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Abstract

In this paper some Bellman-Steffensen type inequalities are generalized for positive
measures. Using sublinearity of a class of convex functions and Jensen’s inequality,
nonnormalized versions of Steffensen’s inequality are obtained. Further, linear
functionals, from obtained Bellman-Steffensen type inequalities, are produced and
their action on families of exponentially convex functions is studied.
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1 Introduction

Since its appearance in 1918 Steffensen’s inequality [1] has been a subject of investiga-
tion by many mathematicians because it plays an important role not only in the theory of
inequalities but also in statistics, functional equations, time scales, special functions, etc.
A comprehensive survey on generalizations and applications of Steffensen’s inequality can
be found in [2].

In 1959 Bellman gave an L? generalization of Steffensen’s inequality (see [3]) for which
Godunova, Levin and Cebaevskaya noted that it is incorrect as stated (see [4]). Further, in
[5] Pecari¢ showed that the Bellman generalization of Steffensen’s inequality is true with
very simple modifications of conditions. Using some substitutions in his result from [5],

Pecaric¢ also proved the following modification of Steffensen’s inequality in [6].

Theorem 1.1 Assume that two integrable functions f and G are defined on an interval

la, D), f is nonincreasing, and
b
0<AG(t) < / G(¢)dt, foreveryt e [a,b], (1.1)

where A is a positive number. Then

1 [P f St G(t )yt _
P poasig s / fd (12)

In [7] Mitrinovi¢ and Pecari¢ gave necessary and sufficient conditions for inequal-

ity (1.2). The purpose of this paper is to generalize the aforementioned result for positive
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measures, using the approach from [8] and [9], and to give some applications related to
exponential convexity.

Let B([a, b]) be the Borel o -algebra generated on [a, b]. In [10] the authors proved the
following measure theoretic generalization of Steffensen’s inequality.

Theorem 1.2 Let u be a positive finite measure on B([a, b)), let g, h and k be j-integrable
functions on [a, b] such that k is positive and h is nonnegative. Let A be a positive constant

such that
/ HOK(E) dia(t) = / k() du o). (13)
[a,a+)] [a,b]

The inequality
| JOe@an0 = [ jonodu (1.4)

holds for every nonincreasing, right-continuous function f/k : [a,b] — R if and only if

/[ KOg(0) () < f[ KOO o) and / k)g6) du(t) > 0, (15)

[x.0]

for every x € [a, b].

Remark 1.1 In [10] the authors proved that if the function f is nonnegative, condition (1.3)
can be replaced by the weaker condition

/ HOk(E) du(t) = / 2OK@®) du(2). (L6)
[a,a+)] [a,b]

We note that if f/k is nondecreasing, f and / are nonnegative, k is positive, and (1.6) holds,
then the inequality in (1.4) is reversed. Furthermore, if (f/k)(a) = 0, f/k is increasing, % is
nonnegative, k is positive, and (1.6) holds, then the inequality in (1.4) is reversed.

2 Main results
Motivated by Theorem 1.1 and necessary and sufficient conditions given in [7], we prove
some generalizations of Bellman-Steffensen type inequalities for positive measures.

Theorem 2.1 Let i1 be a finite, positive measure on B([a, b)), f, h be u-integrable functions
such that h is positive and f : [a, b] — R nonincreasing, right-continuous. Then

S OGO RO _ [y OBO (s

= (2.1)
o GO = [ HO AR
ifand only if G : [a,b] — R is p-integrable and X is a positive constant such that
fig GOARO [, O ()
i < 4= and / G(t)du(t) >0, (2.2)
T COAR®) = T, MO A(® o]

for every x € [a, D), assuming f[a,b] G(t)du(t) > 0.
For a nondecreasing, right-continuous function f : [a,b] — R, inequality (2.1) is reversed.
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Proof (Sufficiency) Let us define the function

G(8) [ig i) MO dp(®)
Jiap GO dp(®)

g(t) =

Since f[a,b] g du(t) = f[MM] h(t) du(t) and the conditions in (1.5) (for k = 1) are fulfilled,
we can apply inequality (1.4) (for k = 1) and obtain inequality (2.1).
(Necessity) If we put the function

1, t<ux
f=
0, t>x,
for a < x < a + X into inequality (2.1), we obtain the conditions in (2.2). O

In the following lemma we recall the property of sublinearity of the class of convex func-
tions.

