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On Asymptotic Behavior of Solutions

to Higher Order Nonlinear Differential Equations

IRINA ASTASHOVA

Lomonosov Moscow State University
Faculty of Mechanics and Mathematics

GSP-1, Leninskiye Gory, 1, 119991, Moscow, Russia

ast@diffiety.ac.ru

Consider the equation y(n) + p(x, y, y′, ...y(n−1)) |y|ksgny = 0 with n ≥ 1, real
k > 0, k 6= 1 and a continuous function p.
Some new results about the asymptotic behavior of blow-up and oscillatory so-
lutions for k > 1 are obtained. For example, the existence of such solutions with
non-power quasi-periodic behavior is proved for constant p. This yields the ex-
istence of solutions with arbitrary number of zeros. Similar results are also ob-
tained for 0 < k < 1.

References and Literature for Further Reading
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Nonautonomous Ordinary Differential Equations, Kluver Academic Publishers,
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Stability of Cooperative Dynamics on

Graphs under Time Delays

FATIHCAN M. ATAY

Max Planck Institute for Mathematics in the Sciences
Inselstraße 22

04103 Leipzig, Germany

atay@member.ams.org

We consider dynamics on finite graphs subject to a discrete Laplacian operator
and time delays. We study the stability of the spatially homogeneous (synchro-
nized) state and its relation to the properties of the underlying graph. We address
both discrete and continuous-time systems, as well as discrete and distributed
delays. Applications are indicated in the fields of the stability of traffic flow, syn-
chronization of coupled oscillators, and consensus in social dynamics and dis-
tributed computing.

References and Literature for Further Reading

[1] F. M. Atay: The consensus problem in networks with transmission delays, Philo-
sophical Transactions of the Royal Society A, 371 (2013), 20120460.

[2] F. M. Atay: On delay-induced stability in diffusively coupled dynamical systems,
Afrika Matematika 23 (2012), 109–119.

[3] F. M. Atay: Delayed feedback control near Hopf bifurcation, Discrete and Con-
tinuous Dynamical Systems S, 1 (2008), 197–205.

[4] F. M. Atay: Oscillator death in coupled functional differential equations near Hopf
bifurcation, J. Differential Equations 221 (2006), 190–209.

[5] F. M. Atay and Ö. Karabacak: Stability of coupled map networks with delays,
SIAM J. Applied Dynamical Systems 5 (2006), 508–527.
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On Limit Cycles in Liénard Type Equations

SVETLANA ATSLEGA 1

University of Latvia
Institute of Mathematics and Computer Science

Rainis blvd. 29
LV-1459 Riga, Latvia

svetlana.atslega@llu.lv

We consider the Liénard type equations

x′′ + f(x)x′ + g(x) = 0

where f(x), g(x) are polynomials, with respect to the existence and location of
limit cycles.

References and Literature for Further Reading

[1] B. Coll, F. Dumortier, R. Prohens: Alient limit cycles in Liénard equations, J.
Differential Equations 254 (2013), 1582–1600.

[2] J. Llibre, G. Rodriguez: Configurations of limit cycles and planar polynomial
vector fields, J. Differential Equations 198 (2004), 374–380.

[3] W. Xu, C. Li: Limit cycles of some polynomial Liénard systems, J. Math. Anal.
Appl. 389 (2012), 367–378.

[4] J. Li: Hilbert’s 16th problem and bifurcations of planar polynomial vector fields,
Intern. J. of Bifurcation and Chaos 13, No. 1 (2003), 47–106.

