IOPSClence iopscience.iop.org

Home Search Collections Journals About Contactus My IOPscience

Lattice Boltzmann simulations of the bead-spring microswimmer with a responsive

stroke—from an individual to swarms

This content has been downloaded from IOPscience. Please scroll down to see the full text.
2017 J. Phys.: Condens. Matter 29 124001
(http://iopscience.iop.org/0953-8984/29/12/124001)

View the table of contents for this issue, or go to the journal homepage for more

Download details:

IP Address: 193.198.162.14
This content was downloaded on 14/03/2017 at 09:03

Please note that terms and conditions apply.

You may also be interested in:

Hydrodynamics of linked sphere model swimmers
G P Alexander, C M Pooley and J M Yeomans

A three-sphere swimmer for flagellar synchronization
Katja Polotzek and Benjamin M Friedrich

Physics of microswimmers—single particle motion and collective behavior: a review
J Elgeti, R G Winkler and G Gompper

The hydrodynamics of swimming microorganisms
Eric Lauga and Thomas R Powers

Confined swimming of bio-inspired microrobots in rectangular channels
Fatma Zeynep Temel and Serhat Yesilyurt

Phase-dependent forcing and synchronization in the three-sphere model of Chlamydomonas
Rachel R Bennett and Ramin Golestanian

Dynamics of confined suspensions of swimming particles
Juan P Hernandez-Ortiz, Patrick T Underhill and Michael D Graham

Emergent behavior in active colloids
Andreas Z6ttl and Holger Stark

Can the self-propulsion of anisotropic microswimmers be described by using forces and torques?
Borge ten Hagen, Raphael Wittkowski, Daisuke Takagi et al.



http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0953-8984/29/12
http://iopscience.iop.org/0953-8984
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience
http://iopscience.iop.org/article/10.1088/0953-8984/21/20/204108
http://iopscience.iop.org/article/10.1088/1367-2630/15/4/045005
http://iopscience.iop.org/article/10.1088/0034-4885/78/5/056601
http://iopscience.iop.org/article/10.1088/0034-4885/72/9/096601
http://iopscience.iop.org/article/10.1088/1748-3190/10/1/016015
http://iopscience.iop.org/article/10.1088/1367-2630/15/7/075028
http://iopscience.iop.org/article/10.1088/0953-8984/21/20/204107
http://iopscience.iop.org/article/10.1088/0953-8984/28/25/253001
http://iopscience.iop.org/article/10.1088/0953-8984/27/19/194110

1OP Publishing

Journal of Physics: Condensed Matter

J. Phys.: Condens. Matter 29 (2017) 124001 (11pp)

doi:10.1088/1361-648X/aa5a40

Lattice Boltzmann simulations of the bead-
spring microswimmer with a responsive
stroke—from an individual to swarms

Kristina Pickl'>°, Jayant Pande>*%, Harald Kostler!, Ulrich Riide'>

and Ana-Sunéana Smith>3+78

! Chair for System Simulation, Friedrich-Alexander University Erlangen-Niirnberg, Cauerstrafe 11,

91058 Erlangen, Germany

2 Cluster of Excellence: EAM, Friedrich-Alexander University Erlangen-Niirnberg, NigelsbachstraBe

49b, 91054 Erlangen, Germany

3 PULS Group, Department of Physics, Friedrich-Alexander University Erlangen-Niirnberg,

Nigelsbachstrafe 49b, 91054 Erlangen, Germany

4 Division of Physical Chemistry, Ruder Boskovic Institute, Bijenicka cesta 54, Zagreb, Croatia
> CERFACS (Centre Europeén de Recherche et de Formation Avanceé en Calcul Scientifique), 42 Avenue

Gaspard Coriolis, 31057 Toulouse Cedex 1, France
E-mail: smith@physik.fau.de

Received 14 October 2016, revised 31 December 2016
Accepted for publication 18 January 2017

Published 8 February 2017

Abstract

®

CrossMark

Propulsion at low Reynolds numbers is often studied by defining artificial microswimmers which
exhibit a particular stroke. The disadvantage of such an approach is that the stroke does not adjust
to the environment, in particular the fluid flow, which can diminish the effect of hydrodynamic
interactions. To overcome this limitation, we simulate a microswimmer consisting of three beads
connected by springs and dampers, using the self-developed WALBERLA and pe framework

based on the lattice Boltzmann method and the discrete element method. In our approach, the
swimming stroke of a swimmer emerges as a balance of the drag, the driving and the elastic
internal forces. We validate the simulations by comparing the obtained swimming velocity to the
velocity found analytically using a perturbative method where the bead oscillations are taken to be
small. Including higher-order terms in the hydrodynamic interactions between the beads improves
the agreement to the simulations in parts of the parameter space. Encouraged by the agreement
between the theory and the simulations and aided by the massively parallel capabilities of the
WALBERLA-pe framework, we simulate more than ten thousand such swimmers together, thus
presenting the first fully resolved simulations of large swarms with active responsive components.

Keywords: microswimming, three-sphere swimmer, lattice Boltzmann method,
many-swimmer swarms, perturbation theory, Rotne—Prager theory

Supplementary material for this article is available online

(Some figures may appear in colour only in the online journal)

® These authors contributed equally to this work.

