q. Notice that X, ¢ (v2) because [ X, (-)dm = 0 and X, # 0. Hence,
this yields a contradiction with the one-dimensionality of the top Oseledets space of the
cocycle £, given by Lemma . Therefore, Dy F'(0,0) is injective. To prove surjectivity, take
X € S and let

X(w, ) ==Y LY X w,"). (40)
j=0
It follows from that X € S and it is easy to verify that DyF(0,0)X = X. Thus,
Dy F(0,0) is surjective.
Combining the previous arguments, we conclude that Dy F'(0,0) is bijective. The conclu-

sion of the lemma now follows directly from the implicit function theorem for Banach spaces
(see, e.g. Theorem 3.2 [5]). O



We end this section with a specialisation of the previous results to real valued 6.

Proposition 3.6. There exists § > 0 such that for each 0 € (=6,5), O(0)(w,-) +1° is a
density for P-a.e. w € €.

We first show the following auxiliary result.
Lemma 3.7. For 6 € R sufficiently close to 0, O(0) is real-valued.

Proof. We consider the space
S = {V : Q1 x X = R |V is measurable, V(w, ) € B,

ess Supyeq ||[V(w, )| < oo,/V(w,x)dm =0 for P-a.e. w € Q}

Hence, S consists of real-valued functions V € S. We note that S is a Banach space with the
norm ||| defined by (37). Moreover, we can define a map F on a neighborhood of (0,0)
in R x S with values in S by the RHS of . Proceeding as in Appendix one can
show that F is a differentiable map on a neighborhood of (0,0). Moreover, arguing as in the
proof of Lemma [3.5] one can conclude that for 6 sufficiently close to 0, there exists a unique
O(0) € S such that F(6,0()) = 0 and that O(f) is differentiable with respect to 6. Since
Scs and from the uniqueness property in the implicit function theorem, we conclude that

O(0) = O(0) for 0 sufficiently close to 0 which immediately implies the conclusion of the
lemma. [

Proof of Proposition[3.6. By Lemma [3.7, for 6 sufficiently close to 0, O(0)(w, ) + v2(-) is
real-valued. Moreover, [(O(0)(w,-)+v2(-))dm =1 for a.e. w € Q. It remains to show that
O(0)(w,-) +v2(-) > 0 for P-a.e. w € Q. Since the map 6 — O(F) is continuous, there exists
d > 0 such that for all 8 € (—6,0), O(#) belongs to a ball of radius ¢/(2Cy,,) centered at 0
in S. In particular,

ess sup,eql|O(0)(w,)lls < ¢/(2Cxar)

and therefore,
ess Sup,,cqlO0)(w, )|~ < ¢/2.

By (18],

ess inf(O(0)(w,-) +02(-)) > ¢/2, for a.e. w € Q,
which completes the proof of the proposition. n

3.4 A lower bound on A(0)

The goal of this section is to establish a differentiable lower bound (A(6)) on A(f), the top
Lyapunov exponent of the twisted cocycle, for § € C in a neighborhood of 0. In Section [3.5]
we will show that this lower bound in fact coincides with A(#), and hence all the results of
this section will immediately translate into properties of A.
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Let 0 < € < 1 and O(6) be as in Lemma [3.5] Let

va() = vy() + 0(0)(w, ). (41)
We notice that f v?(-) dm =1 and by Lemmau 3.5} 6 — v? is continuously differentiable. Let
us define
AB) = / log / P90 () dm(x)‘ dP(w), (42)
and

Moo= /eeg(w’x)vf}(x) dm(z) = /Eivf}(x) dm(z), (43)
where the last identity follows from ([34)). Notice also that w — A’ is an integrable function.
Lemma 3.8. For every 0 € Be(0,€) := {# € C: 0] < e}, A0) < A(6).

Proof. Recall that O(0) satisfies the equation F(0,0(0)) = 0, for 6 € {# € C : 0] < €}.
Hence, for P-a.e. w € €, v?(-) satisfies the equivariance equation £2v?(-) = N2 (). Thus,

w O'LU
using Birkhoft’s ergodic theorem to go from the first to the second line below, we get

1
A(f) > lim — 1og||,c" ™ol |lg > Tim —10g||£9 Wl > lim =) "log|AL,, |
n—00 n—oo 1, ©

/log\)\ald]P’ /log’/ O9(02) 0 () dm(x )‘dIP’(w) — A(8).

The rest of the section deals with differentiability properties of A(Q) From now on we
shall also use the notation O(6),, for O(0)(w, ).

Lemma 3.9. We have that A is differentiable on a neighborhood of 0, and

gy N[ glw, )@l () + PO/ (9),(-) dm) N
A(@)-%(/ I dP( )>,

where N(z) denotes the real part of z and Z the complex conjugate of z.
Proof. Write
A(0) = / Z(0,w) dP(w),
where
Z(0,w) :=log |N| = log ‘ /eag(w’x)vz(x) dm(x)’.

Note that Z(6,w) = log |H (0, O(6))(ow)|, where H is as in Lemma[3.4 Since H(0,0) = 1 and
both H and O are continuous (by Lemma, there is a neighborhood U of 0 in C on which
|H(0,0(0)) — H(0,0)|| < 1/2. In particular, Z is well defined and Z(0,w) € [log 3,1og 3]
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for every 6 € U N Bc(0,€) and P-a.e. w € Q. Thus, the map w +— Z(0,w) is P-integrable for
every 8 € U N Bc(0,€).

It follows from Lemma below that for P-a.e. w € Q, the map 0 — Z,(0) := Z(0,w)
is differentiable in a neighborhood of 0, and

R(C(S glew, eIl () + )0/ (B)o () dim)

Z (6
w( ) |)\2}|2 )

where R(z) denotes the real part of z and Z the complex conjugate of z. In particular,

)l () 4 D0/(9), (x)) dm()
[J et (@) dm()

z210) < L0

We claim that there exists an integrable function C': €2 — R such that
1Z!(0)] < C(w), for all # in a neighborhood of 0 and P-a.e. w € Q. (44)

Once this is established, the conclusion of the lemma follows from Leibniz rule for exchanging
the order of differentiation and integration.
To complete the proof, let us show (44)). For 6 € U we have

a2}

Also, recall that € < 1, so that for § € Bc(0, €) one has

‘/g(w,x)eeg(wx O (x) dm(x /|g w, z)e?9 @D ( (z)| dm(x)
< MeM[O(0)., + vgh < M (1+[|0(0)ull5) < MeM (1 +[0(0)l)-

DO I

Finally,

'/699(“’”0'(9%(56) dm(z)| < "0 (0)u < " [|O'(0)ull5 < " [|O(0) o0
for P-a.e. w € Q. Since O and O’ are continuous by Lemma [3.5, the terms on the RHS of

the above inequalities are uniformly bounded for € in a (closed) neighborhood of 0. Hence,
holds for a constant function C. [

Lemma 3.10. For P-a.e. w € Q, and 0 in a neighborhood of 0, the map 6 — Z,(0) :=
Z(0,w) is differentiable. Moreover,

R(Z(] glw Yo () 4 0/ (0), () dm)
P |

Z,(0) =
where R(z) denotes the real part of z and Z the complex conjugate of z.
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Proof. First observe that if # — f(6) € C, has polar decomposition f () = r(0)e'*?), then,
whenever |f](0) # 0, dl’;‘@(@) = 2 (f(){;;’(@))) where f” denotes differentiation with respect to 6.

Thus, by the chain rule, it is sufficient to prove that the map A’ is differentiable with respect
to 0 and that

DX\ = / (g(u), 2)ef9@2)0 (1) 4 eeg(w’z)O’(é’)w(x)> dm(zx). (45)
Using the same notation as in Lemma |3.4] we can write
N = H(6,0(0))(ow) =: P(#)(ow).

We note that P is a differentiable map with values in L*>°(2). Indeed, this follows directly
from the regularity properties of H established in Lemmas and and the differentia-
bility of O (see Lemma together with the chain rule. Since

X =X~ PB)(ow)] _ IP(O+0) = P(O) = PO)llu=io)
i - 1 |

for P-a.e. w € Q and t,0 close to 0 € C, we conclude that \’ is differentiable with respect
to # in a neighborhood of 0 € C.
O

Lemma 3.11. We have that A'(0) = 0.

Proof. Let F be as in Lemma [3.5] By identifying D1 F(0,0) with its value at 1, it follows
from the implicit function theorem that

0O'(0) = —DyF(0,0) ' (D1 F(0,0)).

It is shown in Lemma that DoF'(0,0): S — S is bijective. Thus, DoF(0,0)7': S — S
and therefore O'(0) € S which implies that

/O'(O)w dm(z) =0 for P-a.e. w e Q. (46)

The conclusion of the lemma follows directly from Lemma [3.9] and the centering condi-
tion (125)). O

3.5 Quasicompactness of twisted cocycles and differentiability of

A(6)

In this section we establish quasicompactness of the twisted transfer operator cocycle, as
well as differentiability of the top Lyapunov exponent with respect to 6, for 8 € C near 0.
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Theorem 3.12 (Quasi-compactness of twisted cocycles, 6 near 0). Assume that the cocycle
R = (Q,F,P,0,B,L) is admissible. For 0 € C sufficiently close to 0, we have that the
twisted cocycle L is quasi-compact. Furthermore, for such 0, the top Oseledets space of L£°
is one-dimensional. That is, dim Y% (w) = 1 for P-a.e. w € Q.

The following Lasota-Yorke type estimate will be useful in the proof.
Lemma 3.13. Assume conditions|(C1) and|(C2) hold. Then, we have

1L flls < @Y (W)l flls + 8% @)ILf L,

where
N-1

a"N(w) = a™(w) + ClOle"™M > " KNI (9)7,
j=0

for some constant C > 0 where K () is given by Lemma/[3.9 and K is given by[(C1)
Proof. 1t follows from |(C2)| that
L5 flls < 15V Flls + 1£59 = L5115 - 11 £ 115
< oM@ flls + B¥ @Il + 155 = LE s - [ £l
On the other hand, we have that

N—
L0 _ p(N) _ r0 (LgN—lfjw _ £0N_1_].w)£‘(dN*1*j)_

oN—Jw

—_

Il
=)

J
It follows from and that
L8 < KN and (L0 ls < K(9).
Furthermore, using (V3) and (V8), we have that for any h € B,

122 = Lo)(W)lls = 1L ("“Ih —h)||s
< K||(e"“) — 1)h|ls
= K var((e?@) — 1)h) + K||(e?“) — 1)n]|;
< K[ — 1| - var(h) + K var(e?“) — 1) - ||| g
+ K[ — 1ol
< K| — 1| oo || h||5 + K Cuar var(e?9©) — 1) - ||h]|5.
By applying the mean-value theorem for the map z — e and using , we obtain that

|99 — 1| < [0]e!M M. Furthermore, it follows from (V9) (applied to h(z) = €% — 1
and f = g(w,-)) together with that var(e%@) — 1) < |6|el/!™ var(g(w, -)). Therefore,

N-1
L5 — £V |5 < 19’ Y K (6) KN,

§=0
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where
C = KM + KCy,, es8 sup,cq(var g(w, -))

and the conclusion of the lemma follows by combining the above estimates. O
Theorem [3.12| may now be established as follows.

Proof of Theorem[3.13. 1t follows from Lemma|3.13]and the dominated convergence theorem
that

/ log &% (w) dP(w) — / log oV (w) dP(w) < 0 when 6 — 0.
0 Q

Thus, there exists 0 > 0 such that

/ log &% (1) dP(w) < % / log o (w) dP(w), for 8 € Be(0,3).
Q Q

Lemma implies that A is bounded below by a continuous function A in a neighborhood
of 0, and A(0) = A(0) = 0. Hence, by decreasing ¢ if necessary, we can assume that

NA() > % / log o (w) dP(w) for 6 € Be(0,5).