1Acknowledgement. The support of the ESF project 2013/0024/1DP/1.1.1.2.0/13/APIA/VIAA/045
is kindly announced.
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Darboux Problem on Multidimentional Time Scale

ANTONI AUGUSTYNOWICZ

University of Gdańsk
Institute of Mathematics

Wita Stwosza 57
80-952 Gdańsk, Poland

antek@mat.ug.edu.pl

We consider existence and uniqueness of solutions for Darboux problem of neu-
tral type on cartesian product of time scales. Lipschitz conditions with respect
to functional arguments of the right-hand side of equation are assumed. We use
some Bielecki norm in the space of rd-continuous functions and Banach contrac-
tion principle.
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A Differential Equation Model of Optimization

of Data Transfer Rate

ISTVÁN BALÁZS

University of Szeged
Bolyai Institute

Aradi vértanúk tere 1
6720 Szeged, Hungary

balazsi@math.u-szeged.hu

We consider a system of differential equations that has a delay depending on the
solution. The time delay is defined by an ordinary differential equation with a
non-continuous right hand side. The problem emerges in optimization (in the
function of utility and price) of data transfer rate of computer networks.
The equation can not be inserted neither in the standard theory of functional
differential equations nor in the theory of equations with state-dependent delay
emerging in the recent years. Two main technical problems cause the difficulty:
the state-dependent delay and the not smooth member in the algebraic equation
defining the delay.
The main result is that the system defines a continuous semi-dynamical system.
Under certain conditions we verify global convergence to the optimum (which is
an equilibrium). We also prove results for existence of periodic solutions around
the optimum.
New results: construction of appropriate phase space for the problem, verifying
existence and uniqueness of solution in the phase space and continuous depen-
dence on initial data, furthermore showing possibility of periodic behavior.

References and Literature for Further Reading

[1] F. Kelly, A. Maulloo, D. Tan: Rate Control for Communication Networks:
Shadow Prices, Proportional Fairness and Stability. Journal of the Operational
Research Society 49(3) (1998), 237-252.

[2] P. Ranjan, R. J. La, E. H. Abed: Global Stability with a State-Dependent Delay in
Rate Control. Proc. Conference on Time-Delay Systems, Belgium (2004).

5



Permanence in the Nonautonomous Competitive

Reaction–Diffusion System with Delays

JOANNA BALBUS

Wrocław University of Technology
Institute of Mathematics and Computer Science

Wybrzeże Wyspiańskiego 27
50-370 Wrocław, Poland

joanna.balbus@pwr.wroc.pl

In this talk we consider a nonautonomous competitive reaction–diffusion system
with delays

∂ui
∂t

= ∆ui + fi(t, x, ut)ui, t > t0, x ∈ Ω, i = 1, . . . , N

αi(x)ui(t, x) + ki(x)∂ui
∂n

(t, x) = 0, t > t0, x ∈ ∂Ω, i = 1, . . . , N,

ui(Θ, x) = φi(Θ, x) t0 − τ ≤ Θ ≤ t0 x ∈ Ω, i = 1, . . . , N

(RD)

where ut(·, x) denotes the member of C([−τ, 0]N) defined by Θ 7→ u(t + Θ, x) =
(u1(t + Θ, x), . . . uN(t + Θ, x)), αi : Ω̄ → [0,∞) and ki : Ω̄ → [0,∞) are C1, Ω
is a bounded domain with a sufficiently smooth boundary ∂Ω, ∆ is the Laplace
operator on Ω . Applying the Ahmad and Lazer’s definitions of lower and upper
averages of a function we give an average conditions for the permanence of the
system. This results can be used to the ordinary differential equations.
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Scale-Invariant Selfadjoint Extensions

of Scale-Invariant Symmetric Operators:

Differential Operator Versus Difference Operator

MIRON B. BEKKER

University of Pittsburgh at Johnstown
Department of Mathematics

450 Schoolhouse Rd
Johnstown, PA 15901, USA

bekker@pitt.edu

We consider symmetric operators with index of defect (1, 1) which are unirar-
ily equivalent to their scalar multiple. Such operators we call scale-invariant.
Examples of scale-invariant operators are provided in classes of differential and
difference operators. A difference operator under consideration are generated by
bilateral Jacobi matrix and it acts in the space l2(q; Z) of all sequences {xn}∞−∞
with complex entries such that

∑∞
−∞ q

n|xn|2 < ∞, (q > 1 is a fixed number).
We investigate existence of selfadjoint extensions of such operators and compare
corresponding results for differential and difference operators.
Some of the results of the presentation were obtained in collaboration with
Martin Bohner (USA), Mark Nudel’man (Ukraine), and Hristo Voulov (USA).