7 Author to whom any correspondence should be addressed.

8 This article belongs to the special issue: Emerging Leaders, which features
invited work from the best early-career researchers working within the scope
of Journal of Physics: Condensed Matter. This project is part of the Journal
of Physics series’ 50th anniversary celebrations in 2017. Ana-SunCana
Smith was selected by the Editorial Board of Journal of Physics: Condensed
Matter as an Emerging Leader.

1361-648X/17/124001+11$33.00

1. Introduction

In the last few years a lot of research activity has focussed on
studying microlocomotion through analytical, experimental
and numerical means (for comprehensive reviews see [1, 2]).
Much of this focus has been on the collective movement of
micro-organisms, since in nature these organisms tend to live

© 2017 IOP Publishing Ltd  Printed in the UK
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and move together in huge clusters numbering up to millions
of individuals [3-9]. The interactions amongst the various
individuals impart new biological and physical features to
their motion and their experience of their surroundings that
are missing in the case of isolated swimmers.

A customary approach to model mechanical microswim-
mers theoretically is to assume that the swimming stroke of
the model swimmer is known or is imposed [10-16]. With
this approach, the hydrodynamic features of the motion are
in essence smoothed over and the problem becomes a purely
geometrical one, which simplifies both the numerical simu-
lation as well as the analysis of the motion considerably.
Especially for the study of swimmer swarms, such a simpli-
fication is often crucial for reducing the computational com-
plexity of the setup. However, the biggest advantage of this
approach-the reduced dependence of the swimmer on the fluid
flow-is also its biggest weakness, as it robs the system of a full
reliance on the hydrodynamic forces, suppressing for instance
the hydrodynamic interactions between different parts of the
swimmer or between different swimmers in large populations.

The alternative approach is to specify not the swimming
stroke itself but the forces which drive the swimming motion.
The swimming stroke then emerges in response to the various
forces acting on the system, which are typically the driving
forces, the hydrodynamic forces, and the internal forces of ten-
sion or elasticity in the swimmer connecting the different body
parts. Such an approach has been adopted in studies of the motion
of Chlamydomonas reinhardtii or similar swimmers [17, 18], of
a deformable infinite slab [19], and of the three-sphere swimmer
[20, 21]. This approach has however not been employed so far
in the service of simulating large swarms of swimmers, owing to
the formidable computational costs it entails.

In this paper we use the latter, force-based, approach in
both simulating and theoretically analyzing the motion of
individuals as well as swarms of the bead-spring swimmer
[21]. This swimmer is based on the three-sphere model intro-
duced by Najafi and Golestanian [15] but differs from it in
precisely the way described above, i.e. in its imposition of the
forces driving the motion instead of the stroke of swimming,
with the latter adapting dynamically to the former. Another
difference is that in our swimmer the different beads are con-
nected by harmonic springs and dampers. Our simulations are
run by a combined framework of WALBERLA [22], which is a
lattice Boltzmann fluid solver, and pe, which is a discrete ele-
ment method-based physics engine, with both these systems
optimized for the simulation of our bead-spring swimmer on
hundreds of thousands of parallel processes [23].

We begin with a comparison of the simulations of an iso-
lated bead-spring swimmer to analytical calculations. In pre-
vious work [21] we have employed a perturbative theory to
calculate the swimmer velocity, where the variable of per-
turbation is the displacement of the beads from their equilib-
rium positions [20]. Here we extend this calculation by taking
higher-order terms in the hydrodynamic interactions between
the beads into account by using the Rotne—Prager tensor. We
show that the velocities obtained in the simulations compare
well to the theoretical values, and, at low swimming cycle
periods, the higher-order theory shows better agreement with
the simulations. The single-swimmer study helps us identify

the parameters which lead to relatively fast swimming, and we
employ one such set of parameters to simulate swarms con-
taining more than ten thousand individual swimmers, again
with the forces and the geometries of the swimmers described
completely. The massively parallel capabilities of our waL-
BERLA-pe simulation framework are here crucial, since they
lead to, in our knowledge, the first simulations of swarms
where the swimmers and the forces on them are fully resolved,
without taking recourse to effective strokes or velocity fields
[24-27]. We find that a highly symmetric arrangement of the
swimmers is stable over the simulated time, but small differ-
ences in the initial separation between the swimmers result in
continuously growing deviations as a result of strong asym-
metric hydrodynamic interactions.

2. Basic swimmer model

Our basic swimmer, which shall be used throughout this
paper in individual or grouped arrangements, consists of three
rigid spherical beads of equal radii A connected by two linear
springs of equal stiffness constants k and mean rest lengths /.
The model assumes the far-field limit, that is the limit A\ < /.
In this limit, beads of any shape different from spheres can
equally well be used by defining \ as the friction coefficient
of the shape scaled by a factor of 671 [21]. In the following,
we will consequently call A the reduced friction coefficient of
a bead.