Lemma2.1 If¢ :[0,00) — R isa convex function such that ¢(0) = O then forany0 <a <1
¢(ax) <ap(x), foranyx € [0,00).

Theorem 2.2 Let u be a finite, positive measure on B([a, b]). Let f and h be nonnegative

nonincreasing functions on [a, b), and let ¢ be an increasing convex function on [0, c0) with

¢(0) = 0. If G is a nonnegative nondecreasing function on [a,b] such that there exists a
nonnegative function g, defined by the equation

/ gl(t)¢< ())d (1) < h(t)du(t)
a,b] (®) [a,b]

and f[a,b] g1(8) du(t) < 1, then the following inequality is valid:

¢(f[ab]f<t>6(t> du(t)) _ Jiwarn @O du0)
Jun GOAR®) ) = [y MO @)

where

/ h(e) du(z) - ¢>( / () du(t)>.
[a,a+)] [a,b)

Proof Using Jensen’s inequality, we have

’

(f[ab]f £)G(8) dpu( t)) Jiay $FO)G(8) dpu(t)
S GO dn® ) = [, GO du()

and since ¢ o f is nonincreasing, we only have to check conditions in (2.2). Since G is
nonnegative, obviously f[ ] G(t)du(t) > 0. So we only have to show

G(t)du(t Gt)du(t) < h(®) du(t G du(b). 23
o[ Goano) [ coant= [ woduo [ aeduo 2.3
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Using sublinearity from Lemma 2.1 and Jensen’s inequality, we have

S G@) du( t))
G(t)d = d Jabl 7 " 7
¢( /W] 0 M(t)> ¢( f[ﬂ’mgl(t) ey STr T

f[ b]gl(t) 0) dl/«(t)
d a & )
: /[‘ﬂ,b]gl(t) M(t)d)( /[a,b] g1(t)du(t)

G(?)
= /[;1 b] gl(t)¢( (t)) d (t) = 5] h(t) d:u/(t) (24)

Since G is a nonnegative nondecreasing function and /% is a nonnegative nonincreasing

function, we see that for each x € [a, b],

Jian GOARO) _ [ G(t) du( )
f[ax)h(t dp(z) f[a b]

ie.,
Modn) [ GOduo < [ modut) [ Gwdu),
[a,b] [ax) [ax) [a,b]
so along with (2.4) we proved (2.3). Hence, the proof is completed. O

Remark 2.1 In Theorems 2.1 and 2.2 we proved similar results to those obtained by Liu in
[11] but we only need u to be finite and positive instead of finite continuous and strictly

increasing as in [11].

We continue with some more general Bellman—Steffensen type inequalities related to
the function f/k.

Theorem 2.3 Let 1 be a finite, positive measure on B([a, b)), f,h and k be j-integrable
functions such that h is nonnegative, k is positive and f/k : [a,b] — R is nonincreasing,
right-continuous. Then

Ja b]f DGO ARW®) _ Jigaun OHO) du(®)
S KOG@) dplt) ~ fWM] k(£)h(t) du(t)

(2.5)

ifand only if G : [a,b] — R is a y-integrable function and A is a positive constant such that

fun KOGOARD) oy KOMO dp(0)
: d k(t)G(t)d, 0, 2.6
T kOGO dR® = Tk oh0du@ ¢ ), OCORO20 2O

for every x € [a, b, assuming f[a,b] k(t)G(t)du(t) > 0.
For a nondecreasing, right-continuous function f1k : [a,b] — R inequality (2.5) is re-
versed.