References and Literature for Further Reading

[1] B. Bekker, M. B. Bekker: On selfadjoint homogeneous operators, Complex Anal.
Oper. Theory 7 (2013), 9–31.

[2] M. B. Bekker: On a class of nondensely defined Hermitian contractions, Adv.
Dyn. Syst. Appl. 2(2) (2007), 141-165.

[3] M. B. Bekker, M. J. Bohner, A. N. Herega, H. Voulov: Spectral analysis of a
q-difference operator, J. Phys. A 43(14) (2010), 145207.

[4] M. B. Bekker, M. J. Bohner, H. Voulov: q-difference operator with discrete and
simple spectrum, Methods Funct. Anal. Topology 17(4) (2011), 281–294.

[5] M. B. Bekker, M. J. Bohner, H. Voulov: Extreme Self-Adjoint Extensions of
a Semibounded q-Difference Operator, Mathematische Nachrichten 287, 8/9
(2014), 869–884.

7



New Global Exponential Stability Criteria

for Nonlinear Delay Differential Systems

with Applications to BAM Neural Networks

LEONID BEREZANSKY

Ben-Gurion University of the Negev
Department of Mathematics

P.O. Box 653, 84105
Beer-Sheva, Israel

brznsky@cs.bgu.ac.il

We consider a nonlinear non-autonomous system with time-varying delays

ẋi(t) = −ai(t)xi(hi(t)) +
m∑
j=1

Fij(t, xj(gij(t))), i = 1, . . . ,m

which has a large number of applications in the theory of artificial neural net-
works. Via the M -matrix method, easily verifiable sufficient stability conditions
for the nonlinear system and its linear version are obtained. Application of the
main theorem requires just to check whether a matrix, which is explicitly con-
structed using the system’s parameters, is an M -matrix. Comparison with the
tests obtained by K. Gopalsamy (2007) and B. Liu (2013) for BAM neural net-
works illustrates novelty of the stability theorems.

8



Nonoscillation and Oscillation Properties for

Third Order Difference Equations of Neutral Type

AGATA BEZUBIK

University of Białystok
Institute of Mathematics

Akademicka 2
15-267 Białystok, Poland

agatab@math.uwb.edu.pl

We consider a class of third order nonlinear delay diffrence equations of neutral
type. Some criteria for the oscillation of bounded solutions will be presented. An
example illustrates the result.

References and Literature for Further Reading

[1] M. Migda, A. Musielak, E. Schmeidel: On a class of fourth order nonlinear
difference equation, Advances in Difference Equations 2004:1 (2004) 23–36.

[2] M. Migda: Oscillation and nonoscillation results for higher-order nonlinear differ-
ence equations, Fields Institute Communications, Vol. 42, 285–294, (2004).

[3] E. Schmeidel, Z. Zba̧szyniak: An Application of Darbo’s Fixed Point Theorem in
Investigation of Periodicity of Solutions of Difference Equations, Comput. Math.
Appl., Vol. 64 (7), 2185–2191, (2012).

[4] R.P. Agarwal, M. Bohner, S.R. Grace, D. O’Regan: Discrete Oscillation Theory,
Hindawi Publishing Corporation, New York, 2005.
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Non-autonomous Systems with Impulses

and the Navier-Stokes Equation

EVERALDO DE MELLO BONOTTO

University from São Paulo
Department of Applied Mathematics and Statistics

Brazil

ebonotto@icmc.usp.br

In this work, we investigate the existence and uniqueness of mild solutions for the
two-dimensional Navier-Stokes equation with impulses. We also present some
results of the theory of attractors for the Navier-Stokes equation with impulses.

