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1 Introduction

Let R be a commutative ring. A set of m distinct elements in R such that
the product of any two distinct elements increased by z € R is a perfect
square is called a D(z)-m-tuple in R. The most studied case is the ring
of integers Z (for details see [6]). Recently, results on the extendibility of
Diophantine m-tuples in rings of integers of the imaginary quadratic fields
have been obtained. For example, such kind of problems in the ring of
Gaussian integers were studied by Dujella [5], Franusi¢ [10], Bayad et al.
[3, 4]. To see different types of results for z = —1 in the ring of integers
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Z[\/—t], for certain ¢ > 0, one can refer to [1, 9, 11, 19, 20, 21]. More
recently, for odd prime p and positive integer i Dujella and authors in [7]
obtained results about extendibility of a D(—1)-pair {1,2p'} to a quadruple
in Z[\/—t],t > 0. In this paper, we study the extendibility of another type
of a D(—1)-pair in such rings.

If the set {1, N}, N € N is a D(—1)-pair in Z[/—t],t > 0, we can easily
conclude that it should be a D(—1)-pair in N. If we suppose that N = pF,
where p is a prime and k£ € N, it can be shown that £ = 1 (for example,
see [13]). In [20], it was shown that there does not exist a D(—1)-quadruple
of the form {1,2,¢,d} in Z[y/—t],t > 1. In Gaussian integers there exist
infinitely many such quadruples (see [5]). Therefore, we will suppose that p
is an odd prime. By [21, Theorem 2.2] and its proof it follows:

Lemma 1 If t > 0, p prime and {1,p,c} is a D(—1)-triple in the ring
Z[\/—t], then c € Z. Moreover, for every t there ezists ¢ > 0, while the case
of ¢ < 0 is possible if only if t|p — 1 and the equation

1—

p
2 —pyt =2 1)

has an integer solution.

We can easily identify all divisors ¢ of p— 1 if we suppose that p—1 = ¢%/,
where ¢ is a prime and j € N. This leads us to the form p = 22" +1,n € N.
Therefore, we will consider Fermat primes greater than 3 as members of
D(—1)-quadruple in the ring Z[v/—t],t > 0 (since 2 is not a square in Z[y/—]
for any ¢ > 0, we omitted the case p = 3). So far, the only known such primes
are p = 5,17,257,65537 ([17]) corresponding to n = 1,2, 3,4, respectively.
The cases of p = 5,17 are already solved in [20]. Whenever it was possible
we proved some of our results on extendibility of a D(—1)-pair {1,p} to a
D(—1)-quadruple in Z[v/—t],t > 0 for arbitrary Fermat prime p.

2 Results

From [7, Proposition 2] immediately follows the next result:

Proposition 1 Let n > 1 and let p be the n-th Fermat prime. There ex-
ist infinitely many D(—1)-quadruples of the form {1,p,—c,d}, ¢,d > 0 in
Z[/—t),t € {1,22,...,2%" 2 22"},

In proving of our results we will use the following lemma:



Lemma 2 If a D(—1)-pair {1,a},a € N cannot be extended to D(—1)-
quadruple in integers, then there does not exist D(—1)-quadruple of the form
{1,a,b,c},b,c € N in the ring Z[/—t],t > 0.

Proof: If we suppose that a D(—1)-quadruple of the form {1, a, b, c},a,b,c €
N does not exist in integers and it exists in Z[y/—t],¢ > 0, the only possibility
is that at least one of terms a — 1,b— 1,c— 1,ab— 1,ac — 1,bc — 1 is equal
to —tu?, for some integer u. We obtain the contradiction with a, b, ¢ > 0.
O

Suppose that there exists a D(—1)-quadruple of the form {1,p,c,d}, in
Z[/—t],t > 0.

For ¢ { 22" from Lemma 1 it follows that ¢,d > 0. Now, from Lemma 2
we conclude that such quadruple exists in integers which contradicts with
[12, Corollarry 1.3].

