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Small-Size Induction Machine Equivalent Circuit Including Variable

Stray Load and Iron Losses

Mateo Basi¢" and Dinko Vukadinovié*

Abstract — The paper presents the equivalent circuit of an induction machine (IM) model which
includes fundamental stray load and iron losses. The corresponding equivalent resistances are
introduced and modeled as variable with respect to the stator frequency and flux. Their computation
does not require any tests apart from those imposed by international standards, nor does it involve IM
constructional details. In addition, by the convenient positioning of these resistances within the
proposed equivalent circuit, the order of the conventional IM model is preserved, thus restraining the
inevitable increase of the computational complexity. In this way, a compromise is achieved between
the complexity of the analyzed phenomena on the one hand and the model’s practicability on the other.
The proposed model has been experimentally verified using four IMs of different efficiency class and
rotor cage material, all rated 1.5 kW. Besides enabling a quantitative insight into the impact of the
stray load and iron losses on the operation of mains-supplied and vector-controlled IMs, the proposed
model offers an opportunity to develop advanced vector control algorithms since vector control is

based on the fundamental harmonic component of IM variables.
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1. Introduction

The iron losses are commonly considered 1% - 4% of
the induction machine (IM) rated power, whereas the stray
load losses (SLLs) are considered 0.5% - 3% of the IM
rated power at full load [1]. These percentages, it may be
argued, are not negligible. Besides, a recent study has
shown that these percentages may be well underestimated
for small IMs, particularly those with low efficiency [2]. In
addition, adverse effects of ignoring these losses in IM
vector control algorithms were reported in [3-5]. By adding
to this the reduction of the IM’s efficiency and loading
capacity, and the increase in the IM’s operating temperature,
all as a result of these losses, the importance of their
assessment in small IMs becomes critical.

The IM iron losses vary with respect to the frequency
and the magnetic flux density of the applied magnetic field.
They are traditionally divided into the hysteresis component
(proportional to the frequency) and the eddy-current
component (proportional to the square of the frequency),
whereas in some cases, the excess-loss component is
further separated from the classical eddy-current component
[6]. Compared to the iron losses, the theoretical background
of the SLLs is more complex. An overview and a discussion
of their many origins are provided in [7]. In a nutshell,
they occur in IMs due to theoretical and manufacturing
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imperfections, and are seen as the sum total of loss
components not encompassed by the conventional losses.
The iron losses and, to a lesser degree, the SLLs can be
determined with reasonable accuracy from tests imposed
by the international standards IEEE 112-B [8] and IEC
60034-2-1 [9]. Yet, these standards only consider the stator
voltage amplitude and the load torque as the causes of
variation of the iron losses and the SLLs, respectively,
while disregarding other factors.

In IM equivalent circuits, the iron losses are standardly
represented by the equivalent resistance, R,, placed in
parallel with the magnetizing inductance, L,, [3, 4, 10-12].
Such configuration, however, increases the order of the IM
model compared to the conventional model, which makes
it computationally more demanding. A configuration in
which R, is placed in the transverse branch right to the
stator resistance was proposed in [13]. It was later
considered in [5, 14-17], where its effectiveness was
proven experimentally both for IM analysis and control.
The configuration proposed in [13] ensures the accuracy
comparable to the standard iron-loss configuration, but
without increasing the order of the IM model. In addition,
R, is, for convenience, most often modeled as a constant
parameter, as in [11, 12, 17]. A more meaningful effort to
model the iron-loss resistance as linearly dependent on the
supply frequency is reported in [3, 4]. But arguably the
most complete iron-loss representation is found in [14],
where R,, was taken as variable with respect to both the
stator frequency and the magnitude of the stator flux-
linkage vector (in the following: stator flux). However, the
proposed R,, identification scheme implies elaborate and
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time consuming testing and data processing.

Very few papers consider the SLL equivalent resistances
as part of the IM equivalent circuit, usually placed in
parallel with the stator and/or rotor leakage inductances to
take into account losses associated with the leakage fluxes
[3, 18, 19]. A different SLL configuration that does not
increase the order of the IM model was proposed in [7],
where the SLL resistance is connected in series with the
stator phase resistance. This configuration was later
considered in several other papers [10-12, 17, 18], where
its validity was proven experimentally on different-size
IMs. All the models in literature that attempt to represent
the SLLs include the iron losses as well. Within these
models, the SLL resistance is taken either as a constant
parameter [12, 17], or as variable with respect to the stator
frequency [3, 10, 19], or as variable with respect to the
stator voltage amplitude (i.e., stator flux) [11]. However, to
our best knowledge, the SLL resistance, R,;;, has not yet
been considered as variable with respect to both stator
frequency and flux.