Therefore,

NA(O) > / log @*N(w) dP(w) for # € Be(0,96). (47)

Let R™) denote the cocycle over o with generator w — £5%). We claim that
ARIMY = NAH) and r(R*™M) = Nk(RY). (48)

Indeed, we have that

AR’ ™) = lim lloguﬁgﬂw LM O Z N i log]| 280N || = NA(B),
n—oo N o w oW n—oo NN

which proves the first equality in . Similarly, one can establish the second identity

in . We now note that Lemmas and together with and the first identity

in imply that the cocycle RY™) is quasicompact, i.e. A(R™) > k(RW)). Hence, (4S))

implies that A(R?) > x(RY) and we conclude that R? is a quasicompact cocycle.

Now we show dimY? := dimY{ = 1. Let A{ = pf > pf > --- > uf > k(0) be
the exceptional Lyapunov exponents of twisted cocycle £¢ enumerated with multiplicity.
That is, m? = dim Y}e(w) denotes the multiplicity of the Lyapunov exponent )\?. As in
Theorem 2.3, let MY := m{ + --- 4+ mf. Therefore, A(§) = X = ! for every 1 < i < MY
and )\g = p? for every Mf_l +1 < < Mf and for every finite 1 < 7 < ly. By Lemma
E(Q) the map 6 — LY is continuous in the norm topology of B for every w € € and also
that the functions w +— log™® ||£?|| are dominated by an integrable function whenever @ is

27



restricted to a compact set. Thus, Lemma of Appendix |A| shows that 6 +— pf + uf is
upper-semicontinuous. Hence,

0> g + py > lim S(?P(M? + 415),
%

where the first inequality follows from the one-dimensionality of the top Oseledets subspace
of the cocycle £,,. We note that Lemmas and , ensure that lim sup,_,, 1§ > A(0) = 0.
Therefore lim supy_,, 1y < 0 and dim Y = 1, as claimed. O]

Corollary 3.14. For § € C near 0, we have that A(6) = A(F). In particular, A(0) is
differentiable near 0 and A'(0) = 0.

Proof. We recall that A(0) = 0 and A is differentiable near 0, by Lemma [3.9, In addition,
v?(+), defined in (§1)), gives a one-dimensional measurable equivariant subspace of B which
grows at rate A() (see ([@2)). Theorem shows that limsupy_,o 3 < 0. In particular,
uh < A(@) for 0 sufficiently close to 0. Combining this information with the multiplicative
ergodic theorem (Theorem and Lemma we get that A(6) = A(6) and Y{(w) = (v7),

w

for all # € C near 0. Thus, lemma implies that A’(0) = 0. O

3.6 Convexity of A(0)

We continue to denote by p the invariant measure for the skew product transformation 7
defined in ([16)). Furthermore, let S,g be given by (I)). By expanding the term [S,g(w,z)]?
it is straightforward to verify using standard computations and that

o0

9w, 2)? du(w, 2)+2 S / ol 00" .2 dp(, )

n=1

lim 1 [S,g(w, 7)) du(w, z) :/

n=oo N Joxx OxX

and that the right-hand side of the above equality is finite. Set

[e.9]

o [ gl dute.n) + 23 | swaatr @ o) duto. @

Obviously, ¥2 > 0 and from now on we shall assume that Y2 > 0. This is equivalent to a
non-coboundary condition on g; we refer the interested reader to [15] for a precise statement
characterising the degenerate case %2 = 0.

Lemma 3.15. We have that A is of class C* on a neighborhood of 0 and A”(0) = 32.

Proof. Using the notation in subsection [3.4} it follows from Lemma and Corollary
that

2\ w. eb9w:) D 4+ 00 efa(w.) ! Y dm
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Proceeding as in the proof of Lemma[3.9] one can show that A is of class C? on a neighborhood
of 0 and that

A"(0) = §R< / Afjg" - %%l)); dIP’(w)), (50)

where we have used ’ to denote derivative with respect to . We recall that A2 = 1, A\’ is
given by (5], and in particular A% [g—o = 0 for P-a.e. w € Q. It is then straightforward,
using (p0)), the chain rule and the formulas in Appendices and , to verify that

A"(0) = // w, 2)*02 (z) + 2g(w, )O0'(0),(x) + O"(0),(x) dm(x) d]P’(w)).

Moreover, since § — O’(6) is a map on a neighborhood of 0 with values in § we can regard
0"(0) as an element of (the tangent space of) S, which implies that

/O” () =0 forae w

and thus
A"(0 // w, 1)*v2(2) + 2g9(w, 2)0'(0), (7)) dm(x) dIP(w)). (51)
On the other hand, by the implicit function theorem,
0'(0),, = —(D2F(0,0)""(D1F(0,0)))..
Furthermore, implies that
(D2F(0,0)72W),, = Z LY, Wy,

7=0
for each W € S. This together with Proposition [B.7] gives that

(0w =3 £, (900w, g (), (52)

Using , , the duality property of transfer operators, as well as the fact that o preserves
P, we have that

A”(O):/ U (w, 2)%0 dm(x +22/ w0,2)L9. (glo~Iw, Y2, dm(a )] dP(w)
- [[ [ ot + 22 [ 618 010 2) )]
= [ o2 dnte +2f; [ [ oo m0a)gte, ) duo) ape)

= /g(w,x)2 du(w, ) +22/g(w,x)g(7j(w,m)) dp(w, r) = X2
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The following result is a direct consequence of the previous lemma.

Corollary 3.16. A is strictly convex on a neighborhood of 0.

3.7 Choice of bases for top Oseledets spaces Y and Y’

We recall that Y and Y*? are top Oseledets subspaces for twisted and adjoint twisted
cocycle, £? and L%, respectively. The Oseledets decomposition for these cocycles can be

written in the form
B=Y'@H’ and B =Y'qH? (53)

where H? = V% (w) & " 5 Y/ (w) is the equivariant complement to Y := Y(w), and H3’ i
defined similarly. Furthermore, Lemma shows that the following duality relations hold

Y(y) = 0 whenever y € Y? and ¢ € H*?,  and

¢(f) = 0 whenever ¢ € Y:G and f € Hf). (54)

Let us fix convenient choices for elements of the one- dimensional top Oseledets spaces Y’
and Y*? for 6 € C close to 0. Let v? € Y be as in , so that [v?(-)dm = 1. (In view of
Proposition when 6 € R close to 0, the operators Ew are positive, so we can additionally
assume v? > 0 and so |||, = 1).

Since dimY,? = 1, v? is defined uniquely for P-a.e. w € Q. Theorem ensures that, for
P-a.e. w € €, there exists \! € C (\? > 0 if § € R) such that

L2000 = N\a? (55)

Integrating , and using , we obtain
= /eeg(“’x)vz(a:) dm(z), (56)
and thus A’ coincides with the quantity introduced in . By and Corollary ,
A(f) = / log |\ | dP(w). (57)

Next, let us fix ¢f € Y*? so that ¢ (v?) = 1. This selection is again possible and unique,
because of . Furthermore, this choice implies that

(L£5) Pos = Aol (58)

because Y*¥ is one-dimensional and equivariant. Indeed, if CY is the constant such that
(L5) ¢ = CLL, then

No = Moo (Vo) = 050 (L405) = ((LL)95,)(v]) = CLoL(v]) = C.

w
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4 Limit theorems

In this section we establish the main results of our paper. To obtain the large deviation
principle (Theorem [A]), we first link the asymptotic behaviour of moment generating (and
characteristic) functions associated to Birkhoff sums with the Lyapunov exponents A(6).
Then, we combine the strict convexity of the map 6 — A(f) on a neighborhood of 0 € R
with the classical Géartner-Ellis theorem. We establish the central limit theorem (Theorem B))
by applying Levy’s continuity theorem and using the C*-regularity of the map 6 — A(6) on
a neighborhood of 0 € C. Finally, we demonstrate the full power of our approach by proving
for the first time random versions of the local central limit theorem, both under the so-called
aperiodic and periodic assumptions (Theorems |C|and . In addition, we present several
equivalent formulations of the aperiodicity condition.

4.1 Large deviations property

In this section we establish Theorem [A] The main tool in establishing this large deviations
property will be the following classical result.

Theorem 4.1. (Gdrtner-Ellis [28]) Forn € N, let P, be a probability measure on a measur-
able space (Y, T) and let E,, denote the corresponding expectation operator. Furthermore, let
Sy be a real random variable on (Q,T) and assume that on some interval [—04,0.], 04 > 0,
we have

lim log B, (e7%%) = 4(6), (59)

n—oo M,
where 1 is a strictly convex continuously differentiable function satisfying 1'(0) = 0. Then,
there exists €, > 0 such that the function ¢ defined by

c(€) = sup {fe —¥(0)} (60)

[0]<6+
is nonnegative, continuous, strictly convex on [—e, ey], vanishing only at 0 and such that
1
lim —logP, (S, > ne) = —c(e), for every e € (0,¢€,).
n—oo N

We will also need the following results, linking the asymptotic behaviour of characteristic
functions associated to Birkhoff sums with the numbers A(6).

Lemma 4.2. Let 0 € C be sufficiently close to 0, so that the results of Section apply.
Let f € B be such that f ¢ H?. That is, ¢°(f) # 0. Then,

1
lim —log ‘ /eeS"g(w’m)f dm‘ =A(0) forP-a.e. weQ.

n—oo M,

Proof. Given f € B, we may write (see (53)) f = ¢%(f)v’ + h, where hf, € HY. Using this
decomposition and applying repeatedly , we get

n—1
o (H Aiiw) AP lr LR, 1)
=0
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Theorem 2.3] ensures that .
lim = log || £%™| o || < A(6). (62)
n—oo N w

Thus, the second term in (61) grows asymptotically with n at an exponential rate strictly
slower than A(6). By and (61), we have that for P-a.e. w € Q

lim — log‘/ es”g“zfdm‘ lim — log’/ﬁe(")f dm‘

n—oo M n—oo N
Ef}v(n)he
Liog] [ ottt s oo |,
g ! T,

whenever the RHS limits exist. The first limit in the previous line equals A(6) by (57). The
second limit is zero, because the choice of vgn,lw ensures the integral of the first term in the
square brackets is ¢’ (f) # 0 (by assumption), which is independent of n, and the second
term in the square brackets goes to zero as n — oo by . The conclusion follows. O

- Jim Zlog“

Lemma 4.3. For all complex 6 in a neighborhood of 0, and P-a.e. w € ), we have that

lim — log‘/ 05n9(w) dqpy, (2 )‘ = A(0).

n—oo 1

Proof. Since

lim — log’/ 05n92) dy,(2)| = lim — log‘/ 05n(@2)0)0 (1) dm( )‘
n—oo 1 n—oo 1,

by Lemma [4.2| it is sufficient to show that ¢? (v0) # 0 for # near 0. We know that ¢2(v0) =

[v%dm = 1. Hence, the differentiability of 6 — ¢ at § = 0, established in Appendix ,

together with the uniform bound on ||v2 |5 provided by (7)), ensure that for § € C sufficiently

close to 0 and P-a.e. w € €, ¢7 (v2) # 0 as required. O

Proof of Theorem[A] The proof follows directly from Theorem when applied to the case
when

Y, 7T)=(X,B), P,=pu, Sp=59w,) and ¥(0)=A(0).

Indeed, we note that holds by Lemma (the absolute values are irrelevant when
0 € R). Furthermore, it follows from Corollary that A is continuously differentiable
on a neighborhood of 0 in R satisfying A’(0) = 0 and by Corollary [3.16 we have that A is
strictly convex on a neighborhood of 0 in R. Finally, ¢ does not depend on w by . [

4.2 Central limit theorem

The goal of section is to establish Theorem [Bl We start with the following lemma, which will
be useful in the proofs of the both central limit theorem and local central limit theorem.
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Lemma 4.4. There exist C' > 0,0 < r < 1 such that for every 8 € C sufficiently close to 0,
every n € N and P-a.e. w € Q, we have

| [ £ — ety dm < v (63)

Proof. The following argument generalises [28, Lemma II1.9] to the random setting. For
each 0 near 0 and w € €, let

Q0 f == LL(f — L))

Note that, in view of Lemma and differentiability of 6 + v? and 6 — ¢’ (established in
Lemma (see (1)) and Appendix [C] respectively), we get that there exists N > 1 such
that [|QY || < N for every w € €, provided 6 is sufficiently close to 0.