Proof (Sufficiency) Let us define the function

f[a a+k] dl’L( )

o=, k(t)G(r) (e

Page 4 of 15
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Since f[a 5 kK(Og(®) dpu(?) f[a a2y K@OA(t) dju(2) and (1.5) are fulfilled, we can apply (1.4),
and so (2.5) is valid.
(Necessity) If we put the function

k(t), t<ux;
fO=
0, t>x,
fora <x <a+ X in (2.5), we get (2.6). |

Theorem 2.4 Let i be a finite, positive measure on B([a, b]). Let h and f |k be nonnegative,
nonincreasing functions on [a, b] such that k is positive, and let ¢ be an increasing convex
function on [0,00) with ¢(0) = 0. If G is a nonnegative, nondecreasing function on [a, b]
such that there exists a nonnegative function g, defined by the equation

k(t)G(t)
/[a,b]gl(t"/’( ) >du(t)5 /[a'b]k(t)h(t)du(t)

and f[a bl g1(8) du(t) < 1, then the following inequality is valid:

(f[a,b]f(t)G(t)du(t)) Jaasng DRDK(ER(®) dpu(2) .
Jiwn KO)G(2) dpa(2) f[am] k(£)h(t) dpu(z) '
where
/ k(t)h(t)du(t)=¢( [ k(t)G(t)th)). 08
[a,a+)] [a,b]

Proof Using Jensen’s inequality, we have

(f wptf (DG du(t)) <f[ab M kaG(e) du(t))
Jian HOGO dult) Jan KOG® dpu(?)
S $EDKOGE) dpu(®)
<
a f[a,b] k(t)G(t) du(t)

From (2.5) for f + (¢ o (f/k)) - k, since ¢ o (f/k) is nonincreasing, we have

Jian G@HOGO RO _ [y Gk OBE) d®)
Jun kOGO due) [ p k@Oh() dpu(t)

if conditions in (2.6) are satisfied. Obviously, f[x,b] k(t)G(t)du(t) > 0 since k and u are
positive and G is nonnegative. Hence, we have to show

¢( - k(2)G(t) d,u(t)) k(2)G(2) dp(z)

[a,x)

= /[ w k(2)G(¢) dp(t) /[ » k(t)h(t) dpu(t). (2.9)
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Using sublinearity from Lemma 2.1 and Jensen’s inequality, we have

S KOG(2) dM(ﬂ)

k()G(t)d = d
d)( [a.b] OG0 M(t)) ¢(—/[a,b]g1(t) o Jiun @@ dp(t)

Jian @@ G0 dn@)
d a g1(t )
< /[a,b]glu) u(t)fb( e

k(t)G(¢)
< /[a,b]gl(tm( o )du(t)

< / k(6)h(t) dpu(?). (2.10)
[a,b]

Since G and /4 are nonnegative nondecreasing and k is positive, we have

Jam KOGO AU _ 10 KOG() dpp0)
Jiam KOO Au(e) = [,y k(OR(E) dpa(z)’

k() G() du(t) < /

lax)

k(O dyu(2) /

[a,b

/[ ) k(t)h(t)du(e) ] k()G(t) du(®).

lax)

So, along with (2.10), we have proved (2.9). Hence the theorem is proved. O

3 Applications
In this section we use classes of log-convex, exponentially convex and #-exponentially con-
vex functions. Definitions and properties of these classes of functions can be found, e.g.,
in Pecari¢, Proschan and Tong [12], Bernstein [13], Pecari¢ and Peri¢ [14], and Jakseti¢,
Pecaric¢ [15].

The following example will be useful in our applications.

Example 3.1
(i) f(x) = e** is exponentially convex on R, for any & € R.
(i) g(x) =27 is exponentially convex on (0, 00), for any & > 0.

The following families of functions given in the next two lemmas will be useful in con-
structing exponentially convex functions.

Lemma 3.1 Let k be a positive function and p € R. Let ¢, : (0,00) — R be defined by

k@), pA0;
k(x)logx, p=0.

(%) = (3.1)

Then x — (p,/k)(x) is increasing on (0,00) for each p € R and p — (p,/k)(x) is exponen-
tially convex on (0, 00) for each x € (0, 00).

Proof Since d%(q;ig)) =271 > 0 on (0,00) for each p € R we have that x — (p,/k)(x) is
increasing on (0, c0). From Example 3.1 the mappings p > €?!°2* and p 117 are exponen-

. . P .
tially convex, and since p — - = €” logx. Ilg, the second conclusion follows. O
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Similarly we obtain the following lemma.