In this paper, a hybrid configuration with respect to
those proposed in [7] and [13] is considered for modeling
of the IM iron losses and SLLs. Such configuration was
already adopted in [17], but, unlike there, here both R,, and
R,,; are modeled as variable with respect to the stator
frequency and flux. Simple estimation formulas for R,, and
R, are derived from extensive test data. It should be
underlined, however, that the proposed model is valid only
for a fundamental harmonic of the supply.

2. Proposed Induction Machine Model

Fig. 1 shows the equivalent circuit of the proposed IM
model in the stationary reference frame. Note that only the
circuit for the a-axis is given since all the physical
phenomena along the B-axis are analogous (with a phase
shift of 90° el.).

In Fig. 1, R, and R, denote the stator and rotor phase
resistance, respectively; u, denotes the stator voltage,
whereas i; and i, denote the stator and rotor current,
respectively; iz, i,,, and i; denote the iron-loss current, the
magnetizing current, and the stator inductance current,
respectively; Ly, and L, denote the stator and rotor leakage
inductance, respectively; v, and v, denote the stator and
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Fig. 1. Equivalent circuit of the proposed IM model in the
stationary reference frame (a-axis)
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rotor flux linkage, respectively; o, denotes the rotor
angular speed in electrical rad/s.

Note that by placing R, in series with R, as in the
proposed model, it is implied that the SLL resistance takes
a share of the no-load losses as well. This means that the
conventional iron losses, as determined from the standard
no-load test, have to be split into the actual iron losses and
additional no-load losses, as discussed in [12]. Consequently,
a correction of the R,, value determined from the standard
no-load test is required, as discussed in Section 3.

Next, the Thevenin equivalents are introduced for the
elements in the rectangle in Fig. 1, so the equivalent circuit
in Fig. 2 is obtained. The differential equations describing
the proposed IM model are thus given as follows:

. dvy, .
usT(x = RSTISTO( +% > usm = RsTlsIB + d (1)

roro 4

0=Ri, +—+0,y,,0=Ri,+———w.\y, 2
dt )\VrB l;ﬁ dt ;\V;a ( )

Vo = Lodira + Lybne , Wp = Loy + Ly ©)
Vo = Lo +Loing W, = Lodig + Lyl “4)
T S S (5)

T2 D iy i) =T, + T B0, (@

r

where T, is the induced electromagnetic torque, L, is the
rotor inductance, p is the number of pole pairs, 7; is the
load torque, J is the moment of inertia, and B is the
rotational friction coefficient.

The Thevenin equivalents in (1)-(6) are denoted by 7 in
the subscript and are calculated as

— (RA + Rudd )Rm

T 7
' R +R, +R, (7
R, R, .
u, Q:usu—,us =uy——
" RS +Radd +Rm i p RS + Radd + Rm ( )
. R +R -i—R7 Uy, . . R +R ,,+R u,
Liro =lyo s add m i =i, s add m sB (9)
R, R, R, R,

Note that the configuration of the equivalent circuit in
Fig. 2 is the same as that of the well-known conventional

Fig. 2. Simplified equivalent circuit of the proposed IM
model in the stationary reference frame (o-axis)
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IM model, whereas the only difference between (1)-(6) and
the corresponding equations of the conventional model is
in the used notation. Therefore, the introduction of R,, and
R4, in the proposed manner does not increase the number
of differential equations with which the IM model is
described (i.e., the model’s order) compared to the
conventional IM model, which reflects the computational
elegance of the proposed model.