In addition, since f — ¢ (f)v? is the projection of f onto H? along the top Oseledets

w

space Y/ we get that, for every n > 1,
QLM = LE™(f = L (Fvd)-

Furthermore, since f —¢2(f)v? = f— ([ fdm)v2, condition |(C3) and Lemma -. ensure

that there exist K’, A > 0 such that for every n > 0 and P-a.e. w € (2, HQ H < K'e .
Let 1 > r > e, and let ny € N be such that K'e”*" < 7", Lemma together
with differentiability of 6 — v and 6 — ¢? ensure that 6 — QY is continuous in the norm
topology of B. In fact, the uniform control over w € 2, guaranteed by the aforementioned
differentiability conditions, along with Condition ensure that one can choose ¢ > 0 so

that if |f| < ¢, then ||ng(n°)|| < r™ for every w € Q. Writing n = kny + ¢, with 0 < ¢ < ny,
we get

1™ < HIIQ CONQLE 1) < v (Nfr) < e,

oIn0w
with ¢ = ( ) Thus,

| [ 408 - et dm] < 165708 - 02
< L8 (8 — 60200 ls = Q57 () s < Ll

By (I7), there exists K > 0 such that [|[v0||z < K for P-a.e. w € Q, so the proof of the
lemma is complete. O

Proof of Theorem[B. We recall that 2 > 0 is given by (49)). It follows from Levy’s continuity
theorem that it is sufficient to prove that, for every t € R,
., Sng(w,-) t222

lim [ e v du,=e 2, forP-ae wel

n—oo
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it zt
Assume n is sufﬁciently large 50 that dim Yﬁ =1 and vy can be chosen as in . In par-

. ( ) it it Lt

ticular, fo Y dm = 1 and £f v = (= TN g, for P-ae. w € Q. Furthermore,
using ,

 Sng(w,) 4 Sng(w,) L ()
/ T dpy, = / T dm = [ £ 0 dm

it it it

= [ £ (68 " + 08— 637 ("))

n—1

i i o
o2 () - TN /N (W — 67" (0)ud™) dm.

oJw
Jj=0

Lemma shows that the second term converges to 0 as n — oco. Also, differentiability of

it
0 — ¢, established in Appendix , ensures that lim, . ¢ (v°) = ¢2(v?) = 1. Thus, to
conclude the proof of the theorem, we need to prove that

n—-1
nh_}lglo H Ai = e’t2222, for P-a.e. w € Q, (64)
=0
which is equivalent to
n—1 n t222
nh_{{)loZlog /\M = 5 for P-a.e. w € Q.

Using the notation of Lemmas [3.4] and [3.5] we have that \° = H (6, 0(0))(ow) and thus we
need to prove that

n—1

it 1232

JL%ZlogH<\/ﬁ 0(%))(&“&;) =—— forPac we (65)

Let H be a map defined in a neighborhood of 0 in C with values in L>(Q) b H(h) =
log H(6,0(0)). It will be shown in Lemmathat H is of class C%, H(0)(w) = 0, H (0)(w) =
0 and

H"(0)(w) = /(g(alw, 22y, + 29(0 7w, )O'(0)4-1,,) dm.

Developing H in a Taylor series around 0, we have that

1(6)(w) = log 18, 00))(w) = 242 4 (o)),

where R denotes the remainder. Therefore,
it

logH(%,O(% 2H"(0) (07 w)

>) (07hw) = — Rt (0 w),

2n
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which implies that

z_: log H (\’/—% 0(%)) (07 1) = —% . % ; A(0)(07 W) + ; R(it/v/m) (071w). (66)

The asymptotic behaviour of the first term is governed by Birkhoft’s ergodic theorem, so
using in the second equality and Lemma in the third one, we get:

. £ £
= iz ]+1 // _ i - _ 2 B
711;1210 ZH /H (w) = 2A(O) 22 for P-a.e. w € (.
~ e
Now we deal with the last term of (66). Writing R(6) = 6>R(6) with limy_ R(#) = 0, we
conclude that for each € > 0 and ¢ € R\ {0}, there exists § > 0 such that || R(6)]|~ < 7 for
all |6] < 6. We note that there exists ng € N such that |it/y/n| < 0 for each n > ng. Hence,

—1 9 n—1

< = STIRGH Vo) < =

=0

R(it/v/n) (0" w)| <

=0

for every n > ng, which implies that the second term on the right-hand side of converges
to 0 and thus holds. The proof of the theorem is complete. O]

Lemma 4.5. The map H(9) = log H(A,0(8)) is of class C*. Moreover, H(0)(w) = 0,
H'(0)(w) =0 and

(0)(w) = / (g(0~ w0, 200 + 29(0 e, YO (0)y 1) dm.

Proof. The regularity of H follows directly from the results in Appendices and .
Moreover, we have H(0)(w) = log H(0,0(0))(w) = log 1 = 0. Furthermore,

O PH (8. 00)(@) + (DH(68.00)0'(0)) )]
Taking into account formulas in Appendix [B.1] and ([4€]), we have

H'(0)(w) = /g(o_lw, ooy, dm+/0’(0)01w dm = 0.
Finally, taking into account that DyyH = 0 (see Appendix we have
DI OO 11 110, 0(0))(w) + (Do H (8, 0(0))0'(0)) ()]

[H(0,0(0))(w))?
1 /

+ H6.00) @) P H 0 00)W) + (DaH (O, 06)0'0))(w)]
L / 7

+ 76.000) @) (P 0 0O)0 O))(w) + (D H(6,000)0"(0))(w)]

Using formulas in Appendices and , we obtain the desired expression for H” (0). O

H'(0)(w) =

H"(0)(w) =
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4.3 Local central limit theorem

In order to obtain a local central limit theorem, we introduce an additional assumption
related to aperiodicity, as follows.

(C5) For P-a.e. w € 2 and for every compact interval J C R\ {0} there exist C' = C(w) >0
and p € (0, 1) such that

| £t 5 < Cp", fort € Jand n > 0. (68)

The proof of Theorem [C] is presented in Section [£.3.1 In Section [£.3.2] we show that
(ChH)| can be phrased as a so-called aperiodicity condition, resembling a usual requirement
for autonomous versions of the local CLT. Examples are presented in Section 4.3.3

4.3.1 Proof of Theorem
Using the density argument (see [37]), it is sufficient to show that

2\/_/ (5 + Sng(w ))duw—\/g_ezs;/ﬂ{h(u)du

™

0, (69)

sup
seR

when n — oo for every h € L'(R) whose Fourier transform h has compact support. Moreover,
we recall the following inversion formula

1 ~ .
h(z) = —/h(t)em dt. (70)
R
By , and Fubini’s theorem,
> A )
Zﬁ/h(erSng(w,-))duw = %ﬁ//h(t)ezt(swng(wf)) dt dpu,
n R
> A
_ \/ﬁ eztsh(t>/ tSng(w d,uw dt
2m
> A
—\/ﬁ e”sh(t)/ itSng(w v dm dt
2m
> A
_Zvn / ¢t h(1) / L0 dm di
2 Jr
e\/ﬁh(L)/Ew&%’(n)vo dm dt.
Vi .

2,2 A
Recalling that the Fourier transform of f(z) = e~ 2 is given by f(t) = @679/222

e_ﬁ/h(u)du = h<0)6_ﬁ
R

we have




Hence, we need to prove that

) s ot 4 (n Rh(O)S [ s 2,2
—/eﬁh(_)/ﬁf( )vgdmdt— (0) /eﬁ -e%dt’ — 0, (71)
T Jr Vn 2 R

™

sup
seR

when n — oo, for P-a.e. w € 2. Choose 6 > 0 such that the support of h is contained in
[—0,0]. Recall that Efj(n)vf) = (I[}= A, ol for P-ae. w € Q, and for all # near 0. Then,

for any & € (0,0), we have,

its ~ 4L (n h(0)X its 2,2
eﬁh(—)/ﬁwﬁ( )vgdmdt—L/eﬁ-e_EZdt
27 Jr Vn 2 Jr

S BRI | IO T

21 Jy<sym

E its ~ i—t
+ = e\tfh— /H v ¢w WQ)urs, = 1) dmdt
21 Ji<bvm

2

g - .
Zvn e h(t) / L5000 dm dt
2m 5<|t|<6

—%h(o)/ e e = (1) + (1) + (ITT) + (IV) + (V).
28V

Z A . , .
20 i) [ 20000 - 600 dmar
[t]<é

The proof of the theorem will be complete once we show that each of the terms (I)—(V)
converges to zero as n — Q.

Control of (I). We claim that for P-a.e. w € €,

it N 2242

/ ) eﬁ(ﬁ(i) A = h(0)e 2 )dt':O.
[t|<ovn j=

lim sup
n—0o0 s€R

Indeed, it is clear that

its A »2 2 »2 2
sup / evr(h(— )\J]w )dt‘ §/ h(—= )\Jjw dt.
s€R |t|<d+/n H it <5/m H
It follows from the continuity of h and that for P-a.e. w € () and every ¢,

~ t nol o 52,2
h—=) || \J —h(0)e~ "2 =0, when n — oo. (72)

The desired conclusion will follow from the dominated convergence theorem once we establish
the following lemma.
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Lemma 4.6. FOZ“S > 0 sufficiently small, there exists ng € N such that for all n > ng and
t such that |t| < d+/n,

2

on

Proof. We use the same notation as in the proof of Lemma[4.5 As before, R(z) denotes the
real part of a complex number z. We note that

o~ SR TIZA0)(09w) | RITIZ) Rt/ /i) (09w))

aJw

Since, by , - Z" " H"(0)(07w) — X2 for P-a.e. w € Q, we also have that

?'{

( )—>22 P-a.e. w e
§=0

and therefore for P-a.e. w € Q there exists ny = ny(w) € N such that

( ZH" )>E2/2 for n > ny.

Hence,

n—1 rrn j 252
— R X0 H'(0)(07w) < 6_%, for n > ng and every t € R.

We now choose 6 such that |[R(0)|~ < ¥?/8 whenever |§| < 6. Hence, for ¢ such that
[t| < 0y/n , we have

n—1

2 n—1 92
(29
i) < 5 IRV <
=0
and therefore »
ROZTZ0 RGt/VM(@w) < =55
which implies the statement of the lemma. O

Control of (IT). We recall that for § sufficiently close to 0, v? as defined in satisfies
01 v? dm = 1 for P-a.e. w € Q. Thus, to control (II) we must show that for P-a.e. w €

=)
2 |t|<5f

n—1

Vi iy % H/\m —1)dt| = 0. (73)

s\-

lim sup |—
n—oo seR




Using the fact that ¢2(v?) = 1 and the differentiability of § — ¢’ (see Appendix |C)), we
conclude that there exists C' > 0 such that |¢? (v2) — 1| < C|6] for 6 in a neighborhood of 0
in C. Taking into account Lemma [4.6] we conclude that

n—1

Gt it 1 DDA 5242
IO ~ vat < Joo il [ e
P Vvn o 2m [t <5y

by its o
=
2 |t|<d+/m \/ﬁ

which readily implies .

sup
seR

Control of (IIT). We must show that

lim sup
n—o0 s€R

> oA ,
—ﬁ/ e”sh(t)/ L8O (0 — g (o0 )0t dim dt‘ —0.
27 |t] <8 0

Lemma shows that there exist C' > 0 and 0 < r < 1 such that for every sufficiently small
t, every n € N and P-a.e. w € (2,

| / L0 — 600l dm| < O

Hence, provided 5 is sufficiently small,

) N . . b
—\/ﬁ/ ~e”sh(t)/£2f’(”)(vg—¢ﬁ(v Yoy dm dt‘ < lim ﬂuhumcr ~0.
[t]<é

lim sup

n—oo seR T

Control of (IV). By the aperiodicity condition |(C5)]

)y
sup vn

seR 2m

/ eitsﬁ(t)/ﬁg o dmdt‘ < 20(5 - §) \/_||h||Loo.pn.||v0||oo—>0,
o< |t|<é

when n — oo by and the fact that & is continuous.