References and Literature for Further Reading

[1] E. M. Bonotto, D. P. Demuner: Autonomous dissipative semidynamical systems
with impulses, Topological Methods in Nonlinear Analysis 41 (2013), 1–38.

[2] E. M. Bonotto, D. P. Demuner: Non-autonomous dissipative semidynamical sys-
tems with impulses, Submitted.

[3] D. N. Cheban: Global attractors of non-autonomous dissipative dynamical sys-
tems, Interdiscip. Math. Sci., vol. 1, World Scientific Publishing, Hacken-
sack, NJ, 2004.
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Cluster Formation in Granular Dynamics,

Bird Flocking and Chimera States

TASSOS BOUNTIS

Center of Research and Application of Nonlinear Systems
and Department of Mathematics

University of Patras, Patras, Greece 26500

tassos50@otenet.gr

One of the most interesting applications of differential and difference equations
concerns the mathematical modeling of complex systems arising in Physics and
Biology. In this lecture, we will use differential and difference equation models
to study the phenomenon of cluster formation, according to which such systems
“condense”, form flocks or synchronized patterns, apparently spontaneously dur-
ing their time evolution. This type of behavior typically occurs as a result of an
internal instability, due to which the system undergoes a global “bifurcation”,
that one may well characterize as a dynamical phase transition. In particular,
we will first describe clustering in granular material flowing down an array of
periodically shaken boxes [1] and then discuss groups of birds, where a “noise”
parameter causes flocking to break down by a phase transition, whose order re-
mains to date a hotly debated issue [2,3]. Finally, referring to the observation
that in the brain of some mammals the sudden appearance of neighboring syn-
chronous and asynchronous neuronal ensembles forms the so called “chimera
state” [4,5], we will present results on Hindmarsh Rose models of neuron oscilla-
tors as well mechanical networks of coupled pendulum-like systems [6,7], where
such fascinating chimera states can be analyzed in detail in terms of networks
nonlinear differential equations.

References and Literature for Further Reading

[1] G. Kanellopoulos, J. P. van der Weele: Subcritical Pattern Formation in Granu-
lar Flow, Int. J. of Bifurcation and Chaos 21, (2011) 2305-2319.

[2] T. Vicsek, A. Zafeiris: Collective motion, Physics Reports 517, no. 3-4 (2012),
71–140.

[3] H. Christodoulidi, T. Bountis, J. P. van der Weele J. P.: Phase Transitions
in Models of Bird Flocking, special volume honoring the memory of Profes-
sor John S. Nicolis, Chaos, Information Processing and Paradoxical Games,
World Scientific Publishing Co., edited by G. Nicolis and V. Basios (2014).
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[4] Y. Kuramoto, D. Battogtokh: Coexistence of Coherence and Incoherence in Non-
locally Coupled Phase Oscillators, Nonlin. Phen. in Complex Sys. 5, (2002)
380–385.

[5] D. M. Abrams, S. H. Strogatz: Chimera States for Coupled Oscillators,
Phys. Rev. Lett. 93, (2004) 174102.

[6] J. Hizanidis, V. Kanas, A. Bezerianos, T. Bountis: Chimera States in Nonlocally
Coupled Networks of Hindmarsh-Rose Neuron Models, Intern. J. Bifurc. Chaos
24, no. 3, (2014) 1450030.