3. Determination of the Equivalent Circuit
Parameters

The resistance R, was determined from the standard dc-
supply test, with the average value of all three phases taken
as final and corrected to 25 °C. The resistance R, was
determined by Method 4 from [8] — modified to include
R4 in the respective equations — and subsequently corrected
to 25 °C. A classical locked-rotor test is not recommended
in this case since it requires accurate knowledge of the R,
value under unity slip. The magnetizing inductance as a
function of the magnetizing current magnitude, /,,, was
derived from test data recorded during the standard no-load
test. In the saturated region, the measurement points
obtained for each of the analyzed IMs were approximated
by a corresponding curve, whereas in the unsaturated
region, L,, was considered constant, as described in [17].
The total leakage inductance was determined from a locked-
rotor impedance test at rated frequency and at reduced
voltage resulting in approximately rated stator current.
Subsequently, it was evenly distributed between the stator
and rotor parts of the IM equivalent circuit (L, = L,,). Note
that this does not require knowledge of the R,,, value. The
skin effect was not taken into account due to the fact that it
may be considered negligible in small IMs).

The testing procedures and the experimental setup for
determination of the SLLs and the iron losses are explained
in detail in [2]. These procedures involve modifications of
the methods imposed by the standards [8] and [9], all
aimed at improving the overall accuracy and widening the
scope of application (e.g., extending standard no-load and
variable-load tests to different supply frequencies). A total
of four squirrel-cage IMs (4-pole, star-connected, rated
1.5 kW) were selected for testing: three die-cast aluminum
rotor IMs of different efficiency class — IE1, IE2 and IE3
according to IEC 60034-30-1 [20] (in the following: IM-1,
IM-2, and IM-3, respectively) — and one die-cast copper
rotor IM (in the following: IM-4).

3.1 Determination of the SLL equivalent resistance

The SLL resistance is first derived from the
measurement data obtained from standard no-load and
variable-load tests. The detailed theoretical analysis is
provided in [12], so only the final expression is given here
as

— (Pe _3Rx [52 _PFe,canv )(1_S)_Pm _P[oss,mech (10)
31 ~(1=9)17)

add

where P, is the electrical input power, I is the RMS value
of the stator current from no-load test, / is the RMS value
of the stator current, s is the slip, P,, is the mechanical
output power on the motor shaft, P .., denotes the
friction and windage losses, and Pr, ., denotes the
conventional iron losses, as defined by the international
standards [8, 9].

The numerator in (10) represents the corrected SLLs,
whereas the denominator represents the squared equivalent
SLL current. In this view, it has to be noted that the P,
value in (10) is corrected so the SLLs are equal to zero at
zero load torque, as imposed by IEEE 112-B. Similarly, the
Pr, cony value in (10) takes into account the variation of iron
losses with load, as imposed by IEC 60034-2-1. Both these
corrections have been made to accomplish greater accuracy.

The SLL resistance can be identified as the slope of the
regression line of the SLLs vs. squared equivalent SLL
current [12]. Fig. 3 shows the regression lines obtained for
the four tested IMs. To check the measurement consistency,
the variable-load tests were repeated three times for each
IM.

During these tests, the measurement of both the ambient
temperature (by thermometer) and the stator winding
temperature (by thermocouple) was carried out and taken
into account for subsequent correction of the IM parameters,
as imposed by the international standards.

As it can be seen in Fig. 3, only minor discrepancies
were noted between the subsequent variable-load tests.
Consequently, the resulting regression lines are, in fact,
obtained as linear approximations of the combined measured
values. The following R,,; values were obtained by the
described procedure: 2.7739 Q (IM-1), 1.2320 Q (IM-2),
1.5198 Q (IM-3), and 2.7279 Q (IM-4). These values can
be considered valid for all load torques, so the SLL
resistance is further on considered as a torque independent
parameter. Besides, such determined R,,; values may as
well be declared rated (R4 ,.q) Since they are obtained for
the rated supply frequency and, additionally, the stator flux
variations during these tests were within +10% of its rated
value.

The SLLs as a function of the supply frequency, f;, were

[ ]
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O measured-IM-1
200" @ measured-IM-2
+ measured-IM-3
50 ¢ measured-IM-4

1
100

Stray load losses (W)

10 20 30 40 50 60 70
(Equivalent SLL current) (A%)

Fig. 3. Regression lines of the SLLs vs. squared equivalent
SLL current obtained for the tested IMs at 50 Hz
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Fig. 4. Regression lines of the SLLs vs. squared equivalent
SLL current obtained at different supply frequencies
(IM-1)

derived from no-load and variable-load tests performed at
three supply frequencies — 30 Hz, 40 Hz, and 50 Hz — by
utilizing the open-loop V/f control strategy, as described in
[2]. Fig.4 shows the regression lines of the SLL vs.
squared equivalent SLL current obtained for the IM-1.