In the simulations, we include additionally angular springs
of high stiffness constants to ensure that the three beads remain
collinear [23]. These angular springs are excluded from the
theoretical model under the assumption that the motion of
an isolated swimmer occurs strictly in a straight line. Time-
irreversibility in the stroke, as required by the Scallop theorem
for net propulsion at zero Reynolds number [28], is achieved
via the sinusoidal driving forces

Fd(r) = Asin(wr)R,

F3(1) = —F{(t) — F§(t), and
Fg(t) = Bsin(wt + )X with o € [—, 7],

2.1)

that are applied to the centers of mass of the beads along
the x-axis which is also the direction along which all swim-
mers are aligned at the beginning of each simulation. Such a
force protocol may be realized if the beads are acted upon by
external fields. The parameters A and B denote the amplitudes
of the sinusoidal forces, w is the force frequency, « is the rela-
tive phase shift in the forces and ¢ is the instantaneous time.
The sum of the three driving forces is always kept zero, so that
the criterion of force neutrality is satisfied.

Due to the driving forces, the positions Ry(z) of the beads
change, resulting in deformation of the springs and conse-
quent spring forces F}(¢) given by

3
Fls(t) = ZG(R,-(l‘) - Rj(®)), with
Jj=i
Ri(r) — Ry(?)

GR() —R(®) = k| —————
(Ry(1) — Ry(1)) [|R,~(t)—Rj(t)

)(|Ri(t) - Ri()|-1)
(2.2)
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if i and j denote neighboring beads, and G(R(t) — Rj(#)) = 0
otherwise. As the beads oscillate, the trailing and leading arms
of the swimmer perform sinusoidal motion with oscillation
amplitudes d; and d,, respectively (figure 1).

3. Simulation framework

The simulation system that we employ consists of two parts,
the parallel lattice Boltzmann framework wALBERLA [22, 29,
30] for simulating the fluid, and the rigid body engine pe based
on the discrete element method [31] for the beads within it.

The wALBERLA fluid solver uses a D3Q19 model [32] for
three-dimensional space discretization employing 19 particle
distribution functions (PDFs) per lattice site. For the col-
lision operator, Ginzburg’s two-relaxation time model [33]
is applied, which splits the PDFs, the used incompressible
equilibrium distribution function, and the relaxation param-
eter into symmetric and antisymmetric parts. For the simula-
tions, the best accuracy at the solid walls is achieved with the
symmetric relaxation parameter set to 1/7 and the antisym-
metric one set to 8(2 — 1/7)/(8 — 1/7) [33], where 7 denotes
the relaxation time. The software utilizes the message passing
interface (MPI) and is optimized for scalable and efficient
execution on the fastest supercomputers available [34].

The physics engine pe [31] handles the dynamics of the rigid
body parts of the swimmer using Newton’s equations of motion,
and includes mechanisms for resolving frictional rigid body col-
lisions and modelling external forces like gravity or the sinusoidal
forces driving the swimmer. The algorithm is augmented with
an MPI communication strategy that can handle general pair-
wise spring-damper systems [35]. To avoid problems resulting
from non-local communication among processes resulting from
extended springs, communication is restricted to those pairs of
processes on which objects interact. Global communication is
avoided since it might lead to a deterioration of parallel perfor-
mance and scalability on modern supercomputers [23], a par-
ticularly important concern for the simulation of swarms.

The interactions between the swimmer and the fluid, as well
as between different bodies within the swimmer, are modelled
by a four-way coupling scheme [23, 35, 36]. The rigid bodies
of the swimmer overlap with the cells of the LBM grid and
are marked as obstacles within the fluid resulting in a stair-
case approximation of the rigid bodies. Those that interface
to the fluid are specified to have a moving boundary condition
[37-39]. The fluid couples to a rigid body via the momentum
exchange method [37, 38, 40] that takes into account the
instantaneously acting hydrodynamic forces from the fluid on
the rigid body.

4. Study of an individual swimmer

We first investigate the case of a single swimmer swimming
far away from any boundaries or from any other swimmers. In
response to the driving forces, the swimming stroke induced
is sinusoidal, and can be expressed as

Li(t) = [+ dycos(wt + 6y),

Lo(t) = [+ dy cos(wt + 55), @.1

(o} / /

3 3
%

Main axis
Figure 1. The bead-spring swimmer.

where L; is the instantaneous length of the ith arm, and d; and
o; are the amplitude and the phase of its oscillation. Once this
form of the swimming stroke is adopted, and the conditions
of no fluid slip, large bead separations (justifying the use of
the Oseen tensor in specifying the inter-bead hydrodynamic
interactions) and small arm-length oscillations are assumed,
then the swimmer’s velocity can be written as [41]

v§ = Gdidow sin(8; — 6,). 4.2)

Here Vg) is the swimming velocity (with the subscript ‘S’ refer-
ring to the stroke-based nature of its calculation and the super-
script ‘O’ to the use of the Oseen tensor), and G is a geometrical
constant which for equal bead reduced friction coefficients A and
equal mean arm-lengths / is given by G = 7\/(241?).