Keeping in mind the statement of Proposition 1, it remains to consider
the cases of t € {2,23,.. .,2271*3,2271*1}. They all satisfy the condition
t] 22", so by Lemma 1 we have to consider weather the equation (1) has an
integer solution. We obtain equations

22— (2% 4 1)y? = =22+ 1e{0,1,...,2" -1}, (2)

From [7, Proposition 1] it follows that (2) is not solvable for [ < 2n_21 =1 and

the solution exists in the case of [ > 2%21 =

If n > 2, then the equation (2) is not solvable for [ < 2n_21_1, ie. L€

{0,1,...,2""2 — 1}. We conclude that for t € {22%1*1,22”71*3, S22
we have ¢,d > 0 which is again the contradiction with [12, Corollarry 1.3].
If n = 1 the only possibility is { = 0 and the equation (2) has no solutions.
Therefore, in the same way as above we obtain the contradiction in the case
of t = 2.
At this moment we can state the following result:

Proposition 2 Let n > 1 and let p be the n-th Fermat prime. There does
not exist D(—1)-quadruple of the form {1,p,c,d} in Z[\/—t],t > 0 in the
following cases:

a) t12%";
b) n=1andt=2;

C) n Z 2 and te {22’”71—"_17 22"71-‘,-3’ ey 22"—1}



Observe that until now we expressed all results for the case of n = 1.

Forn>2and [ € {272 ... 21 — 1} ie, t € {2,23,...,22" "1} the
integer solution of (2) exists. In that case at least one of ¢, d has to be nega-
tive integer (otherwise, we have the contradiction with [12, Corollarry 1.3]).
Since Z[v —22+1] C Z[/—2], it is enough to prove the nonexistence of such
D(—1)-quadruple in the ring Z[v/—2]. Therefore, if 5,1, z,y, z € Z, we will
consider the existence of D(—1)-quadruples of the form {1,p, —c, —d} and
{1,p, —c,d}, where ¢,d > 0, corresponding to the following systems, respec-
tively:

(i) —c—1=—-28% —pc—1= —2?, —d—1=—222, —pd—1 = —242, cd—
2

1 =27
(i) —c—1=-28% —pc—1= 282, d—1=22 pd—1=19% —cd—1=
—222.

In both cases the first two equations are equal and if we eliminate the variable
c we obtain

2 — (22" +1)32 = 22" L, (3)

Now we will analyze each of above cases.

Case (i)

According to [14] the primitive solutions to #2 — Dy? = N, where D > 0
is not a perfect square, with y > 0 can be found by considering the continued
fraction expansions of both w; = %ﬁ and w] = “1570‘/5, forl1 <i<r+2,
where Qo = |N|, and u1, . .. u, 12 are solutions of equation u?> = D (mod Qo)
in the range 0 < u < |N|/2. To check the solvability, we have to consider
only one of w; and w). This condition and [14, Theorem 2(a)] imply the next
lemma.

Lemma 3 Forl <i<r+42, let

—U; + \/5
“ie Qo

and let (P, + vVD)/Qum be the m-th complete convergent of the simple
continued fraction for w;. Then a necessary condition for x> — Dy? =
N,ged(z,y) = 1, to be solvable is that for some i € {1,...,r + 2}, we
have Q. = 1 for some m such that t +1 < m < t + [, where if | is even,
then (—=1)™N/|N| = 1.

= [ag, ..., at, g1, -, Qrrl) s



We can apply the above lemma to equation (3), for n > 3 (the case of n =
2 is covered by [20]). We have D = 22" + 1, N = —22"~1. Therefore, Qo =
22”1, Since the only solutions of equation u? = 22" +1 =1 (mod 22" 1)
such that 0 < u < 22" 72 are 1 and 22" 21, according to Lemma 3 we have
to find m-th complete convergents of

-1+ V22 4]

A VO Ry

w) = 5271 and  ws 9271
It can be shown that
) 0 1 2 3 4
Pl =1 [1]22" " —1| 1 |22 -1
QZ‘ 2271_1 2 22n—1 22n—1 2
and w; = |0, 22n_1*1, 1,1,22"" —1|. In this case we have [ = 3,¢ = 1 and
the condition )., = 1 does not hold for 2 < m < 4.
Similarly, in case of wo we obtain
i 0 1 2 3 4

-1

Pl —22""241| —22""2_1]22"3492]| 5 22" 3

Q; 22" -1 —92"=3 41| 922"3_3| 8 [3.22" 21

1 5 6 7 8

P22 | 22l | 2229 (927 g

Qi 22"

3.92"1-2 41 |5.92"'-2_3 8

and wy = [—1, 1,1,22"7'=3 -1,2,1,1,1,22" -2 — 1] Here we have [ = 5,
t = 3. The condition @Q,, = 1 does not hold for 4 < m < 8.
These considerations imply that the equation (3) has no primitive solu-

tions. Thus, ¢ and § are even numbers. Since ¢+ 1 = 252 it follows that
¢ =3 (mod 4). On the other hand,

22=cd—1=-1 (mod c).