The slope of the lines in Fig. 4 changes nearly linearly
with the supply frequency and similar results were
obtained for other tested IMs as well. The R,; values
obtained from the regression lines’ slopes for all the
considered supply frequencies and tested IMs are given in
Table 1.

The values in the brackets in Table 1 represent the
absolute errors between these R,;; values and those
obtained by linear scaling of R,y ,..q With respect to the
supply frequency, i.e.

/s
Radd (fv ) = Radd,mted — (1 1)
.f.‘v,mted

It can be observed that generally good agreement is
achieved between these values. The greatest errors at
frequencies lower than the rated are recorded for the IM-3.
However, this IM has a rather small R,,, value already at f;
= 50 Hz and since the SLLs, along with their impact, drop
fairly significantly with the supply frequency [2, 10], the
observed errors are not expected to have significant impact
on the overall accuracy. Hence, the linear scaling of
Rddrarea @s in (11) is in this paper proposed to obtain the
R4 value at frequencies different from the rated.

The SLLs as a function of the stator flux, ¥, were
determined by changing the amplitude of the supply
voltage at f; = 50 Hz and with constant load torque (in the
following: variable-flux test), as described in [2]. Once the
SLLs are identified for different flux values, the
corresponding R, values can be obtained from (10). Fig. 5
shows such obtained R,;, values (denoted measured)
plotted vs. the stator flux for all the tested IMs.

The measured R, values seem to linearly increase with
the stator flux. Therefore, a linear approximation function
is applied and corrected by shifting it along the y-axis so
that R,4s= Ryuiareq 18 Obtained for the rated stator flux. For
the IM-1, IM-2, and IM-3, the slope of the regression line
is close to the respective R ui,acq Value, whereas the
corresponding y-intercept value is close to zero. Hence, the
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Table 1. SLL resistance values for different supply
frequencies
7 =50 Hz £=40 Hz f;=30Hz
M-1 27739 Q (+26.110 10865%) (+1(5-512:()12%)
M-2 12320 Q ( fd?0527797%) (36%2674511%)
M-3 15198 Q (fdéﬁfs%) (Bosfgf 1%)
M-4 27279 Q (,26,20132,29%) (+ld.512 ; 307%)
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Fig. 5. Regression lines of R4, vs. stator flux obtained for
the tested IMs: (a) IM-1, (b) IM-2, (c) IM-3, and (d)
IM-4

R ,44’s dependency on the stator flux may be expressed as

¥

Radd (\Ps ) = Radd,mted \P—S (12)

s rated
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Interestingly, the only exception from this is the IM-4. It
is speculated that this may be related with the different
rotor material causing maybe somewhat different distribution
of the SLLs within the machine. However, for the sake of
simplicity and generality, (12) is adopted for this IM as
well.

Finally, by combining (11) and (12) into a single
expression, the following formula for the assessment of the
SLL resistance is obtained:

v
Radd (f; ’ \Ijs ) = Radd,mted : \Ij :
f;',ruted s rated

(13)

Thereby, (13) defines the SLL resistance as both stator
frequency and flux dependent parameter — R 4, (f;, \V,).

3.2 Determination of the Iron-Loss
resistance

equivalent

The conventional iron losses were derived from the
standard no-load test, only extended to five different
supply frequencies in the range 10 Hz - 50 Hz.
Subsequently, these losses had to be corrected in order to
take into account the existence of the SLL resistance in no-
load operation. The correction was done as in [12], [17],
but with a difference that R,;;’s variation with frequency
and flux was here also taken into account. The actual iron
losses were, thus, calculated as

_ 3 2 Rs‘,nofload
e _PFe,mnv - [Y,O—Radd (ﬁ’lyv) (14)

s load

B

where R ,,.,qq 18 the stator phase resistance value during
the no-load test and R, is the stator phase resistance
value in the rated-load thermal conditions, whereas their
ratio provides a quick temperature correction of the SLL
resistance.