The above is the stroke-centric calculation of the swimming
velocity. In previous work [21], we have calculated the velocity
of the swimmer in the force-centric picture by considering the
effect on each bead of the different forces it faces, these being the
spring forces, the driving forces and the hydrodynamic forces.
For small driving forces, the oscillations of the beads are small
too, and we obtain a coupled system of ordinary differential equa-
tions for the bead positions as functions of time, due to the linear
velocity-force relationship in Stokes flow mediated by the Oseen
tensor [42]. We solve this system in a perturbative manner (as in
[20]) with the oscillation of the swimmer arms being the variable
of perturbation. Calculation of the velocity to the second order in
the armlength oscillation amplitudes—since the zeroth and the
first orders turn out not to contribute, due to the sinusoidal nature
of the driving and the armlength oscillations which integrate to
zero over a cycle—Ileads finally to the following expression (in
the notation employed in this paper) [21],

o  TMI[ABU? + 1272w M%) sin o + 2(A% — BY)mnwkA] .
Vi = X.
241k + 422w AN (K? + 367 202w?A\?)
(4.3)

Here V(F) denotes the swimming velocity calculated using
the forces (hence the subscript ‘F’) acting upon the swimmer
and with the superscript ‘O’ again marking the use of the
Oseen tensor. The dynamic viscosity of the fluid is 7. The
above calculation assumes that there is no slip between the
beads and the fluid, and that the distances between the beads
are much larger than their radii (that is //\ > 1), and the results
are correct only to the lowest order in A\/I.

The two approaches of finding the swimming velocity—
i.e. assuming known driving forces and known strokes—may
be reconciled by determining the various stroke parameters
for the assumed force protocol, and then using the now-known
strokes to find the velocity as in (4.2). The amplitudes of oscil-
lation of the two arms are found to be [21]
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4AB7T’I7¢L)/()\ sin o and (44)

k* + 407>

J \/ ALK + AT 2w2)2(4A% + B + 4AB cos o) —
1 p—

WA + 14474 ntta

4.5)

J \/szz + 4722w AX A + 4B + 4AB cos ) + 4ABTnwk sin o
2 =

k* + 40m22wk3NE + 1447y A

Defining (3 as the stroke phase shift 3 = §; —
function is given by

0o, its sinusoidal

N
sin 3 = —, where 4.6
o= (4.6)

N = 2(A> — B?)mnwkr + AB(k?> 4 12m1n%w?r?) sin o, and
4.7)
D = {A’B%* + dmnwr[mnwk®r(A* + 6A’B* + B*)
+ 413033 r3(4A% + 25A4°B% + 4BY)
+ 4ABmnwr cos a(A? + B?)(k? + 207’ n*w?r?)
+ 242 B> mwr(k* 4+ 167°0%w?r?) cos(2a))
+ ABksin a(A> — B)(k* + 127n%w rz)]}”2 (4.8)

The stroke- and the force-based velocity expressions are then
found to be related as

o T@1— 3@l -
s 41281 — 45))

To the lowest order in \/I, the two velocities agree.

7
Jve (4.9)

4.1. Velocity calculation to higher order in hydrodynamic
interaction

We now extend the above calculation in order to take
higher-order terms in the hydrodynamic interactions
amongst the beads into account. Including these terms
loosens the requirement on the ratio //\ to be large, and
is beneficial for comparison with our simulations where
this ratio I/\ equals 5. For the calculation, we employ the
Rotne—Prager matrix [43] which gives the hydrodynamic
interaction terms to one order higher than the Oseen
approximation. This involves the use of the method of
reflections [44]. Section 5.10 in [45] provides the Rotne—
Prager matrix for a suspension of spheres of equal radii.
We here present the derivation of the matrix for beads
with possibly unequal reduced friction coefficients X;
(which, for spherical beads, equal their radii). Note that
the ‘higher-order’ label for this calculation refers not to
the perturbation scheme used—since the velocity is again
calculated to the second order in the armlength oscillation
amplitudes, as in section 4—but to the precision of the
terms specifying the hydrodynamic interaction amongst
the beads.

We start with the flow field induced in an initially motionless
fluid by a bead of reduced friction coefficient A; and velocity v;

Ipositioned instantaneously at the origin of the coordinate system.

This flow field u(r) at the point r in the fluid is given by [45]

R A TR I Y2 (P 2
ue = {4||(H+|r|2]+4(|r|)[ﬁ 3|r|2]}
(4.10)

For our assembly of beads, the flow field induced by each
bead then affects the motion of the other beads. The change
in the other beads’ velocities is given by Faxén’s theorem
for translational motion [46], which states that the velocity v;
acquired by a sphere of radius @; immersed at the position r; in
a fluid with a flow velocity field u(r) is given by

FMmHan>

Vi = (4.11)

6ma;
where F? is the hydrodynamic drag force on the sphere in
question.

In our case, clearly, the velocity v; of the ith bead is affected
by the fluid flow u(r) induced by the jth bead swimming with
the velocity v; at the instantaneous position r; in the fluid.
Since the velocity of the jth bead in the absence of any other
bead is given by the Stokes drag law

-1
6NN

v = F, (4.12)
therefore, combining equations (4.10)—(4.12) and simpli-
fying the expressions (see Appendix for details), we find the
velocity of the ith bead in terms of the drag forces on the ith
and the jth beads to be

e U 1 1 )\2._,_/\12 o]
= 61N\ F; Z { 8mnr; . T+ rl]rlj) + — 24m r?} (I 313][-”) F/
(4.13)

where 1; = (i — )0 — 1)) and r;; = |1; — 1]

' 6= d j
= ﬁFh STy + W] - b, (4.14)

Jj=i

where T(r;) and W(r;) denote respectively the first and the
second terms in the summation in (4.13) (with T(r) being the
Oseen tensor). The sum of these two terms, T(r;) + W(ry), is
the Rotne—Prager matrix for an assembly of spherical beads
of radii \;.