That implies that (%1) =1,1i.e, c=1 (mod 4), which is a contradiction.
Now we are able to state the following result:



Proposition 3 Let n > 2 and let p be the n-th Fermat prime. There does
not exist a D(—1)-quadruple of the form {1,p,c,d}, cd > 0 in Z[/—t],t €
{2,23,... 22" -1}

Case (ii)

To completely solve this case we have to involve the results containing
different kind of bounds obtained by considering element ¢ which is generated
by solutions of (3). Thus, it was too complicate to obtain some general result
and in what follows we will restrict ourself into the cases of n = 3,4, i.e.,
p = 257,65537. For all calculations we used Wolfram Mathematica 11.

By using [16, Theorem 108a] all solutions in positive integers of Pellian
equation (3) are given by

F4 522" +1 =021 (22"’1 1422 1 1)
N
t+3

x (22"+1 F1 422 1) ,
N R (22"’1 —1- ey 1)
n n— N
X (22 422 1) ,

where N > 0, respectively. Thus we have two sequences of solutions deter-
mined by

EO — 22n—2—1(22”—1 o 1) §0 _ 22n—2_1
51 — 22n72_1(_22n+1 + 23.27%1_;'_2 13, 227#1 _ 1)’
5 = 22"*2—1(22"+2 _ 22"*1+1 + 1)7

tvee =202+ DIy —tn, Snvae =227 M + 15y, — 5w,

5’1 _ 2271—2—1(22"+1 + 92" ! +1), @
§ =27 4y,
o =220 4 1)ings — v, Snge = 2027 4+ 1)dng — én.
Let (t,s%),k = 0,1,2,... denote all positive solutions of Pellian equation

(3) given by (5) and (6), respectively. Then there exists an integer k such
that

c=cp=28>—1. (7)



Eliminating d, from

d—1 = 22,
2 +1d-1 = ¢
—cd—1 = —222

we obtain the system of simultaneous Pellian equations

222 —cx? = c+1, (8)
¥t 4 2)22 — ¢ = e+ (2% +1). (9)

Now we have to solve the above system depending on ¢ defined by (7). In
dependence on whether or not the non-trivial solution of the above system
exists, we will be able to conclude something about the existence of D(—1)-
quadruples determined by (ii). We state the following result:

Proposition 4 Let n = 3,4 and let p be the n-th Fermat prime. Let k
be a nonnegative integer and ¢ = ci be defined by (7). There does not
erist a D(—1)-quadruple of the form {1,p,—c,d}, ¢,d > 0 in Z[\/—t],t €
{2,23,... 22" 1},

The proof of Proposition 4 is divided into several parts, where we use the
standard methods when considering the extension of a Diophantine triple.
The problem of solving the system of simultaneous Pellian equations reduces
to finding intersection of binary recursive sequences vy; and wy. By using
the congruence method together with the result on linear forms in loga-
rithms due to Matveev ([15]) we will obtain an upper bound of extension
element and indices M, N of the recurring sequences. The reduction method
([8, Lemma 5a]), based on the Baker-Davenport lemma ([2, Lemma)), will
complete the proof of Proposition 4. Although the strategy of the proof is
similar as the proof of results in [20, 21|, for the convenience of the reader
we will write the basic steps. This is more technically challenging and really
a laborious work.

Positive solutions of Pellian equations (8) and (9) respectively have the
forms:

V24 2/ = (zo’)\f+:c0 )(2c+1+2sf) (10)
222 L2 4y e = (z \/QQ"T—I—yJ)\f)
x ((22 4 9)e + 1+2£\/m>]v,(11



where M, N are non-negative integers and {(z(()i),méi)) s io= 1,...,140},
{(zgj),yy)) :j =1,...,jo0} are finite sets of fundamental solutions of (8)
and (9), respectively, satisfying

)] < e

— )

] < et 2P Pyl < e

For simplicity, from now we will omit the superscripts (i) and (j). The
problem of solving the system of simultaneous Pellian equations (8) and
(9) consists in solving a finite number of Diophantine equations of the form
vy = wy, where sequences (vys) and (wy) are given by

vo = z0, U1 = (2¢+ 1)z¢ + 2¢8xg,

vprre = (de+ 2)vpyr1 — v, (12)

wo = 21, Wi = ((22"+1 +2)c+ 1)z1 + 2ctyy,
wyio = (222 + 4)c+ w1 — w. (13)

Congruences
From (12) and (13), we get by induction

vy = 29 (mod 2¢),

wy = 21 (mod 2c).