Lemma 3.2 Forp € R let ¢, : [0,00) — R be defined by

Pp(x) = p>1 (3.2)

(191)

Then x+— ¢p(x) is convex on [0, 00) for each p > 1 and p \— ¢,(x) and p — ¢;(x) are expo-
nentially convex on (1, 00) for each x € [0, 00).

Using the Bellman—Steffensen type inequality given by (2.5), under the assumptions of
Theorem 2.3, we can define a linear functional £ by

Junf OGO Au®) [y 50 OB dpa(t)
Jun KOGO A(®) [, 0y KORE) dps(e)’

£(f) = (3.3)

We have that the functional £ is nonnegative on the class of nondecreasing, right-
continuous functions f/k : [a,b] — R.

Theorem 3.1 Let f — £(f) be the linear functional defined by (3.3) and let ® : R — R be
defined by

O(p) = L(gp)s

where @, is defined by (3.1). Then the following statements hold:
(i) The function ® is continuous on R.
(i) IfneNandp,,...,p, € R are arbitrary, then the matrix

("))
2 jik=1

is positive semidefinite.
(iii) The function ® is exponentially convex on R.
(iv) The function ® is log-convex on R.
(v) Ifp,q,r € R are such that p < q <r, then

D(g)" P < P(p) 1D (r)17P.

Proof (i) Continuity of the function p — ®(p) is obvious for p € R\ {0}. For p = 0 it is
directly checked using Heine characterization.

(i) Let n e N, p; € R, i = 1,...,n be arbitrary. Let us define an auxiliary function W :
(0,00) = R by

X)=) Eigipp e (x).

jk=1

Now

n n 1 2
(k(x)) Z’kﬂk (Zg’x%) =
j=1
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implies that W/k is nondecreasing on (0, 00), so £(¥) > 0. This means that

+(*2")]
2 jik=1

is a positive semidefinite matrix.

Claims (iii), (iv), (v) are simple consequences of (i) and (ii). |

Let k be a positive function and let {#,/k : p € (0,00)} be the family of functions defined
on [0, 00) by

0, (x) = x—pk(x). (3.4)
p

Similarly as in Lemma 3.1 we conclude that x = (6,/k)(x) is increasing on [0, 00) for each
p € Rand p — (6,/k)(x) is exponentially convex on (0, 00) for each x € [0, 00).
Let us define a linear functional 9 by

M= flg®)du(t) - S@Oh(t)du(t). (3.5)

[a,b] [a,a+A]

Under the assumptions of Remark 1.1, we have that the linear functional ) is nonnegative
acting on nondecreasing functions f/k : [a, b] — R with the property (f/k)(a) = 0.

Theorem 3.2 Let f +— M(f) be the linear functional defined by (3.5) and let F : (0,00) — R
be defined by

F(p) = M(6y),
where 0, is defined by (3.4). Then the following statements hold:

(i) The function F is continuous on (0, 00).
(i) IfneNandp,,...,p, € (0,00) are arbitrary, then the matrix

(7)),
2 k=1

is positive semidefinite.

(ili) The function F is exponentially convex on (0, 00).
(iv) The function F is log-convex on (0, 00).
(v) Ifp,q,r € (0,00) are such that p < q < r, then

E(q)™? <F@p)"F(r)*™.

Proof (i) Continuity of the function p — F(p) is obvious.
(ii) Let n € N, p; € (0,00), i = 1,...,n be arbitrary. Let us define an auxiliary function
W : [0,00) = R by

W) = 3 GO ().

jk=1

Page 8 of 15
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Now

2
\I/(x) /_ n plTJ
(m)(zg )ZO

implies that W/k is nondecreasing on [0, 00) and nonnegative since (¥/k)(0) = 0. Hence,
M(¥) > 0 and we conclude that

[F<pj +pk>}”
2 k=1

is a positive semidefinite matrix.

Claims (iii), (iv), (v) are simple consequences of (i) and (ii). O
In the following theorem we give the Lagrange-type mean value theorem.

