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Abstract

A 2D finite element formulation for a multi-layer beam with an arbitrary number of layers with interconnection which allows for
mixed-mode delamination is presented. The layers are modelled as linear beams, while interface elements with embedded cohesive
zone model are used for the interconnection. The only basic unknown functions of the system are two components of the displacement
vector and one cross-sectional rotation per layer. A bi-linear constitutive law for single delamination mode and a mixed-mode damage
evolution law are used to model damage at the interconnection. Sharp snap-backs in the force-displacements diagram, which appear
as an artefact of the numerical integration, are handled with the modified arc-length method in the solution procedure. The present
model is successfully verified against commonly used models which use 2D plane-strain finite elements for the bulk material as well as
against the analytical solutions on various numerical examples from the literature.
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1. Introduction

Research and application of layered composite structures in
many areas of engineering has been a topic of undiminished in-
terest in the computational mechanics community over the last
few decades. Due to an optimised performance of the compo-
nents of composite structures, they are economical and have a
high load-bearing capacity. The mechanical behaviour of these
structures largely depends on the type of connection between the
layers, which is usually not completely rigid and allows for inter-
layer slip or/and uplift. Delamination between the components of
composite structures presents one of the most prevalent and se-
vere failure modes in layered composite structures. To bridge the
gap between expensive computational procedures for modelling
delamination in composite structures and a desire to have more
effective and engineer-oriented design tools, in this work, a finite
element formulation for a multi-layer beam with compliant inter-
connection is presented. Here, the processes of crack occurrence
and propagation, damage-type material softening, and eventual
delamination are modelled using Timoshenko’s beam-type finite
elements to describe structural layers and interface elements with
bi-directional stiffness [1] to describe interconnections between
layers. Beam elements are more intuitive than solid elements,
they make use of a smaller number of degrees of freedom eventu-
ally reducing the overall computational burden, and can be used
with very good accuracy for problems such as double cantilever
beam (DCB) and peel tests.

2. Problem description

An initially straight multi-layer beam of lengthL in which the
layers are allowed to move with respect to one another depending
on the properties of the interconnection is considered. The beam
is composed of n layers and n− 1 interconnections. An arbitrary
layer is denoted as i, while an arbitrary interconnection, placed
between layers i and i+ 1, is denoted as α.

Kinematic equations for layers are defined according to Tim-
oshenko’s beam theory, constitutive equations assume that the
layers’ material is linear-elastic, while the equilibrium equations

are derived from the principle of virtual work (see [2] for details).
Interface finite elements by Alfano and Crisfield [1] with embed-
ded cohesive zone model (CZM) are adopted in the present multi-
layer beam model. The interface is a zero-thickness layer with a
non-linear constitutive law allowing for delamination in modes I
and II including a mixed-mode delamination. Thus, depending
on the conditions on the interface, the connection between layers
can be linear-elastic and after the softening of the interconnection
material a complete damage may occur. Deformations of an in-
terconnection α are calculated from the relative displacements of
adjacent layers i and i + 1, thus the interconnection does not in-
troduce any new degrees of freedom. Basic unknown function for
a multi-layer beam composed of n layers are two components of
displacement (ui(X1) and vi(X1)) and a cross-sectional rotation
θi(X1) per layer which makes a total of 3×n unknown functions.
Since the proposed formulation is non-linear due to the intercon-
nection’s constitutive law, the solution is obtained numerically
using finite element method.

3. Solution procedure

The total virtual work for the multi-layer beam analysed is
composed by the virtual work of n layers and the virtual work of
n−1 interconnections. The nodal vector of residual forces is ob-
tained from the condition that the total virtual work for the multi-
layer beam must equal zero. By linearising the nodal vector of
residual forces the nodal tangent stiffness matrix can be obtained.
The global vector of residual forces, global tangent stiffness ma-
trix and global vector of increments of the unknown functions are
assembled using the standard finite-element assembly procedure
and the system is solved using the Newton-Raphson procedure.
Gauss quadrature with N − 1 integration points is used for the
integration of the beam parts (layers) and Simpson’s rule with
N + 1 integration points is used for the interconnection parts,
where N is the number of nodes.

For each finite element and each interconnection the relative
displacements are calculated and then at each integration point
of the interconnection the current stage of delamination is deter-
mined (linear-elastic behaviour, softening, unloading and reload-
ing with a reduced stiffness or total damage). The total loss of ad-
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hesion at an integration point will lead to very sharp snap-backs in
the load-displacement diagram, which is a behaviour that cannot
be captured neither with standard load- or displacement-control
methods in the Newton-Raphson solution procedure, nor with the
standard arc-length procedure. In the present work the modified
arc-length method [1] is used.

4. Numerical Examples

The present model has been tested for mode I, mode II and
mixed-mode delamination.

4.1. Mode I delamination

The double cantilever beam (DCB) test for mode I delamina-
tion from [1] is performed using the present formulation. An ex-
cellent agreement of the results obtained using the present model
with analytical solution can be noticed (see Fig. 1). In [2] it is
also shown that the present model, using significantly less de-
grees of freedom, gives results which basically coincide with the
results from [1], obtained using 2D solid elements for the bulk
material.

Figure 1: Results for the DCB test

4.2. Mode II delamination

The results of the present model for the end-notched flexure
(ENF) specimen test again show an excellent agreement with the
analytical results (see Fig. 2). In [2] it is shown that these results
are closer to the analytical solution using less degrees of free-
dom than the ones presented in [3] and obtained using 2D solid
elements for the bulk material.

Figure 2: Results for the ENF specimen test

4.3. Mixed-mode delamination

The present model has been successfully tested on different
specimens for mixed-mode delamination [1, 3, 4] (see [2] for de-
tails), but here only results for a mixed-mode delamination spec-
imen from [4] are presented (see Fig. 3). For three cases of mate-
rial parameters (A, B, C) of the interconnection it has been shown
that the oscillations, typical for the numerical analysis of delam-
ination problems, depend not only on the meshing and number
of integration points, but also on the material parameters of the
interconnection. Again, it has been shown that multi-layer beam
model, in comparison with the models using 2D elements for the
bulk material, gives results of satisfactory accuracy using signifi-
cantly less degrees of freedom.

Figure 3: Results for the mixed-mode delamination specimen

5. Conclusions

A multi-layer beam with interconnection allowing for delam-
ination between layers has been presented, where the bulk mate-
rial is modelled using beam finite elements and the cohesive-zone
model incorporated into the interface elements is used for the in-
terconnection. Modelling the bulk material structure as beams,
in comparison with commonly used 2D plane-strain finite ele-
ments, gives comparable accuracy using a reduced total number
of degrees of freedom. It was noticed that the mesh-dependent
oscillations caused by the numerical integration reduce with the
mesh refinement or addition of the integration points.
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