Using (4.14) we can write out in full the velocities of the
three beads in our swimmer as
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0
1 0
| F‘f“+ 3 NN ) ass 30 N+N sl (4.15)
noo\2n 2 )P |2+ Ly 2+ Ly
0
! v (4.16)
= — d .
P ey | NN e P23 BN
2L 2L A 2L, 23 )7
0
1 0
Kl 3 NN e, (3 NN s Fits | (4.17)
ALi+Ly) 2Li+L) | 2, 23 J7 s

Here F' ?“ is shorthand for the magnitude of the sum of the
spring and driving forces on the ith bead (i.e. F{ 4+ FY, with
these forces given by equations (2.1) and (2.2)), which can
replace the (negative of the) drag force on the bead since the
spring, the driving and the drag forces on each bead always
sum to zero. In equations (4.15)—(4.17) the time-dependence
of the armlengths L,(f), the forces F' ?*S(t) and the velocities
V() has been suppressed for brevity of expression.

From the velocities of the beads, the velocity of the
swimmer VEP (where the superscript ‘RP’ in the swimmer
velocity denotes the use of the Rotne—Prager matrix in finding
the velocity within the force-based formulation) may be found
by averaging vi(f) over the three beads and over one cycle
period, i.e.

2mlw

3
RP _ W

Vg = — drd wi(e). .
F 67rL£‘ ;() (4.18)

Equations (4.15)—(4.18) are the equations of motion for
the system, differential in the bead positions Ry(¢), which are
related to the velocities vi(¢) as

dRi(r)

i = —7(= 1,2, ) .
vi(t) o @ 3) (4.19)

and which enter into both the armlengths L;(f) and the forces
F ?*S(t) (the latter because the spring forces depend on the
bead positions).

To solve this coupled system of differential equations, we
adopt a perturbative approach following a method proposed
in [20], wherein we assume that in the steady state the swim-
mer’s motion consists of a uniformly-moving equilibrium
configuration with the three beads executing small sinusoidal
oscillations around this configuration. In particular, the bead
positions are assumed to be of the form

Ri(t) = Sio + &) + vi' t,

where £;(¢) denotes small sinusoidal oscillations around the
equilibrium configuration S;o of the swimmer. We expand
the functions of the relative bead positions (Ri(#) — Rj(?)) in
equations (4.15)—(4.18) in terms of series of the variables

(&(r) — &(1)) centred around the equilibrium configuration,

(4.20)

‘which can be taken to be the configuration at time ¢t = 0. The
different variables which depend on (R;(#) — Rj(¢)) are the
functions G(Ry(#) — Ry(#)) specifying the spring forces (from
(2.2)) and the functions T(Ry(#) — R;(¢)) + W(R(r) — Rj(t))
defining the Rotne—Prager matrix for the system. To the first
order in (§;(r) — &(2)), these functions are expanded to

GR{(1) — R(1))

= G(R(0) — R{0)) + IGR(1) — R(1))

(&) — &)

8Ri(t) =0
- B L OGR(N) — Ry(1)
=My GO =G Wity = = e |,
4.21)

TRi(r) — R(1))
ITRi(1) — R{(1))

= T(R{0) — R/(0)) + OR(1)

(6D — &)

t=0

=T; + Py (§(1) — §1)),
OT(R{(1) — R(1))

with T; = T(Ry(0) — Ry(0)) and P; = OR(1)

=0
(4.22)
and a similar expansion as (4.22) for W(R(#) — R;(?)), with
T(R(#) — Ri(1)), T; and P; in (4.22) being replaced respec-
tively by W(R(¢) — Rj(#)), Wj; and Q;.

Using the above expansions, equations (4.15)—(4.18) can
be solved to successive orders in &, We find that the lowest
order in &; turns out to be 2, because the forces as well as the
displacements are of a sinusoidal form and sinusoidal func-
tions are orthonormal. The final expression obtained for the
velocity is accurate to the lowest order in §; and the second
lowest order in A/I, the latter due to the use of the Rotne—
Prager tensor instead of the Oseen tensor in describing the
hydrodynamic interactions amongst the beads. This velocity
expression is rather long, and for simplicity we here state it
only for the case of equal driving force amplitudes A = B, in
which case it reads

RP APZWA(28] — 45)0) [(21 — SA)Kk? + 2472w N2]) "
VP = 37(7 _ 4 2.2 22\2(Q7 _ 2 44 A X
1921° [(I — SA)k™ 4 4m°n“w (8] — 33 \)k* + 1447 n w*\*]
(4.23)
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1 ——— Vi (Eq. (4.23))

=) WA RP
& 10l \ — — VP (Eq. (4.24))
; ......... vP (Eq. (4.3)
= o]
‘G 0.5 N\ vO (Eq. (4.2))
o .
>
0.0
10 15 20 25
/4 ratio

Figure 2. Comparison of theoretically calculated velocities of a
swimmer from both force- and stroke-based approaches, as the bead
separation-to-radius ratio (//\) decreases.