Theorem 3.3 Let f — I(f) be the linear functional defined by (3.5), let k be a positive
Sfunction on [a,b] and V/k € C}a,b] such that (y/k)(a) = 0. Then there exists & € [a,b]
such that

v (§)

Sm(lﬁ) = (TS)) M(er),

where e1(x) = (x — a)k(x).
Proof Since yr/k € C'[a, b] there exist

Y (k) - Y (o) (x) _ Y (0)k(x) — ¥ (x)K' (x)
m = min and M = X .

xela,b] k2(x) xela,b] k2(x)

Denote
hi(x) = M(x —a)k(x) —y¥(x) and hy(x) = ¥ (x) — m(x — a)k(x).
Then (h1/k)(a) = (hy/k)(a) = 0 and

(hl(x))/ _ . Y@k -y k)

k(x) k2(x) =
(hz(x)>/ _ VW) -y @K )
k(x) ) k2(x) -

so hy/k and hy/k are nondecreasing, nonnegative functions on [a, b], which means that
m(hl)’ 93,t(hZ) > 0) i~e~;

mMNM(er) < M(y) < MM(ey).

If Mi(e;) = 0, the proof is complete. If M(e1) > 0, then

m<fm(1ﬁ) -M
~ Mler) —

and the existence of & € [a, b] follows. (]



Jaksetic¢ et al. Journal of Inequalities and Applications (2018) 2018:288 Page 10 of 15

Using the standard Cauchy type mean value theorem, we obtain the following corollary.

Corollary 3.1 Let f + IN(f) be the linear functional defined by (3.5), let k be a positive
function on [a, b] and Y /k, Yk € Ca, b] such that (Y,/k)(a) = (Yr2/k)(a) = O, then there
exists & € [a, b] such that

() m(y)

(28) M)’

>

provided that the denominator on the right-hand side is nonzero.

Remark 3.1 By (3.6) we can define various means (assuming that the inverse of (y,/k)’/
(yr2/k) exists). Hence,

(N ()
s_<(%)/> (mwz)) (3.7)

If we substitute ¥ (x) = 6,(x), ¥2(x) = 6,(x) (where 6, is defined by (3.4)) in (3.7) and use
the continuous extension, we obtain the following expressions:

(5™

_ ) " Og)
M(p’ LI) - gﬂ(%@p) _ l

W) ~p» PO

P#G

where 6y(x) = logx and p, q € (0, 00).
Using the characterization of convexity by the monotonicity of the first order divided
differences, it follows (see [12, p. 4]): if p, q, u, v € (0, 00) are such that p < u,q < v then

M(p,q) < M(u,v).

Using (2.7), under assumptions of Theorem 2.4, we can define a linear functional 91 by

M) =

S EDk O date) ( S/ G du(t)) .

Siwass KORE) dp(t) Jian KOG(®) dp(e)

We have that the linear functional 91 is nonnegative on the class of increasing convex
functions ¢ on [0, c0) with the property ¢(0) = 0.

Theorem 3.4 Let f — N(f) be the linear functional defined by (3.8) and let H : (1,00) — R
be defined by

H(p) = N(ep),

where ¢, is defined by (3.2). Then the following statements hold:
(i) The function H is continuous on (1, 00).
(i) IfneNandp,...,p, € (1,00) are arbitrary, then the matrix

#(57)]
2 jk=1

is positive semidefinite.



Jaksetic¢ et al. Journal of Inequalities and Applications (2018) 2018:288 Page 11 of 15

(ili) The function H is exponentially convex on (1, 00).
(iv) The function H is log-convex on (1, 00).
(V) Ifp,q,r € (1,00) are such that p < q < r, then

H(q)? <H(p)MH(r)T*.

Proof (i) Continuity of the function p — H(p) is obvious.
(ii) Let n € N,p; € (1,00) (i = 1,...,n) be arbitrary and define an auxiliary function v :

[0,00) = R by
V) = ) Gbnn (). (3.9)
jik=1
Now
¥(0) = ) &€k (0) = 0. (3.10)
k=1 2
Further,

n Y 2
v (x) = <Z E;xlT) >0. (3.11)
j=1

Relations (3.10) and (3.11), together with (0) = 0, imply that v is a convex increasing
function, and then

£(y) = 0.