[7] T. Bountis, V. G. Kanas, J. Hizanidis, A. Bezerianos: 2014, Chimera States in a
Two-Population Network of Coupled Pendulum Like Elements, European Physics
Journal Special Issue on Synchronization on Pendulum Systems, ed. T. Kap-
itaniak and J. Kurths (2014).
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Hyers-Ulam Stability of Linear Equations

of Higher Orders

JANUSZ BRZDȨK

Pedagogical University of Cracow
Department of Mathematics

Podchora̧żych 2
30-084 Kraków, Poland

jbrzdek@up.krakow.pl

We present some basic motivations, definitions and results connected with the
notion of Hyers-Ulam stability. Next, we show general methods for investiga-
tions of that stability of the linear (difference, differential, functional and integral)
equations of higher orders. They can be expressed in the terms of fixed points in
suitable function spaces. In numerous situations, the Hyers-Ulam stability of a
particular case of such equations is a consequence of similar properties of the
corresponding first order equations. We also provide some examples of simple
applications of those methods.
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A Spectral Criterion for Hyers-Ulam Stability

of Periodic Difference Equations of Order Two

CONSTANTIN BUŞE

West University of Timişoara
Department of Mathematics

Bd. Vasile Pârvan No 4
300223 Timişoara, Romania

buse@math.uvt.ro

Let Z+ be the set of all nonnegative integer numbers and let (an), (bn) be complex
scalar valued 2-periodic sequences. Let consider the non-autonomous recurrence
of order two

xn+2 = anxn+1 + bnxn, n ∈ Z+, (an, bn)

and the matrices

An :=

(
1 1

an + bn − 1 an − 1

)
, n ∈ Z+.

We prove that the recurrence (an, bn) is Hyers-Ulam stable if and only if the mon-
odromy matrix T2 := A1A0 has no eigenvalues on the complex unit circle.

References and Literature for Further Reading

[1] J. Brzdȩk, D. Popa, B. Xu: Note on nonstability of the linear recurrence, Abh.
Math. Sem. Uni. Hambburg 76 (2006) 183-189.

[2] J. Brzdȩk, D. Popa, B. Xu: On nonstability of the linear recurrence of order one,
J. Math. Anal. Appl. 367 (2010) 146-153.

[3] H. Rezaei, S.M. Jung, T. M. Rassias: Laplace transform and Hyers-Ulam stability
of linear differential equations, J. Math. Anal. Appl., 403 (2013), 244-251.

[4] D. Popa: Hyers-Ulam stability of the linear recurrence with constant coefficients,
Advances in Difference Equations 2005:(2) (2005) 101-107.

[5] S. M. Ulam: A Collection of the Mathematical Problems, Interscience, New York,
1960.

[6] M. Xu: Hyers-Ulam-Rassias stability of a system of first order linear recurrences,
Bull. Korean Math. Soc. 44 (2007), No. 4, pp. 841-849.
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Melnikov Theory for Discontinuous Systems

ALESSANDRO CALAMAI

Università Politecnica delle Marche
Via Brecce Bianche

I-60131 Ancona, Italy

calamai@dipmat.univpm.it

We present some recent development on Melnikov theory for non-smooth ODEs.
We consider a system having a critical point O lying on a discontinuity surface S,
and a trajectory homoclinic to O. We assume that the system is subject to a non-
autonomous perturbation and we look for conditions which are sufficient for the
persistence of the homoclinic trajectory and for the existence of a chaotic pattern.
An important issue will be to control the position of trajectories close to O and S.
Non-smooth and discontinuous ODEs arise in many physical models, such as
mechanical systems with dry friction or with impacts, and have received a great
interest for their relevance in applications.
This is a joint work with J. Diblı́k and M. Pospı́šil (Brno University of Technology)
and M. Franca (Ancona).

References and Literature for Further Reading

[1] F. Battelli, M. Fečkan: Homoclinic trajectories in discontinuous systems, J. Dy-
nam. Differ. Equations 20, no. 2 (2008) 337-376.

[2] F. Battelli, M. Fečkan: On the chaotic behaviour of discontinuous systems, J. Dy-
nam. Differ. Equations 23, no. 3 (2011) 495-540.

[3] A. Calamai, M. Franca: Melnikov methods and homoclinic orbits in discontinu-
ous systems, J. Dynam. Differential Equations 25 no. 3 (2013) 733-764.

[4] A. Calamai, J. Diblı́k, M. Franca, M. Pospı́šil: On the position of chaotic trajec-
tories, in preparation.