Control of (V). It follows from the dominated convergence theorem and the integrability

2,2
of the map ¢t — e~ "2 that

h(0)X its h(0)|2
(0) / eﬁ-e_%dtlgﬁ/ e_ETdt—>O,
2 Jysiym 21 Juzévm

when n — oo. O

sup
seR
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4.3.2 Equivalent versions of the aperiodicity condition

In this subsection we show the following equivalence result.

Lemma 4.7. Assume dimY° = 1 and condition holds. Suppose, in addition, that
Q is compact and that the map L : Q — L(B),w — L, is continuous on each of finitely
many patrwise disjoint open sets €1y, ...,Q, whose union is €, up to a set of P measure 0.

Furthermore, assume that for each 1 < j < q, L£:Q; — L(B) can be extended continuously
to the closure §);. Then, each of the following conditions is equivalent to Condition |(C5):

1. For every t € R\ {0}, A(it) < 0.

2. For every t € R, either (i) A(it) < 0 or (i1) the cocycle R™ is quasicompact and the

equation ' '
D L0 g = A1, (74)
where vt € S and 1, € B* only has a measurable non-zero solution ¥ := {1, }uen

when t = 0. Furthermore, in this case 75, = 1 and ¥,(f) = [ fdm (up to a scalar
multiplicative factor).

Before proceeding with the proof, we present an auxiliary result for the cocycle R¥.

Lemma 4.8. Assume dimY? = 1 and RY" is quasi-compact for every t € R for which
A(it) = 0. Then, for each t € R, either A(it) <0 or dimY" = 1.

Proof. Assume dimY? = 1. Tt follows from the definition of £ that A(it) < 0 for every
t € R. Indeed, for every v € B, ||[Li]|; = [|Lo(e9@Iv)|; < [|le®@ |} = ||v|l;. Hence,
lim,, o0 = log L5 My, < 0. Lemma then implies that A(it) < 0.

Suppose A(it) = 0 for some t € R. Let d = dimY". Then d < oo by the quasi-
compactness assumption. Our proof proceeds in three steps:

(1) Let S; = {z € B : ||z]y = 1}. Then, for P-a.e. w € Q and every v € Y NS,
L5l = 1.

(2) Assume v € Y is such that ||v||; = 1. Then |v| = 2. In words, the magnitude of v is
given by 12 the generator of Y.

(3) Assume u,v € Y are such that ||v|; = ||ul; = 1. Then, there exists a constant a € R
such that u = e"v. In particular, d = dim Y% = 1.

The proof of step involves some technical aspects of Lyapunov exponents and volume
growth and it is deferred until Appendix [A.2] Assuming this step has been established, we
proceed to show the remaining two.
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Proof of step Let v € Y be such that |[v||; = 1. Consider the polar decomposition

of v, '

v(z) = e*@r(z),
where ¢, 7 : X — R are functions such that » > 0. Notice that the choice of r(z) is unique.
The choice of ¢(z) (mod 27) is unique whenever r(z) # 0, and arbitrary otherwise. Because
of step for P-a.e. w € Q and n € N, we have ||£f’(”)v||1 = 1. Also, ||£L(un)|v|||1 -

||££}")r||1 = 1, where we use |v| to denote the magnitude (radial component) of v. Notice

that L07(x) = X0, ﬁ and by Lemma (1),

£7,t (n) Z 61t5'ng w,y)+id(y) (y) . (75)
o (TE) ()
In particular for each x € X we have |£it ()| < L), Since 1 = ||£E ™y, =
(125 y(2)|de and 1= | £5r)y = [ £577(x)dx, it must be that for a.e. z € X,
£ Mu(x)| = L£5r(x). (76)

In view of the triangle inequality, equality in holds if and only if for a.e. z € X
such that E&”)r(x) # 0, the phases coincide on all preimages of x. That is, if and only
if eitSna(wy)+io(y) :(eitsng(wvy/)ﬂ‘z’(yl) for all y,y € (T5")~(z) (if for some preimage y of

r(y)
(V) ()]
requirement). Thus, there exists ¢, : X — R such that ey +iew) — ei¢"°TL5n)(y), for
every y such that L&")r(y) # 0. Thus, for all such y, we have

x the modulus is zero, we may redefine ¢(y) in such a way that it satisfies this

LL0u(y) = LS () = L0 (T Wy (y) = 20 L) (77

Note that if E&n)r(y) = 0, then Eif’(n)v(y) = 0 as well, so indeed equality between LHS and
RHS of holds for a.e. y € X.

Notice that, by equivariance of Y, 53’( = Y, and the polar decomposition of
LMy s precisely given by the RHS of . Recall that for every n and P-a.e. w € ,
C?,(:l Y™, — Y is a bijection. Let v_, € Y, be such that E?L(:iv_n = v, and let
r—p = |v_y|. We recall that by step of the proof, |r_,|i = 1. Also, [18, Lemma 20|
implies that for every € > 0 there exists C. > 0 such that ||v_,| < C.e™||v|. Hence, ||r_,| <
|lv_pnl] < Cee™||v||, where we have used the facts that var(|v|) < var(v ) and || [v] |1 = [|v||1
for every v € B. Notice that f r_p — %, dm =0, as both r_,, and v° o—n,, are non-negative

o "w

and normalized in L'. Thus, applied to v_,, and 0 "w, together with yields

I = w3l = LD 0l = w0l = 1L (o = 030

< K (ol + [0 l) € K'e ™ (Coe™ o] +ess supcalle1).

o "w

Let € < A. Then, the quantity on the RHS of goes to zero as n — oo and therefore

r =12, as claimed.
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Proof of step [(3)] Let u,v € Y, be such that ||v||; = |lull; = 1. In view of step[(2)] there
exist functions ¢, : X — R such that v = €?0? and u = €. Since Y* is a vector space,
we have u +v € Y although u + v may not be normalized in L'. Hence, again using step
[(2)] there exist p € R and € : X — R such that v + u = pev?. Therefore,

vt+u= eid’vg + ewvg = peigvg.

Recalling that v° is bounded away from 0, we can divide by v2, and take magnitudes (norms)
to get
[ + €| = p.

Elementary plane geometry shows that this implies |¢ — 1| is essentially constant (modulo
27). In particular, p—1) can take at most two values, say +a. A similar argument, considering
v and v’ = e““u shows that ¢ — 1) — a can also take at most two values, say £b. Putting this
together, we have on the one hand that ¢ — 1 —a € {0, —2a}, and on the other hand that
¢ — 1 —a € {b,—b}. Thus, either (i) b = 0, and therefore v = ¢®u, or (ii) b # 0 and then
¢ — 1 —a = —2a, and therefore ¢ = ¢ — a and v = e""u.

O

Proof of Lemmal[4.7.

Equivalence between Assumption and item (|1)). It is straightforward to check
that directly implies item (|1)). To show the converse, assume the hypotheses of Lemma
and item . An immediate consequence of upper semi-continuity of ¢ — A(it), as estab-
lished in Lemma [A.3] is that if J C R is a compact interval not containing 0, then there
exists r < 0 such that sup,.; A(it) < r. Let p :=e". Then, for P-a.e. w € Q and ¢t € J, there
exists C,; > 0 such that for every for n > 0,

15T < Cop™ (79)

In order to show (68]), we will in fact ensure the constant C,; can be chosen independently
of (w,t), provided (w,t) € Q x J for some full P-measure subset 2 C Q. We will establish
this result for w € Q = = Miez 0¥ (UL ;). Notice that () is o-invariant and, since o is a
P-preserving homeomorphism of 2, then ]P’(Q) = 1. For technical reasons regarding com-
pactness, let us consider Q := <1<, ; where II denotes disjoint union, with the associated
disjoint union topology (so Q may be thought of as Ur<i<q ({1} X €;), with the finest topology
such that each injection € < {I} x @ C Q is continuous). In this way, each {I} x @ C Q
is a clopen set and, since  is compact, so is Q.

For notational convenience, but in a slight abuse of notation, we drop the ‘{l}’ component,
and identify elements of ) with elements of €2, although points on the boundaries between
Q’s may appear with multiplicity in Q. For each wy € @ C Q, we denote L, the (unique)
value making w — L, continuous on € C . This is possible by the assumptions of
the lemma and the universal property of the disjoint union topology. In addition, notice
that each element of belongs to exactly one of Qy,...,€, and therefore it has a unique
representative in €. Hence, there is no ambiguity in the deﬁmtlon of £, forwe Q2 c Q.
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Let 1 < [ < q and note that for every (wp,ty) € ) x J C Q x J, there is an open
neighborhood Uy, ) C Qx J (we emphasize that the topology of Q is used here) and
n = n(wo, ty) < oo such that if (w,t) € Uy, ) then ||£Zf’(ﬁ)|] < p". Indeed, let 7 = n(wy, to)
be such that Hﬁito’ @ | < p"/2. Recall that Lemma ensures that ¢t — M := (f(-) —
e9(@) £(.)) is continuous in the norm topology of B, so that (w,t) = L can be extended
continuously to €; x J for each 1 <1 < ¢, and therefore to all 2 x J. Thus, one can choose
an open neighborhood U,y C Q x J so that if (w,) € Uiy, then HE” M) < pn,
claimed.

By compactness there are finite collections (of cardinality, say, N') A}, ... ,Aiw cyxJ
and nlll, . an € Nsuch that UY', AL 5 (QNy) x J and for every (w, ) € AN ((QNY) x J),
122" < :

Let ng := max;<j<, max; <<yt né < oo0. For each w € Q let 1 < l(w) < ¢ be the
index such that w € Q). Let (w,t) € Q x J, and let 1 < j(w,t) < N'“) be such that
(w,t) € Al(w Let us recursively define two sequences {my(w,t) }x>0, { Mi(w,t) }r>0 C N as
follows: Mo(w,t) 0,mo(w,t) =n ((";)t),]\/[kﬂ(w,t) = My (w,t) + mg(w, t) and my(w,t) =

oM (@:t)
ni'((oM];W’%),t) '

Notice that for every (w,t) € QO xJand k € N, my(w,t) < ng. Then, each n € N can be
decomposed as n = (Zz;é mi(w, t)) + £, where 1 = i(w, t,n) > 0 is taken to be as large as
possible while ensuring that 0 < ¢ = ¢(w,t,n) < ny. Choosing M > 1 such that ||L*| < M
for every (w,t) € Q x J (possible by Lemma , we get

n—1
; it,(my (w, it, (£ n L
s < (TTIESEED ) s ) < 0" (/o) < Cor,
k=0

for every (w,t) € Q x J, where C' = (M/p)™, and holds.

Equivalence of items (|I) and . Assume item holds, and suppose there exists
t € R\ {0} such that has a non-zero, measurable solution. By iterating n times,
and recalling identity (35)), we get

6itS"g(w")£g*(n)(¢a )_ Ztn¢wa (80)

with 74" € S'. Lemma ensures Lo (1p) = ¢Sn9@) £0 0 () 50 implies that
[ g+ = ||t - Thus, invoking again [17, Lemma 8.2], lim,,_,o = log L2 )] 50
0, contradicting item . Hence, only has solutions when ¢ = 0. It is direct to check that
the choice 72 =1 and ¥2(f) = [ fdm provide a solution. Since by hypothesis dimY? =1,
no other solution may exist, except for constant scalar multiples of 0.

