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Abstract

The paper presents a novel geometrically exact spatial beam finite element derived from the so-called fixed-pole approach. While
utilising the standard Galerkin discretisation, these elements turn out to have non-standard degrees of freedom which are a combination
of translations and rotations. If these unknowns are interpolated using Lagrange polynomials the discretised strain measures turn out to
be strain non-invariant. In this work a remedy to this problem is presented.
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1. Introduction

In the context of geometrically exact spatial beam theory, the
strain measures are invariant to rigid-body rotation [1]. However,
their approximated values do not necessarily inherit this property
[2]. Regardless of the choice of the interpolated quantities – being
it the iterative [3, 4], the incremental [5, 6] or the total rotations
[7] – the interpolation is always applied to the rotations between
a particular reference configuration and the current configuration.
As a consequence, the rotations interpolated in this way in gen-
eral include rigid-body rotations, so that the error, introduced by
the interpolation, makes the resulting strain measures dependent
on the rigid-body rotation [1]. The remedy that Jelenić and Cr-
isfield proposed is logical – elimination of rigid-body rotations
from the interpolation of the rotational variables. In [1] this was
achieved by decomposing the total rotational matrix Λ(x) using
a reference orientation matrix Λr which is unique for the whole
beam and rigidly attached to it, and an orientation matrix defining
a local rotation Ψl(x) between the reference orientation matrix
and the total orientation matrix, so that

Λ(x)
.
= Λh(x) = Λr exp“Ψlh

(x) . (1)

This means that the only interpolated quantities are in fact the
local rotations Ψl, which results in a strain-invariant and path-
independent formulation.

2. The fixed-pole approach

The fixed-pole approach, first described by Borri and Bot-
tasso [8] is based upon the fact that the spatial kinematic quan-
tities may be expressed with respect to the fixed pole (i.e. the
origin of the spatial co-ordinate system), rather than the moving
pole (i.e. the reference axis at a given cross-section). In that
sense, the fixed-pole quantities are merely a special case of spa-
tial quantities. Relating them to their material counterparts results
in the so-called configuration tensor

C =

ï
I r̂
0 I

ò [
Λ 0
0 Λ

]
=

ï
Λ r̂Λ
0 Λ

ò
, (2)

where r is the position vector, r̂ is a skew-symmetric matrix cor-
responding to the cross-product r× and Λ is the orientation ma-
trix of the cross-section. The fact that C is an element of the
special group of rigid motions SR(6) with a closed form of the
exponential map [9] enables a unified configuration update, anal-
ogous to the update of orientation matrices which are elements of
the well-known special orthogonal group SO(3).

The spatial strain measures γ and κ defined in [10] may be
stacked as{
γ
κ

}
=
{

r′

κ

}
−
{

t1
0

}
= χ− χN , (3)

with

χ =
{

r′

κ

}
,

as the strain parameter and

χN =
{

t1
0

}
as the “natural configuration parameter” as termed in [8, 9], with
t1 as the unit vector in the direction of the beam reference axis at
the cross section. The reason for dividing strain measures in two
parts χ and χN becomes evident when taking the derivative of
the configuration tensor with respect to the beam arc-length x

C′ =
d

dx

ï
Λ r̂Λ
0 Λ

ò
=

ï
Λ′ r̂′Λ + r̂Λ′

0 Λ′

ò
.

Noting that Λ′ΛT = κ̂ we obtain

C′ =

ï
κ̂ r̂′ +’r × κ
0 κ̂

ò ï
I r̂
0 I

ò [
Λ 0
0 Λ

]
, (4)

because for 3D skew-symmetric matrices r̂, κ̂ we have’r × κ =
r̂κ̂ − κ̂r̂. The fixed-pole description of the strain parameter is
[11]

χ =
{

r′ + r × κ
κ

}
, (5)
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which allows for recognising that (4) can be written as

C′ = ÊχC = CÁX , (6)

withÊχ =

ï
κ̂ r̂′ +’r × κ
0 κ̂

ò
and ÁX =

ñ“K ‘ΛT r′

0 “K ô
as the matrices corresponding to the fixed-pole and material de-
scription of the strain parameter, respectively.

When deriving the finite element based on the fixed-pole
equations of motion we turn out to have non-standard virtual
quantities

δς =
{
δξ
δϑ

}
=

ï
I r̂
0 I

ò{
δr
δϑ

}
, (7)

where δϑ is the spin vector. Applying the Galerkin method, this
results in non-standard system unknowns. Interpolating these un-
knowns by means of Lagrange polynomials strain non-invariant
and path-dependent results are obtained, even in the planar case.
The reason for this is that the rotations are also present in the
translational part of the system unknowns.

3. Objectivity of strain measures

Since there are many analogies between the orientation ma-
trix Λ and the configuration tensor C [9, 11], the idea of applying
the methodology presented in [1, 2] comes naturally. Using this
idea the objectivity of the theory is inherited by the actual imple-
mentation. The configuration tensor C(x) is decomposed using a
reference configuration tensor Cr which is unique for the whole
beam and rigidly attached to it, and a configuration tensor defin-
ing a local 6D configuration vector, Φl(x) between the reference
configuration tensor and the total configuration tensor so that

C(x) = Cr exp ÊΦlh
(x) . (8)

The reference configuration tensor represents the configuration of
one of the beam nodes. In the most general case, two nodes I and
J are selected, and a relative configuration vector between these
nodes is calculated using

exp ÊηIJ = C−1
I CJ . (9)

ηIJ is then extracted using a 6D version of Spurrier’s algorithm
[12, 11]. The reference tensor Cr is defined as a midway config-
uration between CI and CJ as

Cr = CI exp
(

1

2
ÊηIJ

)
. (10)

The nodal configuration tensor Ci is evaluated from Ci =

expÈ∆ςiCi, old. From (8) we extract the nodal values of the local
configuration vector Φl

i using

exp ÊΦl

i = C−1
r Ci . (11)

Then the values of the local configuration vector are interpolated
along the beam reference axis using Lagrange polynomials

Φl(x)
.
= Φlh(x) =

N∑
k=1

IkΦl
k ,

Φl′(x)
.
= Φlh′(x) =

N∑
k=1

Ik
′
Φl

k .

(12)

It should be stressed that an alternative Lagrangian interpolation
of ∆ς would inevitably result in a non-objective formulation,
even in 2D. The described procedure makes it possible to eval-
uate strain measures (strain parameter) using only the relative
configuration vector, and to derive 6D interpolating functions for
the configuration spins is [11]. Implementing these two inter-
ventions, the fixed-pole formulation becomes strain-invariant and
path-independent.
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[6] G. Jelenić and M. A. Crisfield. Interpolation of rotational
variables in nonlinear dynamics of 3D beams. Int. J. Nu-
mer. Methods Eng., 43(7):1193–1222, 1998.
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