Following the above procedure, we can also find the corre-
sponding expression in the stroke-based formulation. In terms
of the swimming stroke specified in (4.1), the velocity comes
out to be

rp (280 — 99N Adidowssin(p) — @)
V = X; .
s 2412(41 — 17)) (4.24)

again for equal reduced friction coefficients A\; = A of the
beads and equal mean lengths [; = [ of the two arms of the
swimmer, and where the superscript ‘RP’ again marks the use
of the Rotne—Prager matrix instead of the Oseen tensor (here
in the stroke-based calculation).

We observe that the velocity expressions in equations (4.23)
and (4.24) reduce to those in equations (4.3) and (4.2), respec-
tively, when only the lowest order terms in A/l are kept in the
numerator and the denominator, as they should. We also note
that the difference between the two velocity expressions in
the stroke-based formulation is only of a geometric factor
at the beginning of the expression, which is not the case for
the two velocity expressions obtained from the force-based
formulation.

We can compare the four theoretical velocity formulae
obtained for our swimmer, namely by using the force-centric
and the stroke-centric approaches to two different orders in
the hydrodynamic interactions. Figure 2 shows such a com-
parison for a swimmer with a varying I/ ratio. As expected,
the four velocity expressions converge to the same curve as
the I/ )\ ratio becomes larger.

4.2. Validation of simulations

For validation of the simulation system, we perform simula-
tions of an isolated bead-spring swimmer and compare them
with the theoretical expressions described in sections 4 and
4.1. The beads are spherical with a radius of A = 4 cells and
separated by mean distances of / =20 cells. The fluid has
a dynamic viscosity (on the lattice) of n = 1/3 (which also
equals its kinematic viscosity v defined as v = n/p, since the
density of the fluid p is taken to be 1 on the lattice). The relax-
ation time is set to 7 = 1.5, and the spring stiffness (on the
lattice) to k = 0.0347. The simulations are carried out in a box
of size (x x y x z) = (1200 x 800 x 800) lattice cells with

free-slip boundary conditions specified at the walls of the box.
We perform six full swimming cycles in total to ensure that
the steady state is reached. The other parameters in the dif-
ferent simulations are detailed in table 1 in the supplemen-
tary information (S.I.) (stacks.iop.org/JPhysCM/29/124001/
mmedia). All the simulations are performed using the Emmy
cluster of the RRZE computing centre in Erlangen [47].

Figure 3(a) shows the cycle-averaged velocity of the
swimmer as a function of the cycle period, from simulations
(dashed black line) and from theory, with the dashed-dotted
red line marking the lower-order theory (with respect to the
inter-bead hydrodynamic interactions) and the solid green
line the higher-order one. We find that the simulation results
compare very well to the theoretical curves, except at small
cycle periods. The relative error between the simulations and
the lower order theory (figure 3(b), dashed dotted red curve)
go down continuously and for cycle periods larger than 4800
time steps become 10% or smaller, becoming nearly 0% for
a cycle period of 10000 time steps. It is simple to under-
stand why the simulations perform better as the cycle period
increases. Firstly, the smaller the cycle period is, the larger
are the errors due to time discretization. Secondly, small time
periods result in larger instantaneous bead Reynolds numbers
(these becoming, for instance, larger than 0.2 in the simulation
with a cycle period of 1000 time steps).

When we compare the simulations with the higher order
theory, we find that the relative error (shown as a solid green
curve in figure 3(b)) again initially decreases with the cycle
period, but for cycle periods larger than 4000 time steps it
becomes stable at about 8%. This is within the expected error
range of 5%—10% in lattice Boltzmann simulations due to the
presence of the simulation walls, time and space discretiza-
tion errors, and other numerical artefacts. As the cycle period
increases to 10000 time steps, the errors with respect to the
lower order theory are even smaller than that for the higher
order one, and this is likely due to a fortuitous cancellation. In
either case, they remain below 10%.

Apart from the swimming velocity, we also check the
dependence of the stroke parameters on the driving force
amplitude ratio A/B (in figure 3(c)) and on the force phase
shift « (figure 3(d)). For this we use the relatively small cycle
period of 4800 time steps in the simulations (where, from fig-
ures 3(a) and (b), the errors in the velocity with respect to both
the first and the second order theories go down to 10%). In
both the cases, the expected stroke parameters are reproduced
very well in the simulations.

5. Swarms of swimmers

Understanding the motion of a single swimmer is a prereq-
uisite for studying the behavior of swarms, which are large
populations of individuals whose trajectories are coordinated
and interdependent in complex ways. Here we present swarm
simulations, comprised of thousands of individual swimmers.
In the literature, the swimmers within a swarm are not usu-
ally represented individually as doing so is often prohibi-
tively expensive computationally. If possible, however, such
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Figure 3. (a) Comparison of the cycle-averaged swimming velocity from simulations and from theory for two different orders in sphere
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results.

a fine-grained approach can shed important light on how the
interactions amongst individuals executing simple motion
result in the rich cooperative behavior that swarms typically
exhibit. We therefore adopt the latter, fully-detailed approach.

In our simulations we use between 60 and 1280 compute
cores, and place 1 x 3 x 3 swimmers on each core, so that
there are up to 11520 swimmers in our swarms. Our approach
is to begin with smaller swarms of 540 swimmers (on 60
cores), and, if these result in simulations that run successfully,
to scale them up to 11520 swimmers. The distances between
the swimmers on one core are C, and C; along the y- and
z-directions, respectively, and within two neighboring swim-
mers on different cores are D,, D, and D, along the three axes
(figure 4). The entire configuration is always kept symmetric
along the y- and z-directions, so that Cy = C; and D, = D,.
Periodic boundary conditions are imposed at the walls of the
simulation box.