Let us show item implies item by contradiction. Assume item holds, and
A(it) = 0 for some nonzero t € R. Then, by assumption £* is quasi-compact and by
Lemmal[4.8 dim Y = 1. An argument similar to that in Section [3.7]implies that there exist
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non-zero measurable solutions v to L%, = Xg’jvw and ¢ to L1, = j\fj%, chosen so that
[volli = 1 and ¥, (v,) = 1 for P-ace. w € Q. Thus, [log|\*|dP = A(it) = 0. Recalling that
£y < 1, we get [N < 1 for P-ae. w € Q. Combining the last two statements we get
that [Aif| = 1 for P-a.e. w € Q. In view of Lemma (1), ¢ yields a solution to (74)). Hence,
Condition implies that t = 0. O]

4.3.3 Application to random Lasota—Yorke maps

Theorem 4.9 (Local central limit theorem for random Lasota—Yorke maps). Assume R =
(Q, F,P,0,B,L) is an admissible random Lasota-Yorke map (see Section such that
there exists 1 < g < oo, essentially disjoint compact sets €y, ..., C Q with U?Zlﬁj = Q,
and maps {T; : I — I}1<j<q such that T,, = T; for P a.e. w € ;. Let g: @ x X — R be an
observable satisfying the reqularity and centering conditions and . Then one of the
two following conditions holds:

1. R satisfies the local central limit theorem (Theorem|[C), or

2. The observable is periodic, that is, has a measurable non-zero solution 1 :=
{to}wea with ¥, € B*, for some t € R\ {0}, v € S'. (See Section [{.4] for fur-

ther information in this setting.)

Proof. Lemma |3.3| ensures that for any n € N and f € B,
ﬁif’(n)f — L&”)(eitsng(w»‘)f).

In order to verify the quasicompactness condition for R¥ for t € R, we adapt an argument
of Morita [37, [3§]. First note that since the T;, take only finitely many values, then R has a
uniform big-image property. That is, for every n € N,

ess infueq min  m(T(J)) > 0,
1< <b 7

where Jo(Jnl) R ("b)(n>, are the regularity intervals of 7. Indeed, the infimum is taken over
’ w? w

a finite set. Then, the argument of [37, Proposition 1.2] (see also [38]), with straightforward
changes to fit the random situation, ensures that

var(L7 M (f)) = var(£{) (€594 £)) < (2 + nvar(e™ ) (67" var (f) + Lu(w) || fIl1), (81)

for some measurable function I,,.
Let ng be sufficiently large so that a,, := (2 + ng var(e9()))§=m0 < 1. Then,

IEEC (Pl < angllflls + T @)1 f 111,

for some measurable function J,,,. Lemma [2.1]implies that x(it) < log(an,,)/no < 0 = A(it).
Thus, the cocycle R¥ is quasicompact. The result now follows directly from Theorem |C|and
Lemma @.7, which is applicable since w +— L, is essentially constant on each of the Q;. [
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4.4 Local central limit theorem: periodic case

We now discuss the version of local central limit theorem for a certain class of observables
for which the aperiodicity condition |[(C5)| fails to hold. More precisely, we are interested in
observables of the form

g(w,x) =ny, + k(w,z), where 7, € R and k(w, -) takes integer values for P-a.e. w € Q,
(82)
that cannot be written in the form

9w, ) = m + hlw, ) = hlow, Ty () + pok'(w, ), (83)

for n/, € R, p, € N\ {1} and ¥'(w,z) € Z. Furthermore, we will continue to assume that
g satisfies assumptions and . We note that in this setting @ holds with t = 27,
vt = e and 1, (f) = [ fdm. Consequently, Lemma 4.7 implies that |(C5)| does not hold.

Let GG denote the set of all t € R with the property that there exists a measurable function
U: Q) x X — St and a collection of numbers v,, € S, w € Q such that:

1. U, € B for P-ae. we Q, where ¥, := ¥(w, -);

2. for P-a.e. w € (), .
e—ztg(w,~)\ljaw 0T, =,V (84)

Lemma 4.10. G is a subgroup of (R,+).

Proof. Assume that t,,t, € G and let U/: Q x X — S', j = 1,2 be measurable functions
satisfying ¥/ € B for P-a.e. w € Q, j = 1,2 and 7/ € S*, w € Q, j = 1,2 collections of
numbers such that

e”MICIW o T, =W for P-ae. w€ Qand j = 1,2.

w

By multiplying those two identities, we obtain that
e thitt)gw )y o = %V, P-ae. w e,

where ¥(w,z) = U (w,2)¥%*(w,z) and 7, = 7} - 72 for w € Q and z € X. Noting that ¥
takes values in S, U, € B for P-a.e. w € Q and that ~,, € S! for each w € 2, we conclude
that t; + 1t € G.

Assume now that t € G and let ¥: Q x X — S! be a measurable function satisfying
U, € B for P-ae. w € Q and v, € S, w € Q a collection of numbers such that holds.
Conjugating the identity , we obtain that

@V o T, = 'y_w_w P-a.e. w € (),
which readily implies that —t € G. m

Lemma 4.11. If A(it) =0 fort € R, thent € G.
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Proof. Assume that A(it) = 0 for some ¢t € R. In Section |4.3.2) we have showed that in
this case, dimY" = 1 and if v, € B is a generator of Y satisfying ||v,||; = 1, then, for
P-ae. w € Q, |v,| =% and

L,(€“9,) = 4000, (85)
for some 7,, € S1. Forw € Q, = € X, set
()
\:[[ —
) = )

Then, ¥ is S'-valued and ¥, € B for P-a.e. w € . Set
Y, = V_Me“g(“”') and @, :=p,V,, 0T, we-ld

Then, we have that
J10u = 0P =[GV T - V(T o T - ) di
— [l (0l o Ty i+ [ 10 dp
- [t Ty ds ~ [ TV 0 T)
Since U,, and ¢, take values in S! for each w € €2, we obtain that
Sl (el o Ty dp = [0l dns =1

On the other hand, by using we have that

/Spwqu(\lj_muoTw) dﬂw:/spwvgqu(lp_moTw) dm

= /Sowvw<qjow o Tw) dm
= /}Cw(gowvw(qj_aw o Tw)) dm

- / Ty L) dm

= / \Ij_awvaw dm

= —|UW|2 dm

0
Vow

= /vgw dm



Consequently, we also have that

/%\Il_w(glaw o Tw) de = 17

and thus
/|<I>w — W, 2 du, = 0.
Therefore, .
e MWy o T = TV, P-ae weQ,
which implies that t € G. m

We now establish the converse of Lemma [4.11]
Lemma 4.12. Ift € G, then A(it) = 0.

Proof. Assume that t € G and let U: Q x X — S! be a measurable function satisfying
U, € B for P-a.e. w € Qand v, € S, w € Q a collection of numbers such that holds.
It follows from that

V0 (W, 0T,) = Y€MW 0 for P-ae. w € Q,

w

and thus .
L, (Vs 0T,)) = VLYV, 0°)  for P-ae. w € Q.

Consequently, ‘
Vool = 7, LHW,00)  for P-ae. w € . (86)

Setting v, 1= U, 10, w € Q, we have that
Vy € B, Vg = VLY (v,) and (vl =1, P-ae. w € Q.

Hence, implies that '
L%, =1, for P-ae. w e Q.

Therefore,
1 .
lim —log||£*™v,|y =0 for P-ae. w € Q,
n—oo M
and thus it follows from Lemma [2.2f that A(it) = 0. O

It follows directly from that 27 € G since in this case holds with ¥(w,z) =1
and 7, = 2™ ¢ S'. Furthermore, we will show that our additional assumption that g
cannot be written in a form implies that G is generated by 2m. We begin by proving
that G is discrete.

Lemma 4.13. There exists a > 0 such that
G={ak: k€ Z}. (87)
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Proof. Assume that G is not of the form for any a > 0 . Since G is non-trivial (recall
that 2r € @), we conclude that G is dense. On the other hand, it follows easily from
Corollary and Lemma that A(it) < 0 for all ¢t # 0, t sufficiently close to 0. This
yields a contradiction with Lemma [£.12] O

Lemma 4.14. G is of the form (87) with a = 2.

Proof. Assume that the group G is not generated by 27 and denote its generator by t €

(0,27). In particular, 2 € N\ {1}. Since ¢ € G, there exists a measurable function

U: Q x X — S and a collection of numbers v, € S, w € Q such that holds. Writing
Yo = €™, 1, € R and ¥(w,z) = e« for some measurable H: Q x X — R, it follows

from that
—tg(w,x) =1, + H(w,z) — H(ow, T,,x) + 27k (w,z) for w € Q and = € X,
where k': Qx X — Z. This implies that g is of the form (83)) which yields a contradiction. [J
We are now in a position to establish the periodic version of local central limit theorem.

Theorem 4.15. Assume that g has the form . In addition, we assume that g cannot
be written in the form . Then, for P-a.e. w € Q and every bounded interval J C R, we
have:

1 _ 2 X
lim sup |Xv/npe(s + Spg(w,:) € J) — e 2nx? 1,(n,(n)+s+1)| =0,
i 0 [V + Sl ) €.9) = e S A 5 +)

where T, (1) = 200 Noicy -

Proof. Using again the density argument (see [37]), it is sufficient to show that

1
\ 2T

sup
seR

5 I
E\/ﬁ/h(s+5ng(w,~))duw — e Y h(ﬁw(n)+s+l)‘ — 0.
l=—0

when n — oo for every h € L'(R) whose Fourier transform h has compact support. As in
the proof of Theorem [C], we have that

L ) - o
2\/5/ h(s + Sng(w, ")) du, = —\/ﬁ/emh(t)/ L5000 dm dt,
0 2 Jr 0
and therefore (using Lemma
1
Z\/ﬁ/ h(s+ Sng(w,-)) du,
0

) 00 T+2lw R o 1 '
_ \/H e’tsh(t)e”"w (n) / E(n) (eztSnk(w,)vg) dm. dt
0

w
27T =00 —m42lmw
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[o@) iy !
NG > / Bt + 20m) e+ ) ) / L5 (e Ig) dm dt
l=—00 V77 ’

¥ & Lo
= Zvn Hs(t)e”s/ LM dm dt
27 -7 0

Z ﬂ-\/ﬁ t ’LtS 1
_ H(- e [ 2700 dmat,
27 —m/n \/_ 0

where

+o00
H(t) == Z h(t + 21 ) e +9)

l=—00

Proceeding as in [45], p. 787], we have

H,(0)X its _x22
€2n22Zh7]w J+s+1) = %/eﬁ —T gt
R

™

[=—00
Hence, we need to prove that
Z W\/ﬁ t 'Lt

s HS O Z its 2t2
H(—=)evr E‘F Odmdt— (0) /ef ez dt| — 0,
21 ) v /M 0 2t Jr

sup | —
seR

when n — oco. For § > 0 sufficiently small, we have (as in the proof of Theorem that

Z ﬂ its HS 0 E its 242
— evr Hy( /,C Odmdt—L/e\/ﬁ-e22 dt
2 ) _rm 2m R
E 1ts 2t2
= 5 ( H )\O'Jw ET) dt
2 |t|<8f
E . 1n—- 1 it it
+— eV / HAM( vl — 1) dmd
21 Jyy<sym
LEVL g / L8000 — G20t dm dt
2m t]<d 0
z . L
=V e”sHs(t)/ L5000 dm dt
21 Js<p<n 0

_%Hs(o) / eV eI = (1) + (I + (IT1) + (IV) + (V).
1257

Now the arguments follow closely the proof of Theorem [C] with some appropriate modifi-
cations. In orter to illustrate those, let us restrict to dealing with the terms (I) and (IV).
Regarding (I), we can control it as in the proof of Theorem |C| once we show the following
lemma.
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Lemma 4.16. For each t such that |t| < dv/n, we have that HS(\/LE) — H,(0) uniformly
over s.