This means that the matrix

(5]
2 jik=1

is positive semidefinite.

Claims (iii), (iv), (v) are simple consequences of (i) and (ii). O
Similar to Corollary 3.1 we also have the following corollary.

Corollary 3.2 Let f +— (f) be the linear functional defined by (3.8) and v, ¥, € C2[0,a]
such that ¥1(0) = ¥>(0) = ¥{(0) = ¥4(0) = 0 and such that ) (x) does not vanish for any
value of x € [0, a), then there exists & € [0,a] such that

[ _ Nn)
&) M)’

(3.12)

provided that the denominator on the right-hand side is nonzero.
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Remark 3.2 By (3.12) we can define various means (assuming that the inverse of v{'/y}
exists). That is,

(Y1 (1)
é_( 5) (m(wz)) (3.13)

If we substitute /1 (x) = ¢,(x), ¥2(x) = ¢,(x) in (3.13) and use the continuous extension, we

obtain the following expressions:

P7G
P=q

=
N@q) = ‘ﬁ<1(> ¢o¢p) 3-2p )

(p-1)p-2)"

+

where ¢g(x) =logx and p,q € (1,00).

Again, by the monotonicity one has: if p, g, u, v € (1,00) are such that p < u,q < v then
N(p’ q) <N(u, V)'

For a fixed n > 2, let us define

Co={¥p:pel}

a family of functions from C([0,a]) such that y,(0) = Ipl;(O) =0, and p —~ wl/,’(x) is n-
exponentially convex in the Jensen sense on J for every x € [0, a].

Theorem 3.5 Let f +— D(f) be the linear functional defined by (3.8) and let S : ] — R be
defined by

S(p) = N(Yy),

where Y1, € C,.. Then the following statements hold:
(i) S is n-exponentially convex in the Jensen sense on J.
(ii) If S is continuous on J, then it is n-exponentially convex on J and for p,q,r € J such
that p < q < r, we have

Slg)? = S(p)1s(n**?

(ili) IfS is positive and differentiable on ], then for every p,q,u,v € J such that
p <u,q <v,wehave

M(p,q) < M(u,v),

where M(p, q) is defined by

(S<q)) P7a

0
exp( "ps(p) ) p=4.

M(p,q) =
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Proof (i) Choose any n points &,...,&, € R,any py,...,p, € J. Define an auxiliary function
W :[0,a] - R by

W)= Y ScbmWrepm (v). (3.14)
k,m=1
Then W(0) = ¥/(0) = 0 and
W) = Y BV (92 0

k,m=1

by definition of C,. Hence, W is an increasing convex function, and then £(¥) > 0, which

is equivalent to

3 sksms(p =P m) > 0.

k,m=1

(i) Since S is continuous on J, then it is #-exponentially convex.
(iii) This is a consequence of the characterization of convexity by the monotonicity of
the first order divided differences (see [12, p. 4]). a

We also can further refine previous results using divided differences. Let

D:{szpej}y

be a family of functions from C([0, a]) such that x,(0) = 0,p — [x,5; x,] is exponentially
convex on J for every choice of two distinct points x,y € [0,a], and p = [Xo,%1,%2; X,] is

exponentially convex on J for every choice of three distinct points xg,x1,%; € [0,4].

Theorem 3.6 Let f +— N(f) be the linear functional defined by (3.8) and let H : ] — R be
defined by

H(P) = m(Xp)y

where x, € D. Then the following statements hold:
(i) IfneNandpy,...,p, € R are arbitrary, then the matrix

|:H<pk +Pm ):|
2 k,m=1

is positive semidefinite.
(i) If the function H is continuous on ], then H is exponentially convex on J.
(iii) If H is positive and differentiable on ], then for every p,q,u,v € J such that

p <u,q <v,wehave

M(p,q) < M(u,v),
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where M(p, q) is defined by

H 1
( HEZ; )Pa

) PG
4 (H(p)
exp( d”H(p) ), p=q.