So if the equation vy; = wy has a solution in integers M and N, then we
have

20 = 21, (14)
21 = z0—2¢, 2z>0, (15)
21 = 2p+2¢, 2 <0. (16)

Observing the cases (15) and (16) from (8) we obtain the condition
c2i =1, i€{0,1,...,2%" 2} (17)

If p =257, i.e., n = 3, from (7) we obtain that ¢ = ¢g = 7. In that
case, it can be seen that the condition (17) is satisfied for some i. Therefore,
including the possibility (14), we have some new possibilities for zy and z;
determined by (15) and (16). Inserting that solutions into (8) and (9) it is
easy to see that at least one equation has no corresponding integer solutions



zo,y1. So in case of ¢ = 7 we will omit possibilities (15) and (16). Thus,
we will assume that ¢ > 7 is the minimal positive integer such that the
system of equations (8) and (9) has a solution. Then form (5), (6) and (7)
we obtain that ¢ > ¢; = 8711 is the minimal positive integer such that the
D(—1)-triple of the form {1,257, —c} can be extended. In that case the
condition (17) is not satisfied, and we have only (14).

By the same argumentation, in case of p = 65537, i.e., n = 4, possibilities
(15) and (16) will be omitted for ¢ = ¢ = 127 and ¢ = ¢; = 33685631.
Similarly, we will assume that ¢ > co = 8761833816191 is the minimal
positive integer such that the D(—1)-triple of the form {1,65537, —c} can
be extended and also conclude that if the equation vy; = wy has a solution,
then we have (14).

Besides that, we are obliged to say since the case (14) can also appear
for all above omitted ¢’s, in all further results that might be necessary for
the reduction method, we will also include those ¢ and use the reduction
method as well.

Let dog = (223 — 1)/c. Then

do —1= IL‘%,

22" + 1)dy — 1 = ¢?

( + ) 0 _yla
—cdy — 1 = —22¢,

so {1,2%" +1,—c,dp} is a D(—1)-quadruple. Moreover,
0<dy<c+2.

If dy = ¢+ 2, then (¢ + 1)? = 222, i.e. ¢ = —1 and 29 = 0. This is not
possible.

If dy = ¢+ 1, we obtain c(c + 1) + 1 = 2z3. Since ¢(c+ 1) + 1 is an odd
number, we have a contradiction. Therefore, dy < c.

Let dy > 1. Now, we will consider the extensibility of D(—1)-triple
{1,22" +1,d},d = dy to D(—1)-quadruple {1,2%" 4 1,d, e} with properties

d—1=4§,
(2% +1)d —1 =2, (18)
and
e—1=—-232
2% 4 1)e—1=—-2% (19)

ed —1=—252
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From (19) it follows

2:% —2di? = 1-—d, (20)
(2" 4 2)52 —2dp® = 22 +1—-4d. (21)

If d < 22" + 1, then from (18) in cases of n = 3,4 we obtain d = 226 and
d = 50626, respectively. In both cases the equation (20) is not solvable
modulo 4. Therefore, we can assume that d > 22" + 1.

If (2,2) and (2,y) are positive solutions of Pellian equations (20) and
(21), respectively, then there exist i € {1,...,i0}, j € {1,...,j0}, and inte-
gers M, N > 0 such that

22+ 2V2d =

. . M
202 + fo(’)\/2d> <2d 14 §\/4d> ,(22)
222"+ 2+ gv2d Z

( o)\ /2271 L9 4 yAl(j)\/ﬁ>
X ((22"+1 +2)d + 1+ 1/(22"+2 + 4)d>N (23)

We have

|ZAD(1)| < d,
209 < d

Similarly, from (22) and (23), we conclude that 2 = vj;) = wiy¥), for some
indices i, j and non-negative integers M, N, where

0@ =29, 5, = (2d - 1)2Y + 2dsz5,?,

0o = (4d —2)8%) | — v, (24)
woW = 20 0 = (22" 4+ 2)d — 1)) + 2dby D),

z
Wy = (22 F2 4 4)d - 2)a), | — winV). (25)

From now we will also omit the superscripts (i) and (j). Similarly, from (24)
and (25) it follows by induction that

v = (-D)MZ  (mod 24d),
wy = (-1D)VZ (mod 2d).