Proof of the lemma. This follows from a simple observation, that since h has a finite support,
there exists K C Z finite such that

t A o ~
HS(%) = Z h(t/v/n 4 2lm)e MM+ for each t such that |t| < dy/n and s € R.
IeK

Hence,
t
|Hy(—=) — Hy(0)] < Y _[h(t//n + 2lm) — h(2lm)].
v leK
The desired conclusion now follows from continuity of h. O]

Flnall term I can be treated as in the proof of Theorem |C] . once we note that
Lemmas 4 11| and 4.14] imply that A(it) < 0 for each ¢ such that 6 < |¢] < .
]

A Technical results involving notions of volume growth

In this section we recall some notions of volume growth under linear transformations on
Banach spaces, borrowed from [21I, [[0]. We then state and prove a result on upper semi-
continuity of Lyapunov exponents (Lemma . We then prove Corollary and Step
in the proof of Lemma [4.8]

Definition A.1. Let (B,|| - ||) be a Banach space and A € L(B). For each k € N, let us
define:

o Vi(A) = Supgim p—r m;é((’gf), where mg denotes the normalised Haar measure on the
linear subspace E C B, so that the unit ball in Bg(0,1) C E has measure (volume)
given by the volume of the Euclidean unit ball in R¥, and S C E is any non-zero, finite
mpg volume set: the choice of S does not affect the quotient m%((?f).

e Di(A) = SUDP|y, = ooy ||=1 [T, d(Avy, lin({Av; : § < i})), where lin(X) denotes the
linear span of the finite collection X of elements of B, lin(0) = {0}, and d(v,W) is
the distance from the vector v to the subspace W C B.

o Fi(A) := supgimv—p ey jojj=1 [[A0]] = SuPaim v—p mverr oy [|Av]]/[|v]].

We note that each of Vi(A), Dr(A) and II%_, F(A) has the interpretation of growth of
k-dimensional volumes spanned by {Av;}1<j<k, where the v; € B are unit length vectors.

Given functions F, G : L(B) — R, we use the notation F(A) ~ G(A) to mean that there
is a constant ¢ > 1 independent of A € L(B) (but possibly depending on & if F" and/or G do),
such that ¢™*F(A) < G(A) < cF(A). The symbols < and > will denote the corresponding
one-sided relations. We start with the following technical lemma.
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Lemma A.2. For each k > 1, the following hold:
1. A Vi(A) and A~ Dy(A) are sub-additive functions.
2. Vi(A) = Dy(A) = II5_ Fj(A).

Proof. The first part is established in [10] and [2I], for V' and D, respectively.
Next we show the second claim. Assume S C F is a parallelogram, S = Plwy, ..., wg] :=
{Zle a;w; : 0 < a; <1}, Then, [10, Lemma 1.2] shows that

k

mg(S) ~ Hd(wi,lin({wj 1] <1i})). (88)

=1

That is, there is a constant ¢ > 1 independent of E and (wy, ..., wy), but possibly depending
on k, such that ¢ 'mg(S) < [T, d(w;, lin({w; : j < i})) < emp(S). By alemma of Gohberg
and Klein [29, Chapter 4, Lemma 2.3], it is possible to choose unit length vy,..., v, € E
such that d(v;, lin({v; : j < i})) =1 for every 1 < i < k. Then, letting S = Plvy,..., vy,
we get that mg(S) ~ 1 and mmf”;—((gf) ~ [, d(Av;, lin({Av; : j < i})) < Di(A). Thus,
Vi(A) S Di(A).

On the other hand, for each collection of unit length vectors wy,...,w, € E, we have
that S := Plwy,...,wy] C Bg(0,k). Hence, mg(S) < k and %%;)S) > k™ 'map(AS). Tt
follows from that Vi (A) 2 Dy(A). Combining, we conclude Vi(A) ~ Dy(A) as desired.

The fact that Dy(A) ~ II}_, F;(A) is established in [21, Corollary 6]. O

Lemma A.3 (Upper semi-continuity of Lyapunov exponents). Let R? = (Q, F,P, 0, B, L?)
be a quasi-compact cocycle for every 6 in a neighborhood U of 68y € C. Suppose that the
family of functions {w — log™ || L ||}ecy are dominated by an integrable function, and that
for each w € Q, 0 — LY is continuous in the norm topology of B, for § € U. Assume that
holds, and holds (with £ = L°) for every 6 € U.

Let N6 = pf > b > -+ > K(0) be the exceptional Lyapunov exponents of R?, enumerated
with multiplicity. Then for every k > 1, the function 0 — pf + p§ + -+ + p is upper
semicontinuous at 6.

Proof. The strategy of proof follows that of the finite-dimensional situation, using the k-
dimensional volume growth rate interpretation of pf + --- + pf. Recall that (IP-
continuity) implies the uniform measurability condition of [10]; see [10, Remark 1.4]. Hence,
[10, Corollary 3.1 & Lemma 3.2], together with Kingman’s sub-additive ergodic theorem
applied to the submultiplicative, measurable function Vj (see Lemma ), imply that
44l = infsy £ [ log Vi(£5™)dP.

Thus, upper semi-continuity of 8 — uf + -+ + pf at 6y would follow immediately once
we show 0 — [log Vk(ﬁfj(n))d]P’ is upper semi-continuous at 6y for every n. From now
on, assume § € U. In view of the continuity hypothesis on § — L it follows from
continuity of the composition operation (Li,Ls) +— L; o Ly with respect to the norm
topology on B and [10, Lemma 2.20], that 6 — Vk(ﬁi’(")) is continuous for every n > 1
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and P-ae. w € Q. Also, log Vi(£5™) < klog|£i™| < kY2 Hog™ [1£%,, |l When
0 € U, the last expression is dominated by an integrable function with respect to P, by
the domination hypothesis and P-invariance of o. Thus, the (reverse) Fatou lemma yields

[log Vi (£ AP > lim SUpg_,g, J 1og Vi( L") dP, as required. O

A.1 Proof of Corollary

We first note that the quasicompactness of R* and condition follow from Remark [2.4]
Thus, Theorem ensures the existence of a unique measurable equivariant Oseledets split-
ting for R*.

Recall that, in the context of Corollary 2.5, Lemma shows that Vi, Dy : L(B) = R
are equivalent up to a constant multiplicative factor. Thus, [2I, Lemma 3] ensures that
Vi(A) and Vi (A*) are equivalent up to a multiplicative factor, independent of A, and the
claim on Lyapunov exponents and multiplicities follows from [I0, Theorem 1.3]. ]

A.2 Proof of Lemma , Step

We recall that for every v € S; = {y € B : |ly|i = 1}, [|[L%]: = ||Lo(e®@)||; <
le*9@)u||; = 1, so it only remains to show that inf,cyins, [[£fv]; = 1. We will use the
notation of Definition [A.1], with the dependence on the Banach space B made explicit, so
that F7(L) := supgyy, v—; infuev, o) z=1 [[L0]| 5. (In our context either B = B or B = L'.)

Lemma and [21, Corollary 6] ensure that V,7(L) ~ II9_, FF(L). For shorthand, in
the rest of the section we will denote |[v]| := |[v]|, |v]y = |lv[lz1, FF(£) =: F;(£) and
F]-LI(L') =: F}(L), with similar conventions for V;.

By Kingman’s sub-additive ergodic theorem and the relations V7 (£) ~ II%_, FP(L), each
of the limits (i) lim, o = log IT9_ Fl(ﬁt ) yir) and (i) lim, . + log H‘}:le(ﬁff’(") yit) ex-
ists for P-a.e. w € €, is independent of w and in fact it coincides with the sum of the top
d Lyapunov exponents (all of which are equal) of the cocycles (Q, F,P, 0, L', {L"|y:}) and
(Q,F,P,0,B,{L]yi}), respectively. Thus, these limits agree by Lemma (see [19, The-
orem 3.3| for an alternative argument) and are hence equal to 0, because of the assumption
that A(it) = 0. That is, for P-a.e. w € Q,

lim — log H »I(L'ff’(”)

n—oo N,

Recall that for P-a.e. w € Q, L : V! — Yl is a bijection, so (L|y:)~" is well defined.

Let Ac = {w € Q : ||[(L¥]y)~ - “ylly <1 for every v € Y' N Sy, we

have that F} (£%) < 1 for every j. Also, if w € A, then Fj(L%
IIY_, F} (L]y:) < 1—e. Thus, for P-a.e. w € €,

1 .
vi) = lim —logIT_y F (L) = 0.

yit) < 1 — € and therefore

0= lim —long VEH (LY ()

n—oo N

< [rozvie:

vy) = lim —log Vg (£5™yy)

(89)
yit)dP(w) < CP(Ac)log(l —¢€) <0,

yit)dP(w) < C / log ITY_, F} (LY
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where C' > 0 is such that for every A : L' — L', Vj(A) < CIIY_ F}(A), as guar-
anteed by Lemma . Thus, all inequalities in must be equalities and therefore
P(A.) = 0 for every e > 0, which means that ||(L]y:)7'[l; = 1 for P-a.e. w € Q. Thus,
inf,eyitns, [Llv|li =1, as claimed. O

B Regularity of F

In this section, we establish regularity properties of the map F' defined in (38)).

B.1 First order regularity of F

Let & be the Banach space of all functions V: Q@ x X — C such that V, := V(w,-) € B
and ess sup,,cq||Vu|ls < co. Note that S, defined in (36)), consists of those V € S’ such that
[ Vodm =0forP-a.e. w € Q. Wedefine G: B(0,1)xS — & and H: Be(0,1)xS — L>®(Q)
by

GOW), = nglw(Wg—lw +00.,,) and H(O,W)(w) = /[,glw(Wg—lw + 001, dm,

where v{ is defined in (15]). It follows easily from Lemmas and [3.2] (together with
which implies supjy; K() < oo) that G and H are well-defined. We are interested in

showing that G and H are differentiable on a neighborhood of (0, 0).

Lemma B.1. We have that
var(e? )y < |0]el!™ var(g(o 7w, 1)),  for w € Q.

Proof. The desired claim follows directly from condition (V9) of Section applied to f =
g(c7'w, ") and h(z) = %. O

Lemma B.2. There exists C' > 0 such that
var(ef19(0 W) — 290wy < Celhi=0:IM g, g, [(l02IM 9,12 for e Q. (90)
Proof. We note that it follows from (V8) that

Var(eew(a*lw;) o 6929(0'710.1,')) _ Var(€929(071w7~)(6(91—92)9(071%‘) _ 1))

1

S ||6629(U* ww)HLOO .Var(e(91—92)9(‘771%‘) _ 1)

+ var(e90 ) e e) |,

1

Moreover, observe that it follows from that [|e?29(7«) || 1o < el®2IM On the other hand,
by applying (V9) for f = g(¢7'w, ) and h(z) = e®~92)* — 1 we obtain

var(e@ 0297w _ 1) < |g) — 0o]el %M var(g(ow, -)).
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Finally, we want to estimate ||e(91*92)9("_1°’") — 1||=. By applying the mean value theorem

for the map z — e®17%2)% we have that for each z € [0, 1],
‘e(el—oz)g(g—m,x) . 1| § 6'91_92|M‘91 . 92| X ]g(a_lw, 33)| S M6|91_92|M‘l91 . 92|7
and consequently
||€(91—92)9(0_1wf) _ 1HL<>° < M6|91—92\M|Q1 _ 92|'

The conclusion of the lemma follows directly from the above estimates together with
and Lemma [B.1] O

Lemma B.3. DyG exists and is continuous on Bc(0,1) x S.