Once the actual iron losses are known for each
measurement point, the corresponding R,, values can be
calculated from the measurement data, as explained in [14].
However, identification of the iron-loss resistance in such
a way requires extensive measurement and computation. So,
an alternative approach is here proposed that relies on the
assumption of the hysteresis loss dominance in the
considered frequency range [2]. Namely, in [2, 21, 22], it
was shown that the hysteresis iron losses are dominant
within the range fs < 50 Hz, especially for the IMs of
higher efficiency class. Therefore, in order to simplify
the analysis, the eddy-current loss component may be
neglected in the IM iron loss model at least up to the rated
speed.

The fundamental component of the IM’s iron losses can
be expressed as a function of the stator flux and stator
frequency as follows:

PFe:PFeih+PF

e =KWK STV (15)
where Pp, , and P, , are the hysteresis and eddy-current
iron losses, respectively, whereas K, and K, are the
coefficients related to the hysteresis and eddy-current iron
losses, respectively.

The coefficients K, and K, are commonly considered
constant, though there are studies which point to their
variation with both the frequency and flux density of the
applied magnetic field [23-26]. Still, the dependency of K,
and K, on the stator frequency may be considered
negligible for sinusoidal magnetic fields of frequencies up
to 400 Hz and flux densities up to 2 T [23-25], leaving K},
and K, solely dependent on ¥, i.e., K, (¥,) and K, (\P,).

From Fig. 1, the iron losses may also be defined as

E;
PFe= R_ (16)

m

where E; is the RMS value of the stator induced
electromotive force.

The steady-state amplitude of a sinusoidal stator flux
may further be defined as

Y, = @ (17)
2nf,

Consequently, by combining (15)-(17) and assuming the
dependence K, (¥,) and K, (\¥,), the following is obtained:

K, (Y 2
MJFKG(\{/S):?

s m

(18)

Neglecting the first term on the left side of (18) - related
to the hysteresis losses - leaves the iron-loss resistance
dependent on the stator flux - through K, (‘¥,) - as follows:

6n’

TR

(19)

Conversely, neglecting the second term on the left side
of (18) - related to the eddy-current losses - leaves the iron-
loss resistance dependent on both the stator frequency and
the stator flux - through K, (¥,) - as follows:

B 6TczfY a

R W)= s
h s

Khl (\Ps ) : fv (20)

With regard to the previous discussion about the
dominance of the hysteresis losses in the considered
operating range, in this paper, the iron-loss resistance is
defined as in (20), i.e., as both stator frequency and flux
dependent parameter — R,, (f;, V).
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Fig. 6. Hysteresis loss coefficient vs. stator flux (IM-1)

The coefficient K, (¥) in (20) is calculated from (15) for
each value of Py, and ¥, obtained from the standard no-
load test at 50 Hz, by assuming Py, , = 0 [2]. Thus obtained
values of K, are then plotted against ¥, and interpolated by
a polynomial. Fig. 6 shows the variation of K with the
stator flux for the IM-1, along with the 4™ order
polynomial fit.

The coefficient K, (¥,) in (20) is subsequently obtained
as Ky, (P,) = 6n%/K,, (¥,), thereby inheriting the stator flux
dependency of K, (V).

4. Experimental Validation

In order to determine how well the proposed IM model
describes the actual machine, particularly in comparison
with the conventional model, two simulation models were
built in the MATLAB-Simulink: the proposed model — by
using (1)-(9), (13), and (17), and with other parameters
determined as described in Section 3 — and the conventional
model — with omitted SLLs and iron losses, and with R,
identified from a classical locked-rotor test. Note, however,
that by applying a locked-rotor test, a portion of the SLLs
is inevitably assigned to the rotor winding losses. In the
considered case, this resulted in 20% - 50% greater R,
values compared to Method 4 from [8]. Hence, it may be
argued that in this way a portion of the SLLs is taken into
account, though unintentionally, even in the conventional
IM model - on the rotor side.

Although the conventional model may seem inadequate
for comparison, being too easy a target, it was in the end
chosen for two reasons: to determine whether its upgrade is
really necessary and due to the shear multiplicity of other
candidate models (e.g., models with omitted SLLs or iron
losses, with differently positioned R, or R,,;, with constant
R, or R, with differently determined R,, and so on). In
any case, the proposed model is ultimately validated by a
comparison with the experimental results.