So, if vj; = W has a solution, we must have || = |z1].
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Suppose now that eg = (24 — 1)/d. Then

—€p — 1 = 2:1,’0 N
—(22" + e —1 = —25,2%,
—eod -1 = 220 5

so {1,22" 4+ 1,d, —ep} is a D(—1)-quadruple with 0 < eg < d.

Thus, by assumption that D(—1)-triple {1,22" + 1,dp}, dp > 1 can be
extended to D(—1)-quadruple {1,22" + 1,dy, —c}, we conclude that there
exists positive integer eg < do < ¢ such that {1,22" +1,dy, —ep} is a D(—1)-
quadruple. But, this is a contradiction with the minimality of c. Therefore,
do = 1 which implies that 2o = 21 = &3, 79 = 0, y; = 22"

From (10) and (11) it follows that we have to consider vy; and wy of
the form

5 M
szg((2c+1+2§\/2?) +(2c+1—2sf) ) (26)
. N
(5\/22"“ T2+ )( (221 4-2)c 41421, /(22" —|—2)c)
wN = 2 / 27L+1+ (27)
<§\/22"+1+2 + 22"’1f)<(22”+1+2 Yot 1-2i /(2711 2) )
+ or /22"+1_|_
From (12) and (13) we get by induction:
Lemma 4
v = 20+ 2¢M?z0 + 2¢M sz (mod 802),
wy = 21+ (27T +2)eN%2 + 2eNty;,  (mod 8¢2).

Now we are going to obtain an unconditional relationship between M and N.
For [ > 0 holds v; < w;, and vpy = wy, N # 0 implies that M > N.
Now we will estimate vy; and wy. From (26) and (27) we have

(2¢ + 1+ 25v2c)M,

l\')\r—t

vy > 2(20+1+23\F)

52 HT 2 4 92 n . N
wy < O ot ve ((22 T 2)e 1426/ (227H + 2)0)

922" +1 +2
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Since § < /¢ and > 22" '~1/2¢ it follows that

SV2TFT L2492 fe

PR < 2v/c, (28)
1
2((22 14 9)e + 14 28/(27H + 2) ) > 22NV, (29)

and we obtain

1
wN<f((22 1y e+ 1420/ (22 1 2) )

2

N+2

Thus vy = wy implies

oM log((22 4 2)e+ 14 2t,/(22°+1 4 2) )

<

30
2N +1 log(20+1—|—2s\ﬁ) (30)

By using (30), in cases of n = 3,4 we can easily prove the next lemma:
Lemma 5 Suppose that N # 0,vy = wy, and ¢ = ¢ is defined by (7).
1° Let n = 3.

(i) Ifc=co =17, then N < M < 3.94N.
(it) If c > ¢y = 8711, then N < M < 2.32N.

2° Letn =4.
(i) If c =co =127, then N < M < 4.18N.
(i) If ¢ > ¢ = 33685631, then N < M < 2.5N.
Now we will determine the lover bound for M and N in terms of c.

Lemma 6 Ifvy = wy, N #0, ¢c =c¢ip > cog = 7 in case of n = 3, and
¢ = ¢, > c1 = 33685631 in case of n = 4, defined by (7), then M > N >

\5/6/2271—1 ]
Proof: Let ¢ = ¢ be defined by (7). Since vy = wy, 20 = 21 = £5, 9 = 0,
and y; = 22", Lemma 4 implies
M? = (2 +1)N%5+£2¥" 'Ni (mod 4c),
SM2— (2 +1)N?) = 27 'Ni (mod 4c), (31)
252(M?* — (2% + 1)N?)?2 = 22"FIN%?2 (mod 4c).
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Since ¢+ 1 = 252, (22" 4+ 1)c + 1 = 2{? we have
(c+1D)(M? = (22" +1)NH2 = 22" N2((2*" + 1)e+1)  (mod 4c),
which implies
(M? — (22" +1)N?)2 =22"N?  (mod ¢). (32)

Assume that N < \5/5/22%1. Since N < M by Lemma 5, we have

15(M?% - (22" + 1)N?)| < ,/%-22 N? < %.Wq,

. (M?— (27 + )N?)2 < (22" N2 = 2" Ni < Vel < e
On the other hand, if n =3,¢ > ¢y =7, and if n = 4,¢ > ¢; = 33685631, it
holds
(22" +21)c +1 < YA
and we have

n—1~ n— 22n ]. 1 v n
92N <92 ) +2)C+ .22\fl<c, 22" N2 < V2 < c.