Proof. Since (G is an affine map in the second variable W, we conclude that

(DGO WYH)y = L0 1 Hy1,, forweQandHeS. (91)

o lw

We now establish the continuity of DoG. Take an arbitrary (6;, W) € Bc(0,1)x 8,4 € {1,2}.
We have

DG (01, W') — DoG (62, W?)|| = sup [|D2G (61, W) (H) — DaG (62, W?) (M)

[H|lo<1

_ 01 0o
= *Sup ess SupweQH‘CUflw,Hcf*lw - Eaflw,HcfleB-
H[eo<1

Observe that
IC2 s oo = L2 Horulls = Lo, (791770 — 007N 3 )|
< K" 7wls
= K var((e?90 @) _ gl2olo ey Y
F K (o) — ey

1

wu') _ 6029(‘7_1“))') )H

w7$)

Take an arbitrary = € X. By applying the mean value theorem for the map z — ez9(e!
and using , we conclude that

jerole™es) — ol )| < MM G, — 6y (92)
and thus
ess sup, o[ (€29 ) — P29 0Ny Il < MeM Oy — ] ess sup,eq || Ho-10 11
< MGM’91 - 92‘ €ss Supw€Q||HU*1w”B (93>
< Me" || H|loo - |01 — 2]

Furthermore,

UOJT((eelg(U_lw’.) o 6929(0_10‘)’.))7_[0—10.:) < Var(601g(a‘1w,-) o 6929(0_1%')) ) HHJ—lw”LOO

+ Healg(a‘lw,-) _ 6929(0_1%')HL00 . V&I'(Ha—lw)a
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which, using , implies that

1

var ("9 =9 D)3 ) < (Clgr var(e1907790) =290 790) L MM (6,63 ) || H]| oo

(94)
It follows from Lemma [B.2] that
| DG (01, W) — DyG (02, W?)|| < (KC + 2K MeM)|6; — 65,
which implies (Lipschitz) continuity of DyG on B¢(0,1) x S. O

Lemma B.4. DyH exists and is continuous on a neighborhood of (0,0) € C x S.

Proof. We first note that H is also an affine map in the variable YW which implies that
(D:H(OW)H) (w) = /EZ_MHU% dm, forw e Qand H € S. (95)
Moreover, using we have that

| Do H (61, WHH — DoH (02, W?)H|| 1 = ess sup,cq

/ L0 Ho-1,dm — / L%, Hy, dm‘

= €8S SUP,,cq

< MeM|0y — 0] ess sup,cqllHo-10lli
< MeM |0y — 0] ess sup,cqll Ho-10l5
= MeM|0) — 0| H]| oo,

for every (61, W), (62, W?) that belong to a sufficiently small neighborhood of (0,0) on
which H is defined. We conclude that Dy H is continuous. O

Lemma B.5. D H exists and is continuous on a neighborhood of (0,0) € C x S.

Proof. We first note that
HO,W)(w) = /699(”_1“")(W(,1w +00,,,) dm.
We claim that for w € Q and h € B¢(0,1),
(D1H(0,W)h)(w) = / hg(o~ w, )9 IO, o 4+ 000 ) dm =2 (L(6, W)h),.  (96)

Note that L(6, W) : Bc(0,1) — L*(2) is a bounded linear operator. We first note that for
each w € (),

(HO+h,W)—H(O,W)—L(O,W)h)(w)
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_ /(6(0+h)g(01w7') — P99 _ pg(o w, eI Y W, g, + vg-1,,) dm.

For each w € @ and x € X, it follows from Taylor’s remainder theorem applied to the
function z — €297« that for ||, |h| < i

|6(6+h) glo7lwx) e@g(a’lw,x) . hg(0_1w717>609(071w’x)| < %M26M|h|2. (97)
Hence,
1
| H(0+h,W) = H(0,W) — L(O,W)h| 1= < §M2€M|h|2(||W||oo + 1°]o0),
and therefore

i L H©O + h,W) — HO,W) — L0, W)h||ie — 0, when h — 0.

We conclude that holds. Furthermore,
(D1 H (61, WHh)(w) — (D1 H (62, W?)h)(w)
B /hg(alw, ')6919(0_1%') (Wiflw + Ugflw) dm

—/hg(a_lw, eI (W2 L 0 Y dm
= /hg(o_lw, DTt Wl W2 Y dm
—i—/hg(alw,')(ealg("_l‘“’) ef2o(o ™ wr) N2, + 10, dm.
Note that

ess SUP,ecq

/ hg(o™ w, )9 I OWE,  — W2, Ydm| < [h|MeM W — W2

and, using ,

ess SUpP,,cq

/hg(a_lw, (9w e fag@T ey W2 00 Y dm
< |R[MPeM]0) — 0] (R + [[0°]]),
if W? € Bs(0, R). Hence,
ID1H (61, W) — DiH (02, W?)|| < MM W' = W2l + MM 101 — 2] (R + [[0°]| ),

which implies the continuity of D H. O
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Lemma B.6. DG ezists and is continuous on a neighborhood of (0,0) € C x S.
Proof. We claim that for w € Q and t € C,
(D1G(O W)y = Lo, (tglo  w, )P I W, 1y +120,)) = (L)) (98)
Note that L(6,W) : Bc(0,1) — S’ is a bounded linear operator. We note that
(GO+t,W)— G(¢9 W) — L(0, W)t),,
= L1, ((e @090 W) _ P9l ws) _po(571, )o@

-1

-1

N Woro +v5-1,)),
and therefore
(GO + h, W) = G(0, W) = L(O, W)h)u|s
) —tg(o w, )TN Wy, 05, ) s
= K var((e@09 71w _ 090w (g1 )9 )Y (W, + 00 1))
+ K[| (st — o) — g0, )TN Wy + 1)) -

In the proof of Lemma we have showed that

< K| (009 hote”

-1

—~1 1

|e@+D9(e ) _ (09(o

1
w,) tg(o_lw, ) 0g(o ||LOO < 2M2 M|t|2

Moreover, by applying (V9) for f = g(c~'w, ) and
h(z) = @0 _ 02 _ 4502
one can conclude that
var((e@+D9(e @) _ 09w _pa(g=ly et ieNy < Ot (99)

The last two inequalities combined with (V8) readily imply that

T ||G(9 +t, W) —GOW) — L(OW)t|loo — 0, when t — 0,
which implies ([98)). Moreover,

(DG (01, WHt — DG (0, WL,

= 1L, 1,(g(0 ™ w, ) (M) — oD (WL ) )
— tLo1,(g(0 7 w, )T I WL, = W)

_10.)

Proceeding as in the previous lemmas and using and Lemma together with a simple
observation that

var(g(o'w, -)(eelg("_lwv') _ 6929(0‘1%-))) < MvaI-(ealg(U_lw,') _ ha9(o

+ var(g(o'w ))He"lg ) _ phg(oTtwy)

-1

w,-))
HL°°7

we easily obtain the continuity of D;G. m
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The following result is a direct consequence of the previous lemmas.

Proposition B.7. The map F defined by is of class C* on a neighborhood (0,0) € CxS.

Moreover,

1
H(0,W)(w)

0
-1 o lw d
£ My LB s dmy ) gy

(D2F(0. W)H), = [H{0, W) ()

forw e Q and H € S and

1 — o 1w,
(DlF(g, W))w = }[w—)/\})(wﬁ‘fl‘”(g(a 1(,(}, -)609( 7)<W071w + Ug—lw))
- [g(o7w, .)eeg(a—lw,-)(wa,lw + Ugaw) dm

[H (0, W) (w)]”

for w € Q, where we have identified Dy F(60,V) with its value at 1, and G is as defined at
the beginning of Section [B.1].

£g—1w(WUflw + US‘%J)’

B.2 Second order regularity of F'
Lemma B.8. DisH and Dy H exist and are continuous on a neighborhood of (0,0) € Cx S.

Proof. We first note that it follows directly from that DysH = 0. We claim that

(DwH(0, W)hYH)(w) = h / (0w, YPHTTH  dm. forw e Q, H e S and h e C.

(100)
Indeed, we note that

1

(DoH(O + b W) — DoH (0, W))H)(w) = / (e@Fmalr ) _ oo™ w)\gy iy
Hence, using ,
(a4 1,) = DHE W)U ~ 1 [ gl )00,
_ ‘/ (0+h)g(o™ w,) _ Og(c™ w,) _ hg(a_lw,-)699("71“'))7{071“, dm‘
< §M26M|h| [Ho-1u1 < §M2€M!h!2||7ia—lwﬂs-

Thus,

((D2H(O + h,W) — DoH(O,W))H)(w) — h/g(a‘lw, NIy dm‘

€ss SUP,,cq

o8



< 5 MM H]|oo,

N —

which readily implies (100). We now establish the continuity of Do H. By , we have
that

(DizH (B, WHRH)) — (DiaH (82, W R H) ()
= 0] [ st e
< |h|M2€M|91 - ‘92| : HHJ*WHB'

Thus,
||D12H(¢91, W1> - D12H(927 W2)H S M26M|01 — 02|,

which implies the continuity of Do H. O
Lemma B.9. Dy H and Dy H exist and are continuous on a neighborhood of (0,0) € CxS.
Proof. By identifying D1 H (6,V) with its value in 1, it follows from that

DO W) = [ oo e Wy 418 )
We claim that

(D11 H(@,W)h)(w) = h/g(a‘lw, )29 W, Ly + 02 ) dm,  for w € Q and h e C.

(101)
Indeed, observe that

(DLH(O + h, W))(w) — (DL H (6, W) (w)

:/ﬁw*%»wﬂww“”—JW”Wszm+ﬁadmw
Hence, using , we obtain that

ess SuP,cq

(D1H(O + h,W))(w) — (D1H(0,W))(w) — h/g(a‘lw, -)2699(”_1“')(]/\/071“ +0v2,,) dm'

— ess Supweg /g<0_—1w7 ')(e(e—l-h)g(a'_lw’.) i eeg(o_lw’v) . hg(U_lw, ')eeg(a’—lw,.)>(WO-7lw + ’Ug_lw

)dm

< SMPMAP (Wl + [10”]10)

DO | —

29



which readily implies that (101]) holds. We now establish the continuity of Dy H. It follows
from (92)) that

(D1 H (61, WHh) (w) — (D11 H (62, W?)h) (w)]

= |h] - ‘/ 0w, 2P eI W 0 Y dm — / o lw, )2l (W2 1w+021w)dm'
< |h|- ‘/ 0w, )29 eI WL 0 Y dm — / 0w, )29 I W a0 ) dm‘

+ |h| - ’/ 0w, )29 (WL 0 Y dm — / 0w, )2l e (2 1w)dm‘
< [h[- (M3€M|91 = O3 (IW oo + |0"]loc) + MM W — WQHOO),

for P-a.e. w € €2, which implies the continuity of Dy; H. Furthermore, we note that Dy H is
affine in W, which implies that

(Do HO,W)H) (w) = /g(alw, DePIe ey L dm.

Continuity of Dy H follows easily from (92]). O
Lemma B.10. DG and D1sG ezist and are continuous on a neighborhood of (0,0) € CxS.
Proof. It follows directly from that DypG = 0. We claim that

—1

(DGO, W)h(H))w = hLy1,(g(0  w, )9 I 1) forweQ, HeSand heC.

(102)
Indeed, we first note that
(D2G (0 + h, W) — DyG(O,W))(H)y = Lo-1,((e0FMale 0 _ale wygy ).