[5] K.J. Palmer: Exponential dichotomies and transversal homoclinic points, J. Dif-
ferential Equations 55 (1984), 225-256.

[6] K.J. Palmer: Shadowing in Dynamical systems. Theory and Applications, Math-
ematics and its Applications 501 (2000), Kluwer Academic Publishers, Dor-
drecht.

[7] S. Wiggins: Chaos in the dynamics generated by sequences of maps, with appli-
cations to chaotic advection in flows with aperiodic time dependence, Z. Angew.
Math. Phys. (ZAMP) 50 (1999), 585-616.
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Chemostats with Random Inputs

TOMÁS CARABALLO

Universidad de Sevilla
Departamento de Ecuaciones Diferenciales

y Análisis Numérico
Avenida Reina Mercedes

41012-Sevilla, Spain

caraball@us.es

Chemostat refers to a laboratory device used for growing microorganisms in a
cultured environment, and has been regarded as an idealization of nature to
study competition modeling of mathematical biology. The simple form of chemo-
stat model assumes that the availability of nutrient and its supply rate are both
fixed. However, these assumptions largely limit the applicability of chemostat
models to realistic competition systems. In this work, we relax these assump-
tions and study the chemostat models with random nutrient supplying rate or
random input nutrient concentration. This leads the models to random dynami-
cal systems and requires the concept of random attractors developed in the the-
ory of random dynamical systems. We will report on the existence of uniformly
bounded non-negative solutions, existence of random attractors and geometric
details of random attractors for different value of parameters.

(The content of this talk is mainly based in a joint work with Xiaoying Han and
Peter Kloeden)

References and Literature for Further Reading

[1] T. Caraballo, X. Han, P. Kloeden: Chemostats with random inputs, preprint.
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Dispersal, Disease and Evolution: Challenges and

Opportunities in Computational, Mathematical and

Theoretical Epidemiology

CARLOS CASTILLO-CHAVEZ

Regents Professor
Director Simon A Levin Mathematical, Computational and Modeling

Sciences Center
Arizona State University

Tempe, AZ 85287-1904, USA

ccchavez@asu.edu

Challenges and opportunities in the study of disease dynamics, control and evo-
lution will be highlighted. Initially, I will trace the history of the field of math-
ematical epidemiology and the role of trade and mobility on the spread, trans-
mission and evolution of infectious diseases such as influenza and tuberculosis.
Emphasis will be placed on the role of multiple time scales and the study of long-
term versus short-term dynamics. The role of dispersal and residence times will
be briefly addressed.

17



On One Method of Investigation Linear

Functional Differential Equations

VALERY B. CHEREPENNIKOV

Melentiev Energy Systems Institute SB RAS
Lermontov St. 130

664033 Irkutsk, Russia

vbcher@mail.ru

We present the results of study some scalar linear functional-differential equa-
tions of different types. Main attention is paid to the initial problem with the
initial point, when the initial condition is specified at the initial point and the
classical solution, whose substitution into the original equation transforms it into
the identity, is searched for. The method of polynomial quasisolutions that is
based on representation of the unknown function x(t) as a polynomial of degree
N is applied as the method for study. Substitution of this function in the original
equation results in residual ∆(t) = O(tN), for which a faithful analytical repre-
sentation is obtained. In this case the polynomial quasisolution is understood as
the exact solution in the form of the polynomial of degree N , disturbed because
of the residual of the original initial problem. The results of the numerical exper-
iments are presented.

References and Literature for Further Reading

[1] V. Cherepennikov: Analytic Solutions of Some Functional Differential Equations
of Linear Systems, Nonlinear Analysis, Theory, Methods and Applications 30
(1997), 2641–2651.

[2] V. Cherepennikov, P. Ermolaeva: Polynomial Quasisolutions of Linear Differen-
tial Difference Equations, Opuscula Mathematica, Vol. 26, Nr. 3 (2006), 431–
443.