The individual swimmers within each swarm are com-
posed of spherical beads with a radius of A = 6 cells and sep-
arated by a mean distance of / = 32 cells. The driving force
amplitude is 2, and the force phase shift is 0.57. The cycle
period is kept at 2000 time steps, since this value serves the
dual purposes of enabling the individual swimmer velocity
to be relatively high while keeping the cycle period small
(see figure 3(a)). Both of these features are important in
allowing the inter-swimmer interactions within large swarms

Z,

y

Figure 4. Setup of the swarm simulation on each core for both
uniform and non-uniform initial arrangements of the swimmers
within a swarm. The distances between the swimmers within one
core are C, and C; along the y- and z-directions, respectively, and
within two neighboring swimmers on different cores are Dy, D,
and D, along the three axes. Two particular swimmers A and B are
marked for later comparison of trajectories.

X

to propagate quickly. The simulations are run for up to 124
swimming cycles. In any simulation, if the instantaneous
swimming velocity exceeds 0.5 lattice cell/time step, then
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Figure 5. (a) The configuration of a stably moving swarm at the end of 124 swimming cycles. The colors group together the beads which
are being handled by one process at the particular instant considered. In each direction the colors are arranged in a chequerboard pattern.
(b) The x-trajectories of the middle beads of two selected swimmers within the swarm.

the simulation is terminated. This is because, firstly, such a
velocity results in Reynolds numbers larger than 10 which is
much beyond the typical values in microswimming, and sec-
ondly, traversal of more than half a cell length in a time step
by a bead can result in an incorrect exchange of momentum
between different lattice cells in the simulations.

We have simulated various configurations, listed in
table 2 in the S.I., where the initial inter-swimmer distances
(Cy = C,, Dy, D, = D) vary. In the first setup we study (sim-
ulations (a) and (b) in table 2 in the S.I.), the swimmers
are arranged initially on a regular cubic lattice, with the
distances between any two neighboring swimmers in any
direction (Cy = C; = D, = Dy, = D;) being 32 lattice units.
We find that such an initial configuration results in a steady
motion of the swarm along the x-axis over the course of the
simulation. This setup can be identified as a non-equilibrium
steady state. Figure 5(a) shows the configuration of the
swarm at the end of 124 swimming cycles. The regularity
in the arrangement of the swarm can be easily seen, and
is also illustrated by the x-coordinates of two randomly-
chosen swimmers within the swarm shown in figure 5(b),
which exhibit a uniform cycle-averaged velocity. Which
two swimmers are chosen is immaterial, since the configu-
ration is stable and the local neighborhood of each swimmer
remains identical throughout the simulation. The y- and
z-positions of all the swimmers are constant over the entire
simulation time.

We now disturb the steady state by introducing spacing
defects in the initial arrangement of the swarm. For this
we keep Cy= D, (and consequently C; = D;), which means
that the swarm is split into layers along both the y- and the
z-directions, with the swimmers within each layer being
equidistant (but with this distance being unequal to the
separation between the different layers). We find that most
of these defects induce strong hydrodynamic forces acting
asymmetrically between the swimmers, which cause them
to accelerate to high swimming speeds (larger than 0.5 lat-
tice cell/time step) such that they cannot be appropriately

resolved in the simulations, and the simulations conse-
quently terminate.

However, one particular setup (simulations (c) to (g) in
table 2 in the S.I.) demonstrates transiently oscillating behavior
along the axis of driving (the x-axis) over the course of the
simulation time. Here we have C, = C, = 37, D, = 56 and
Dy = D, = 46 lattice units. The two representative swimmers
A and B (marked in figure 4) show identical motion along the
x-direction (figure 6), indicating that the entire swarm oscil-
lates coherently along the axis of driving.

In the other two directions, the local environment of a
swimmer affects its motion. There are two significant differ-
ences in the initial placement of swimmers A and B within the
swarm (figure 4). Firstly, the y and z directions are identical for
swimmer A but not for swimmer B. Secondly, the whole swarm
is symmetric around swimmer B along the z-axis but not along
the y-axis (since swimmer B is the middle swimmer in its core
in the z-direction but not in the y-direction), while for swimmer
A the swarm is symmetrically placed neither along the z- nor
the y-axis (if C; = D, and C,, = D,). Due to this, the two swim-
mers face different hydrodynamic forces from the other swim-
mers in the swarm and consequently execute dissimilar motion
along different directions. Swimmer A undergoes a rotation in
the x-z plane (demonstrated by the z-trajectories of its three
spheres in figure 6(b)), which, due to its z-symmetry, is absent
in the case of swimmer B (within an error of one lattice cell,
not shown here). The rotation of swimmer A in the x-y plane
is, as expected, identical to that in the x-z plane (not shown).
In contrast, swimmer B undergoes significant rotation only in
the x-y plane (figure 6(c)). Moreover, swimmer B changes its
orientation with respect to the x-axis only once during the sim-
ulation time, unlike swimmer A which does so twice. For this
swarm we see that the swimmers display cooperative behavior,
by moving as one along the axis of driving (the x-axis), yet
differences in their motion are equally visible, as evidenced
by the different kinds of rotation observed for different swim-
mers. It remains unclear how much of the cooperation between
the swimmers derives from the identical driving forces which
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Figure 6. (a) Trajectories along the x-direction of the middle
spheres of swimmers A and B marked in figure 4, indicating that the
entire swarm oscillates along the x-direction. (b) Trajectories along
the z-direction of the three spheres of swimmer A, showing the
rotation of the swimmer in the x-z plane. (c) Trajectories along the
y-direction of the three spheres of swimmer B, showing the rotation
of the swimmer in the x-y plane.