M(p,q) =

Proof (i) Letn e N,ps,...,p, € Rbe arbitrary and define an auxiliary function ¥ : [0, 4] —
R by

W)= D Exmxzm ).

k,m=1

Then

[x,y; W] = kZI E&mlxy; ka*;pm] >0

by definition of D and exponential convexity. This implies that W is a nondecreasing
function on [0,4]. Similarly, [xg,x1,%2; W] > 0, for every choice of three distinct points
x0,%1,% € [0,a]. This implies that W is a nondecreasing, convex function on [0,4] such
that W(0) = 0. Hence £(¥) > 0, which is equivalent to

3 &sw(@) > 0.

k,m=1

(ii) This follows from part (i).
(iii) This is a consequence of the characterization of convexity by the monotonicity of
the first order divided differences (see [12, p. 4]). O

Acknowledgements
The authors would like to thank an anonymous referee for his valuable remarks and suggestions that improved an earlier
version of the manuscript.

Funding
No funding was received.

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
The authors jointly worked on the results and they read and approved the final manuscript.

Author details

'Faculty of Mechanical Engineering and Naval Architecture, University of Zagreb, Zagreb, Croatia. *Faculty of Textile
Technology, University of Zagreb, Zagreb, Croatia.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 19 July 2018 Accepted: 14 October 2018 Published online: 22 October 2018



Jaksetic¢ et al. Journal of Inequalities and Applications (2018) 2018:288 Page 15 of 15

References

1.

2.

w

Steffensen, J.F.: On certain inequalities between mean values and their application to actuarial problems. Skand.
Aktuarietidskr. 1, 82-97 (1918)

Pecari¢, J, Smoljak Kalamir, K., Varosanec, S.: Steffensen’s and Related Inequalities (a Comprehensive Survey and
Recent Advances). Monographs in Inequalities, vol. 7. Element, Zagreb (2014)

. Bellman, R:: On inequalities with alternating signs. Proc. Am. Math. Soc. 10, 807-809 (1959)
. Godunova, EK, Levin, VI, Cebaevskaja, 1.V.: Novye issledovanija po funkcional’'nym neravenstvam, Materialy $estoi

mez. fiz-mat. nau¢. konf. Dal'nego Vostoka. Diff. i Int. Uravenija. Tom 3. Habarovsk, 70-77 (1967) (russian) (eng. New
results about functional inequalities)

. Pecari¢, J.E: On the Bellman generalization of Steffensen’s inequality. J. Math. Anal. Appl. 88, 505-507 (1982)
. Pecari¢, J.E.: On the Bellman generalization of Steffensen’s inequality II. J. Math. Anal. Appl. 104, 432-434 (1984)
. Mitrinovi¢, D.S,, Pecari¢, J.E.: On the Bellman generalization of Steffensen’s inequality lI. J. Math. Anal. Appl. 135,

342-345(1988)

. Jakseti¢, J, Pecari¢, J.: Steffensen’s inequality for positive measures. Math. Inequal. Appl. 18, 1159-1170 (2015)
. Jakseti¢, J,, Pecari¢, J, Smoljak Kalamir, K.: Some measure theoretic aspects of Steffensen’s and reversed Steffensen’s

inequality. J. Math. Inequal. 10, 459-469 (2016)
Jakseti¢, J.,, Pecari¢, J.,, Smoljak Kalamir, K.: Measure theoretic generalization of Pecari¢, Mercer and Wu-Srivastava
results. Sarajevo J. Math. 12, 33-49 (2016)

. Liu, Z: More on Steffensen type inequalities. Soochow J. Math. 31, 429-439 (2005)

Pecari¢, J.E, Proschan, F, Tong, Y.L.: Convex Functions, Partial Orderings, and Statistical Applications. Academic Press,
San Diego (1992)
Bernstein, S.N.: Sur les fonctions absolument monotones. Acta Math. 52, 1-66 (1929)

. Pecari¢, J, Peri¢, J.: Improvements of the Giaccardi and the Petrovi¢ inequality and related results. An. Univ. Craiova,

Ser. Mat. Inform. 39, 65-75 (2012)

. Jakseti¢, J,, Pecari¢, J.: Exponential convexity method. J. Convex Anal. 20, 181-197 (2013)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	Bellman-Steffensen type inequalities
	Abstract
	MSC
	Keywords

	Introduction
	Main results
	Applications
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