We have that

Eomra(eH™) — 90074 g, e s

< K||(e@Msteen) — P90 — pg(o™w, e ) ] |5

= K var((e@M9e @) _ oo™ wr) _po(o=1y )90 ) H )

(907 ) g )
< K var(e*tMolo™ ) _ 0900w _ o (g1 el ) [ H -1y || o
Tlwr) _ hg(otw, -)eeg(”_lw")HLoo -var(Hq-1,)
1

KO0 9007 (o, e |

1

—1

+ K||e(9+h)g(a_1w,~) . e@g(a

It follows from @ and that

1 _ _ _
—  sup Hﬁg—lw((ew*h)g(” lws)y G oy hg<0—1w7 .)699(0 1”"))HU—1W)HB -0,
1 a1 <t
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when h — 0, which establishes (102). It remains to establish the continuity of Di2G. We
have

[(D12G (01, WHh(H))es — (D12G(02, W?)h(H))u || 8

= |h] - [|Lo-1,(g(o ™ w, ) (D190 ) — P20 )3y |

< K|h| - [lg(o™ w, ) (M9 ) — P20 )y L

= K|h| - var(g(o ™ w, ) (979 — 90y )

+ K| - lg(c™ w, ) ("o P29 N H L

< K|h| - var(g(o™ w, ) (M9 @) — fole )y gyl
+ KM|h| . Heéhg(a*lw,.) . 929(0*1w,-)||L00 'V&I'(Ho-—l )
+ KM]|h| - ||6919(a*1w,-) ef29(0™ w ||Loo [ Ho—10]|1-

"Jf) —

1w,~

Moreover,
Var(g(o'_lw’ ‘)(eelg(071w7~) _ 6929(071“}7'))) S Mvar(€919(071w7') _ 929(0—71""'7‘))
+var(g(o'w, -)) - [[ef19(e ) — efaglo i)
which together with and Lemma gives the continuity of DisG. O]

Lemma B.11. DG and Dy, G exist and are continuous on a neighborhood of (0,0) € CxS.
Proof. By identifying D1G(6,V) with its value in 1, it follows from that
DiGOW)y = Lo-1,(g(0 w, e I W,y +124)), w e
We claim that
(DGO W)y = hLg-1,(g(0 w, )2 ) (W 1y, + 001 )). (103)
Indeed, we have

ID1G(0 + h, W)y — DiG(O, W)y — hLy1,(g(0 w, )29 I W, 1y + 000 ) |18
= [|£5-10(g(0 7w, ) (e@HMole ) oo™ i) _ pg (g1, el ) W, +000,) s

< Kllg(U‘lw (M) — o) g (o, )T W + 0, )l

—1

= a0 OO ) gl ) ) W 1)
+lg(0™ w, )(6 (Oemo(e™0) — 0907w — hg(o™hw, ) ) Wyoay + 09-1,)

< var(g(o w, ) (e@HMalo™ w) _ b9(o™ w) (g1, -)eeg( TN Wy, + V01| e
+lg(0™ w, )(6(9+h)g(” @) — 907D —hg(o™ w, )| o - var(Wor + 09-1,,)
+ M el Re) — P90 — (g7 h, ) | oo - Wt + 001, 1,
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and therefore (103) follows directly from (97) and (99). We now establish the continuity of
D11G. Observe that

[(D11G (61, Wh)h)o, — (D11 G (62, W?)h)., |5

= [B] - [1£5-10(go w, 29I W, 4 0) ) = g0 w, o) el ) (W2 -1,))ll8
< K|h| - (o™ w, )2 (W, Oflw) — g0 w, P I W], 1w)HB
< K|h| - (o w, )P Wy, 4 000,) — g(o w200 (Wi, ugoa )l

+ K] - [lg(o w, )P0l (VV1 + o)) = glo w, el e (Wﬁ—lw + 51,5

The continuity of D;;G now follows easily from and Lemma . Finally, we note that
D, G is an affine map in W and therefore

(DGO, W)H) = Lo-1(glo w, )e 7,0,
which can be showed to be continuous by using and Lemma again. O]

The following result is a direct consequence of the previous lemmas.

Proposition B.12. The function F' defined by is of class C? on a neighborhood (0,0) €
CxS.

C Differentiability of ¢’, the top space for adjoint twisted
cocycle R

We begin with some auxiliary results.
Lemma C.1. There exists C' > 0 such that

L0 — £02)] < 16, — 6|,  for 61,0, € Be(0,1) and w € Q. (104)
Proof. For any f € B we have that

27 = 5l =LA = el < I — e
= K var((¢1904) — ) ) - K (€904) — )

The claim of the lemma now follows directly from and . ]
Lemma C.2. The following statements hold:

1. There exists K" > 0 such that
1255 < K"e

with A > 0 as in|(C3);

for ¢ € B* such that $(v°) =0 and w € Q,  (105)
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2. Let ¢ € B* be as in (58). Then,

ess supcqllé s < .

(106)

Proof. Let 11, denote the projection on B onto the subspace B° of functions of zero mean

along the subspace spanned by v°. Furthermore, set

Y(w) = inf{[|f +glls: f € B g€ spanf{vz}, [flls = llglls = 1}.

As in Lemma 1 in [I4] we have that [|T,|| < —=2~. Take now arbitrary f € B°, g € span{v0}

such that || f]ls = ||lg|lls = 1. Tt follows from [-] that

If +9ls > Kn||£(”)(f+9)||8 > Kn(”ﬁ 'glls = 1£87 fl15).
Writing g = A2 with |[A| = 1/]|v?]|5, it follows from that

o lls o gl o 1
1£80g s = N e fls = T2l > Tzt > —
S T F R

O1lp < oo. By|(C3)land (107),

where K = ess sup,q||v0]

1 > —An
\f+gls > ﬁ(l/K—K/e Am.

Then, we can choose n, independently of w, such that

1
= 1/K — K'e ™) >0
€ Kn( / ) > )

which implies that v(w) > € and thus
ess sup,,coll || < 2/€ < oo.

Therefore, for ¢ that belongs to annihilator of v2, using and ((108) we have

1£5™M || = sup |6(L8, )] = sup |¢(LY, Ty, )]
IflI<1 [IFI1<1

S K’e_ B* M ||HO'7"(JJ||
2K’

for every n > 0. We conclude that (105)) holds with K" = 2K /e.

(107)

(108)

Finally, (106) is follows directly from the straightforward fact that for P-a.e. w € ,

= [ fdm.
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Next, we consider B* with the norm topology, and associated Borel o—algebra. Let

N = {<I>: Q — B* : ® is measurable, ess sup,,q || P, |5+ < o0, ®,(v2) = 0 for P-a.e. w € Q}

B < 00}7

where @, := ®(w). We note that N/ and N’ are Banach spaces with respect to the norm

and

N = {<I>: 0 — B* : @ is measurable, ess sup,cq|| P

|@]|0c = ess sup,cqllPu s
We define G;: Bc(0,1) x NV — N’ by
gl(ea (I))w = (ﬁfj)*(@ow + ¢gw)7 w € €.

It follows readily from and (106) that G; is well-defined. Furthermore, we define
Go: Be(0,1) x N — L=(Q) by

Go(0, @) (W) = (Pows + 05,) (LL00), w €.
Again, it follows from (7)), and ((106) that Gy is well-defined.

Lemma C.3. DyG; exists and is continuous on Bc(0,1) x N.

Proof. We first note that G, is an affine map in the variable ® which implies that
(DyG1 (0, @), = (L) T, forwe Qand ¥ e N.
Moreover, using we have
1D2G1 (01, ®") — DoGi(02, )| = sup [[D2G1(61, D) T — DGy (02, 2*) ¥

[I¥][eo<1

= Ssup ess SqueQH(‘Cf})*\Paw - (‘C%)*\Daw B*
[1P][oo <1

S C’|61 - 02|;

for any (6;, ®'), (A9, ®?) € Bc(0,1) x N. Hence, DG is continuous on Be(0,1) x N. O
Lemma C.4. DG, exists and is continuous on a neighborhood of (0,0) € C x N.
Proof. We claim that

(D1G1(8, 2)h)o(f) = (Pow + 05,) (Lus(hg (0w, )™ f)), (109)

for f € B,w € Q and h € C. Denote the operator on the right hand side of (109) by L(6, ®).
We note that

(G1(0 + h, @)y = Gi(0, @)y — RL(O, D)o))(f)

1
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1

= (D, + ¢gw)(£w((e(0+h)g(o*1ww) _ faleT wy) hg(o ™ w, e ) F)).
Therefore, it follows from |[(C1)| that

1G1(6 + h, @) — G1(8, ) — hL(6, D)l
= 058 SWPueq SUD |(Pou + G) (Lo (T 0) — 90750) — og(g™ o, )l )) )

[FJERS

o lw, o lw, — (2 lw
< K(||<I>||oo+||¢°||oo)ess supeq sup [|(ePHATe) 90T — pg(g 7ty et £ .

Ifls<1

By and , we conclude that
1
lim —||G1(0 + h, ®) — G1(0,®) — hL(0, P)||o =0,
h—0 h
and thus (109 holds. Moreover,

(D1G1 (61, 21)h)o(f) — (D1G1 (02, P*)h),(f)
= (9, — P )(ﬁw(hg(a_l%')eelg(g_lw")f))

(@2, + 0) (Lulhg(o™w, ) (900 — ol ),
which in view of |(C1)| , and easily implies that DG, is continuous. O

Lemma C.5. DyG, exists and is continuous on a neighborhood of (0,0) € Bc(0,1) x .

Proof. We note that G, is affine map in the variable & and hence
(D3G2(0, @)U (w) = Wy (L200),  w e Q.
It follows from ([104)) that

||ng2(91, (I)l) - D2g2(927 (I)2)|| = Ssup HD292(91, (I)l)‘l’ - D292(927 q)2)‘1’||Loo

[Wlloo<1

= sup ess sup,cq| Voo (L7200 — L£L200)]
[Wloo<1

< Oy — o] - ess sup,eql|v) s,
and thus (in a view of ([17)) we conclude that D»G, is continuous. O
Lemma C.6. DG, exists and is continuous on a neighborhood of (0,0) € C x N.

Proof. We claim that

1

(D1G2(6, DYh)(w) = (Puy + 0°,) (Los(g(ow, eI @00 - h e C,w e Q. (110)

Let us denote the operator on the right hand side of (110) by R(6,®). We have that

(G2(0+ h, @) — Go(0, ) — hR(A, P))(w)
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_ (q)ow + gbgw)(}Cw((e(e-i—h)g(a*lw,.) . 609(0*1W,-) . hg(a_lw, -)669(071“’"))1}0)).

w

Therefore, it follows from |[(C1)| that

1G2(0 + h, ®) — Go(0, ) — hR(0, P)|| 1~
= 55 5uP,cq(Pow + B, ) (Lo (eI — ) — pg(o ) 0)0))|
< K (|Plloc + [[¢°[|oo) €55 sup,eq| (6@ ) — fole™w) — pg(g~ e, e

“ Nl |-
By , and , we conclude that

1

1
lim —||Ga(6 + h, ®) — Go(0, @) — hR(6, )| L~ = 0.
h—0 h
Thus, ((110) holds. Moreover,

(D1Go (61, ®1)h) (w) — (D1Ga(6:, D*) ) (w)
= (B, — 2 ) (Lo (hg(o™ w,)e 9T ) 0))

w

+ (@2, + G0 (Lu(hg(o w, ) (901 — oo Ty 0)),

w

which in view of [(C1)| (24), and easily implies that D1Gy (61, ®') — DGy (6, ®?)
when (01, ®') — (6, ®?). Hence, DG, is continuous. O

Let
(L) (Pow + 69.,)
(Pow + @5, ) (LEVY)

Proposition C.7. The map G is of class C* on a neighborhood of (0,0) € C x N'. Further-
more,

g(eu (I)>w = - (I)w - (bg (111>

_ (Ei)*qjaw _ ‘IIUW(['ZU(%
G0, @)(w)  [Ga(6, D) (w)]

Proof. The desired conclusion follows directly from Lemmas [C.3], [C.4] [C.5] and [C.6] after we
note that G»(0,0)(w) =1 for w € . O

((D2G(6, ©)) V). G1(0,0), — U, weQUeN. (112)

Lemma C.8. DyG(0,0) is invertible.

Proof. By ([112)),
(D2G(0,0)¥), = LIV, — U, forweQand ¥ e N,

Now one can proceed as in the proof of Lemma to show that (105 implies the desired
conclusion. O
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It follows from Proposition [C.7], Lemma [C.8 and the implicit function theorem that there
exists a neighborhood U of 0 € C and a smooth function F: U — AN such that F(0) = 0
and

GO,F@) =0, forfel. (113)
Finally, set

F(0) + 0L
(F(0)w + 0)(v])’
Using the differentiability of # — v?, we observe that there exists a neighborhood U’ C U
of 0 € C such that ¥ () is well-defined and differentiable for § € U’. Furthermore, we note
that ¥ (), (v?) = 1. Finally, it follows from and that

(L0) T (O)ow = CLU(0)o,

for some scalar CY. The arguments in Subsection imply that ¢¢ = ¥(6),. Therefore, we
have established the differentiability of § — ¢°.

v(h), = forwe Qand 6 € U.
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