It follows from (31) and (32) that

(M2 — (22" +1)N?) = —22" "IN, (M2 — (22" +1)N?)2 = 22" N2,
Hence we have
§2(M? — (2% + 1)N?)? = 22" 2N? = #2(M? — (2*" + 1)N?)?,

which together with N # 0 implies 52 = 2. This is not possible.
O

Linear forms in logarithms

In order to successfully solve the equation vy = wy, it is necessary to
determine an explicit upper bound for index M or N. For this purpose, we
use Baker’s theory on linear forms in logarithms on algebraic numbers. In
that way we will obtain an upper bound for N. We will use the following
lemma:

Lemma 7 ([18, Lemma B2]) Ifa € (0,1) and 0 < |X| < a, then

—log(1l —a)
a

|log(X +1)| < | X
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First, let us prove the following result:

Lemma 8 Assume that ¢ = ¢y, is defined by (7). If vay = wy and N # 0,
then

0 <N log ((22”+1 +2)et14+2i/(227H + 2)0) ~ Mlog (20+1+2§\/%)

- 33
o 5V 12422 1ﬁ<K (33)
O )
§ §V27 T 42
where
7.57 - (1028¢)~N, if n = 3;
31.88 - (262148¢)~ N, ifn = 4.
Proof: Set
P =3(2¢+ 1+ 25v2c)M,
1 n—1
_ /92711 2 )
n ~ N
X ((22 14 9)e 414 20/(227F + 2)c) .
Therefore,
1
Pl =Z(2c+1-25V2c)M,
S
V22" 12 e
Q! :7n+ (5\/22"+1 +27F22 lﬁ)
c+22"+1
2" 41 Ing N
X ((2 T4 2)e+1—2t/(22"+1 + 2)c) :
If vpr = wy, then from (26) and (27) we obtain
-1 c+2¥ +1

We conclude that P > 1. Since

Q> (g 927 +1 +2—22"_1\/E)

1
/22" +1 +2
X ((22”1 +2)c+ 14 264/ (22"+1 + 2)c> ,
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it isn’t hard to conclude that @@ > 1. Furthermore,

c+2¥" +1, ., c+1_ 4
P-Q=pi—"Q '~ P
@ 22”+1+2Q 2
c+1 I
<5 (P-Q)P Q™ (36)
p_ctl _c+l (20+1+~2§\/%)M_1 “o
2 2 S
We obtain
1
P > C; : (37)

If we suppose that P > @, from (36) we conclude that PQ < (c+1)/2.
Since @ > 1, by using (37) we obtain a contradiction. Therefore, Q > P.
Now, if we consider (35), we conclude that

c+1

P>Q-— 5

Pl>Q-1. (38)

Since @ > 1, from (38) we obtain

Q-P

o < QL. (39)

On the other hand,

Vo 1 2 -
S A (5\/22"+1 12492 1\5)

“ec+22" 41
2741 7 -N
x ((2 49+ 14 20/(2271 + 2)c> .

Since c is defined by (7), we obtain that

22"+1 1 9 e 7.557, ifn=23;
ct+2% +1 31.876, ifn = 4.

Furthermore, from 2£,/(22" 1 4 2)c > (22"+! + 2)¢ we conclude that

((22n+1 +2)C+1+2£\/M)_N < ((22"+2+4)C)_N.
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Therefore,

7.557 - (1028¢) N, if n = 3;

(40)
31.876 - (262148¢)~N, if n = 4.

Now we are ready to bound linear form log% in logarithms.

By Lemma 7 for | X| = Q7! it follows from (39) and (40) that

P
0< log% = —log <1 — Q> < —log(1-Q ') < K, where

757 (1028¢)N,  ifn=3; (41)
31.88 - (262148¢)~Y, if n = 4.