Figs. 7-9 and Figs. 10-12 show the results obtained from
variable-load tests at f; = 50 Hz and f; = 30 Hz, respectively,
whereas Figs. 13 and 14 show the distribution of IM loss
components as obtained from variable-load and variable-
flux tests, respectively, both at f; = 50 Hz (IM-2 is left out
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Fig. 7. Electrical input power (P.) and mechanical output
power (P,,) from variable-load tests (f; = 50 Hz): (a)
IM-1, (b) IM-3, and (c) IM-4

from the further analysis).

In Fig. 7, the input power values obtained from the
proposed model are in much better agreement with the
measured results as compared to those obtained from the
conventional model. The difference between the measured
P, and that obtained by the conventional model notably
increases with the load torque, which is mostly due to the
SLLs. On the other hand, both models are able to assess the
mechanical output power with remarkable accuracy.

Since the load torque is an input parameter in
simulations and is set equal to the measured value, the
observed differences in P, between the simulations and
experiments — as well as between the two simulation
models — are only due to the respective differences in the
rotor speed (i.e., slip).

The errors in slip in Fig. 8 are not that substantial for
load torques up to the rated, regardless of the IM model.
This is especially true for the premium-efficiency machines:
IM-3 and IM-4. Still, the errors are notably lower in the
case of the proposed model. Similar observations apply in
the case of the stator current errors. It is observed that the
proposed model provides more accurate account of the
stator current than the conventional model at high load
torques (i.e., at high SLLs).
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30 Hz):

Also, quite remarkable is the accuracy with which the
power factor is assessed by the proposed model, as seen in
Fig. 9, which affirms that the proposed model accurately
describes the active and reactive power distribution in the
actual machine, as opposed to the conventional model.

The results shown in Figs. 10-12 confirm the superiority
of the proposed model even at the supply frequency lower
than the rated. As previously anticipated, the errors in the
estimated R, values noted for f; = 30 Hz in Table 1 do not
have much impact on the overall accuracy of the proposed
IM model.

In Figs. 13 and 14, the IM loss values obtained from
variable-load and variable-flux tests are given by
components as a percentage of the IM rated power
(1.5 kW). Note that the friction and windage losses are
omitted from these figures since they are virtually constant
for constant supply frequency (for the tested IMs, they
amounted to only 1.5% - 3% of the rated power).

As expected, all the loss components in Fig. 13, except
for the iron losses, increase with an increase in load. The
iron losses decrease slightly with load due to the stator flux
reduction. Furthermore, it is evident that the conventional
model is inherently unable to accurately evaluate the actual
losses. On the other hand, the proposed model provides
quite accurate evaluation of the actual losses — both total
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Fig. 13. IM losses from variable-load tests (stator winding
- P¢s, rotor winding - Pc,,, iron - Pg,, stray load -
Pg): (a) IM-1, (b) IM-3, and (¢) IM-4

and by components — and significantly reduces the error
introduced by the conventional model. The accuracy of the
proposed model slightly drops with an increase in load,
which may be due to the approximations built into (13)
and (17).

In Fig. 14, both the values and trends of the actual loss
components are again followed remarkably well by the
proposed model. In this case, the error slightly increases
with decreasing flux, which is again probably due to the
adopted approximations. On the other hand, the
conventional model again fails to provide a satisfactory
account of the actual IM losses.

5. Conclusion

In this paper, an IM equivalent circuit is proposed that
is able to accurately model the fundamental iron losses
and SLLs under various operating conditions. The
respective equivalent resistances are taken as dependent
on both the stator frequency and flux. Simple formulas
are proposed for their calculation and the model is verified
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experimentally.
It is shown that the iron losses and SLLs in IMs can be
substantially  higher than commonly considered,

particularly in small standard-efficiency IMs. The exact
amounts of the iron losses and SLLs largely depend on the
operating torque, frequency, and flux. Without the
appropriate IM model, it is impossible to evaluate them
accurately in simulation studies, and the conventional IM
model has proven inherently inadequate in this sense.

The proposed IM model accounts for only the
fundamental harmonic-related iron losses and SLLs, so its
validity is limited to a fundamental harmonic of the supply.
Still, there is a great possibility of application of the
proposed model in the development of advanced vector
control schemes — including detuning analysis, loss
optimization, or model-based speed and torque estimation.
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