all the swimmers are subjected to, and to what extent the
boundary conditions affect this behavior. In any case, our sim-
ulations show that large swarms of microswimmers are by and
large unstable under the condition of fixed driving. An impor-
tant consequence, for both artificial microswimmer swarms as
well as biological ones such as those formed by bacteria, is

that in order to maintain order in a swarm, some kind of self-
regulation in the stroke of the individual swimmers is essential,
as otherwise the hydrodynamic forces result in the breaking up
of the swarm.

6. Summary and conclusion

Here we have expanded upon our previous study of the bead-
spring swimmer model wherein we analyse its motion starting
from a description of the driving forces [21, 48]. In this paper
we have extended the accuracy of our prior calculations by
including higher order terms in the hydrodynamic interactions
between the beads in the swimmer. Along with the theory,
we have here studied the motion of the swimmer numerically
using the WALBERLA-pe simulation system based on the lattice
Boltzmann method. The accuracy of the simulations is veri-
fied by good agreement with the theoretical expressions to both
investigated orders in the hydrodynamic interactions, which
gets better as the cycle period increases due to better time
discretization and reduced Reynolds numbers. Comparison
with the higher order theory shows that the simulation errors
saturate to a value below 10% for cycle periods larger than
4000 time steps.

After studying single swimmers, we have simulated swarms
containing thousands of individuals. We have shown that a
particular uniform spacing between the different swimmers
in the swarm results in a stable uniaxial motion. Introducing
defects in the uniformity of the swarm results in differences
emerging in the motion of individual swimmers within the
swarm. For one particular initial swarm spacing (with unequal
separation distances along the three axes), some swimmers
show a pronounced rotation along different axes, but along
the axis of driving the swarm oscillates as one body. The dif-
ferences in the responses of individual swimmers are due to
the unequal hydrodynamic forces that they face from other
swimmers in the swarm, the effect of which builds up over the
simulation time. For all the other initial separation distances
tried, the simulations terminate due to strong acceleration of
the swimmers caused by their hydrodynamic interaction. It is
here worthwhile to note that unlike in the swarm case, an iso-
lated swimmer with the same parameters and facing the same
driving forces swims within the Stokes regime (at Reynolds
numbers smaller than 1).

Our results speak to the instabilities which grow rapidly
and result in a complete breaking of the initial order in the
swarms when their members are allowed to respond indi-
vidually to the different forces upon the system. With this in
mind, it would be interesting to implement a few extensions
to the simulation methodology. In the present simulations,
all the swimmers act under an identical force protocol, as
would be the case if an artificial swarm is propelled by
an oscillating external field. A different kind of swarm
behavior could occur if each swimmer within the swarm
is associated with a (slightly) different driving protocol, as
for instance is the case in living systems. The sensitivity of
the stable phase points to the fact that in living systems the
stroke must be adjusted by regulating the energy invested
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into forcing the different body parts of a swimmer, in order
to maintain the stability of the swarm. If the hydrodynamic
interactions are amplified to such an extent that they cannot
be compensated by the self-regulation of the swimmers,
then the swarm should become unstable (as in most of the
simulated cases here). However, our results show that even
if the stroke of the swimmers is not identical (such as due to
the introduced spacing defects in our simulations) and not
self-correcting, some synchronization between the swim-
mers can take place in a passive manner. It remains to be
clarified whether this synchronization is a result of expe-
riencing an identical driving protocol, or is dominated by
hydrodynamic interactions.

In order to improve the accuracy of the simulations,
second order boundary conditions could be implemented at
the swimmer-fluid interfaces, and an adaptive mesh refine-
ment could be employed which would reduce computational
cost. This would permit longer simulations, which are at
the moment not possible due to limited availability of the
supercomputing resources. However, even with the current
limitations, we have been able to build up a fully resolved
microswimming model and to expand it to the simulation
of large swarms composed of thousands of instances of the
same fully-resolved swimmer. Such a level of detail is, to
our knowledge, unique for a swarm and is a promising har-
binger of more insight into the complex patterns displayed
by real swarms, the members of which, at a fundamental
level, are individual entities navigating their immediate
environments.
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Appendix

Here we show how to obtain the expression for v, the velocity
of the ith bead, in (4.13) in the calculation of the Rotne—Prager
matrix for beads with unequal reduced friction coefficients A;.
From equations (4.10)—(4.12), we get
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To simplify the above expression, we note that in spherical
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Using equations (A.1)—(A.5), we can write the second-order
velocities as
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Collecting like terms leads to (4.13).
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