Since
log% —Nlog ((22"+1 +2)et14+28/(22 1 + 2)c) — Mlog (2c+1+2§¢?c)

SVTHT 2492 e

+ lo
N

the statement of the lemma follows from (41).

Let
A =Nlog ((22’”‘+1 +2)e+ 1426/ (27 1 + 2)c> — Mlog (2c+1+2§\/%>

SV 24+ 22" e

+lo
SN s g

From Lema 8 we obtain an upper bound for log A. To obtain the lover
bound for log A we recall the following theorem of E. M. Matveev [15]:

Theorem 1 (Matveev, [15]) Let A1, A2, \3 be Q-linearly independent log-
arithms of non-zero algebraic numbers and let by, ba, b3 be rational integers
with by # 0. Define a;j = exp(A;) for j =1,2,3 and

A = b1 A1 + baAg + b3As.
Let D be the degree of the number field Q(ay, ag, as) over Q. Put

X = [R(a1, a2, a3) : R].
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Let Ay, Ao, Ag be positive real numbers, which satisfy
A; > max{Dh(a;),|);],0.16}, 1<j <3,

where h(a;j) is the absolute logarithmic height of a;j, 1 < j < 3. Assume that
B > max{1, max{|b;|4;/A; : 1 < j < 3}}.

Define also

5-165 4 3e\ X 5.5 12
Cy = 6 ¢ (T+29) (5 (20.2 + log(3°°D*log(eD))) .

Then
log|A| > —C1D*A; Ay Azlog (1.5eDBlog(eD)) .

In our case, by = N,bp = —M,bs =1,D =4,x =1, and
oy = (22T £ 2)e+14-281/(22" ! 4 2)c,
g = 2c4+1+25V2¢,

T a2
§V22 1 42 '

Minimal polynomials of oy, s are

ag

Poy(z) = 2% — (2 + 4)e + 2)z + 1,
P, (x) = 2% — (4c+ 2)z + 1.

Therefore, the corresponding absolute logarithmic heights are

1
h(aq) = B log aq,

1
h(OtQ) = 5 ].OgOéQ.

Note that ag is the root of the polynomial

, (22" +1)c+22"+1 5, (22" 4+ 2)c+22"F1 42 22 p1+4c
Pag (.’E) = 2277,71_1 r — 227171_1 x + 2271—1_1

From (4) we conclude that 22" ~2|§,2. Thus from (7) it follows that ¢ = —1
(mod 227171_1). Therefore, P, is the polynomial with integer coefficients.
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In this case we conclude that

1 (22" + 1)c+22" +1 92" =1, /(27" HT 1 2)¢
hlag) < 5 log ( 92" 11 b 27" +1)3

1 (22" +1)5° T
:2log< 712 +25y/(22" 1 4+ 2)¢

Let n = 3. Since § < y/c and t < 124/c it is easy to see that one can choose

A1 = 21og(1060¢),
Ay = 2log(6c),
As = 2log(111c).

Therefore, by using Lemma 5 we take

1.66 NV, ifc=71,
B= . . 42
2.32 - log(6¢) N oest (42)
log(1060c¢)

Now from Theorem 1 in combining with Lemma 8 we obtain

2.464-10'2 - 1og(1060c) - log(6¢) - log(111c) log (6 Be log(4e))

(43)
> Nlog(1028¢) — 2.03.
Similarly, in case of n = 4 we obtain
2.464-10'% - log(262859¢) - log(6¢) - log(1750¢) log (6 Belog(4e)) (44)
> Nlog(262148¢) — 3.47,
where
1.61N, if ¢ = 127;
B=4 25.1 . 45
5-10g(6¢) - N e o7 45)
log(262859c¢)

Now we are ready to prove the following result:
Proposition 5

1° If n =3 and ¢ = ¢, > co = 7 defined by (7) is minimal for which
the system of equations (8) and (9) has a nontrivial solution, then
¢ < 1.156 - 10'%.
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2° If n =4 and ¢ = ¢ > ¢; = 33685631 defined by (7) is minimal for
which the system of equations (8) and (9) has a nontrivial solution,
then ¢ < 2.385 - 10196,

Proof: 1°: Let n = 3 and ¢ = ¢ > 7 be defined by (7). From Lema 6 we
have N > ¢/¢/16. Then from (42) we obtain

2.32 - log(6c) - ¥/c
16 - log(1060c) -

B>

Thus we take

_0.15-log(6c) - ¥/c
~ log(1060c)

Now from (43) we obtain

2.464-10'% - 1og(1060¢) - log(6¢) - log(111c) log (6 Be log(4e))

5
> \1/66 log(1028¢) — 2.03,

and it follows that ¢ < 1.156 - 10190,
2°: Similarly, in case of n = 4 and ¢ = ¢ > ¢1 = 33685631 defined by
(7), from (44) and (45) we obtain the inequality

2.464-10'2 - 1og(262859¢) - log(6¢) - log(1750¢) log (6 Be log(4e))

Ve
——10g(262148c) — 3.4
> 556 0g(262148¢) — 3.47,
where
~0.01 - log(6¢) - ¥/c
~ 1og(262859¢)
It follows that ¢ < 2.385 - 10106, O
Now we determine all ¢ defined by (7) which satisfy the Proposition 5.
In case of n = 3 we obtain ¢ € {cy,...,cs2}, while for n = 4 it follows that
c €{co,...,c19}. To complete the proof of Proposition 4 in cases of n = 3,4,

we have to check if there is any nontrivial solution of the system of equations
(8) and (9) for every such c. In the each case of ¢ we use relations (42) —
(45) to find an explicit upper bound for N. To obtain much better bound
for N we use the reduction method of Dujella and Pethé [8].

Lemma 9 ([8, Lemma 5a]) Suppose that N is a positive integer. Let p/q
be the convergent of the continued fraction expansion of k such that ¢ > 6N
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and let € = ||pg||— N -||rq||, where ||-|| denotes the distance from the nearest
integer.
If € > 0, then there is no solution of the inequality

0<Nk—-M+pu<A-BN (46)
in integers M and N with

A
log?q <N<N.
logB ~—

From (33) dividing by log(2c + 1 + 25v/2¢c) we have

n ing z on 41 + on—1
log ((22 4 2)e+ 142t /(22" 1 + 2)0) log sV/22 242" e

k= s = VP2
log(2¢ + 1 + 25v/2¢) T log(2e + 1+ 25v/3¢)

A-BN = K .
log(2¢ + 1 + 25v/2¢)

We apply Lemma 9 with N the upper bound for N in the each case of c.
Once we get the sufficiently small an upper bound for N, by using Lemma 5
we find the corresponding M. For the convenience of the reader we will list
one step in the each case of n.

en=3,c=co=7,5=21=30;

We obtain N = 3-10%. In the first step of reduction we obtain N < 4.
Therefore, N =1, M =2,3;, N=2,M =3,...,7;, N =3, M =4,...,11;
N=4M=5,...,15.

en=4,c=co=127,5=8,t = 2040;

It follows N = 9 -10'® and from the first step of reduction we have N < 2.
Thus, N=1,M =2,3,4;, N=2,M =3,...,8.

For determined indices M and N it is easy to check that in the each case
there are no solutions of the equation vy; = wy. This completes the proof
of Proposition 4.

Note that we have just proved that for such ¢’s the system of simulta-
neous Pellian equations (8) and (9) has only a trivial solution. Namely, if
k is a nonnegative integer and ¢ = ¢ is defined by (7), all solutions of the
system of simultaneous Pellian equations (8) and (9) are given by

n— 1
(x,y,z)—<0,22 1,:|: C—; )

All previously shown we can write in the form of the following result:
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Proposition 6 Letn = 3,4 and let p be the n-th Fermat prime. There does
not exist a D(—1)-quadruple of the form {1,p, c,d} in Z[\/—t],t € {2,23,...,
92" -1y

Although in Propositions 1, 2 and 3 we presented results on Fermat
primes 22" + 1 for arbitrary n > 1 as members of D(—1)-quadruple in
Z[/—t] depending on t > 0, we can summarize all previously known and
just obtained results for so far known Fermat primes in the form of the
following theorem:

Theorem 2 Let n € {1,2,3,4} and let p be the n-th Fermat prime. Let
t>0. Ifte{1,2%...,22"72,22") then there exist infinitely many D(—1)-
quadruples of the form {1,p,c,d} in Z[\/—t]. In all other cases of t, in
Z|\/—t] does not exist D(—1)-quadruple of the previous form.
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