[3] V. Cherepennikov, P. Ermolaeva: Polynomial Quasisolutions Method for Some
Linear Functional Differential Equations, Functional Differential Equations,
Vol. 19, Nr. 3–4 (2012), 267–277.

[4] V. Cherepennikov: Numerical Analytical Method of Studying Some Linear Func-
tional Differential Equations, Siberian J. Num. Math., Vol. 16 (2013), 275–285.
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Second Order Semilinear

Impulsive Differential Equations

with Nonlocal Conditions

ZLATINKA COVACHEVA

Middle East College
Muscat, Oman

zkovacheva@hotmail.com

VALÉRY COVACHEV

Institute of Mathematics, Bulgarian Academy of Sciences
Sofia, Bulgaria

vcovachev@hotmail.com

HAYDAR AKÇA
Department of Applied Sciences and Mathematics
College of Arts and Science, Abu Dhabi University

Abu Dhabi, UAE

haydar.akca@adu.ac.ae

An abstract second order semilinear differential equation such that the linear part
of the right-hand side is given by the infinitesimal generator of a strongly contin-
uous cosine family of bounded linear operators [1–3], and provided with impulse
and nonlocal conditions is studied. Theorems for existence and uniqueness of a
mild and classical solution of the problem considered generalizing the results of
[2] are proved.

References and Literature for Further Reading

[1] J. Bochenek: An Abstract Nonlinear Second Order Differential Equation, An-
nales Polonici Mathematici 54 (1991), 155–166.

[2] L. Byszewski, T. Winiarska: An Abstract Nonlocal Second Order Evolution
Problem, Opuscula Mathematica 32 (2012), 75–82.

[3] C. C. Travis, G. F. Webb: Cosine Family and Abstract Nonlinear Second Order
Differential Equation, Acta Mathematica Hungarica 32 (1978), 75–96.
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Piecewise Linear Maps with Hysteresis

RUDOLF CSIKJA

Budapest University of Technology and Economics
Mathematical Institute

Egry J., 3
1111 Budapest, Hungary

csikja@math.bme.hu

We consider a simple one-parameter family of hybrid systems that consist of two
affine oscillators. The switching strategy is hysteretic, which means that the parti-
tion of the phase space depends on which oscillator governs the trajectory. Then
we construct a Poincaré-map, which preserves the hysteretic nature of the dy-
namics. This map is a piecewise linear map with overlapping domains, that is a
multi-valued map. We study this map by invariant measures and symbolic dy-
namics.

References and Literature for Further Reading

[1] F. Han, X. Yu, Y. Feng, Y. Hu: On multiscroll chaotic attractors in hysteresis–
based piecewise–linear system, IEEE Transactions on Circuits and Systems II:
Express Briefs 54 (2007), 1004–1008.

[2] P. Góra: Invariant densities for piecewise linear maps of the unit interval, Ergodic
Theory and Dynamical Systems Vol. 29, Nr. 5 (2009), 1549–1583.

[3] R. Csikja, B. M. Garay, J. Tóth: Chaos via Two-Valued Interval Maps in a Piece-
wise Affine Model Example for Hysteresis, Proceedings of the 19th International
Symposium on Mathematical Theory of Networks and Systems (2010).
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Stability and Instability

on Elementary Way

LASZLO CSIZMADIA

Kecskemet College
Department of Mathematics

University of Szeged
Bolyai Institute, Hungary

csizmadialaszlog@gmail.com

Mark Levi and Waren Weckesser gave a simple geometrical explanation for the
stabilization of the upper equilibrium of the mathematical pendulum when its
suspension point is vibrating vertically with so hight frequency that the gravity
can be neglected. With my supervisor, we extended this method to a more natural
case, when the effect of gravity is taken consideration, using simple geometric
calculations.
Floquet Theory is a well-known idea which usefull to describe linear systems
with periodic coeffitiens, e.g., the swing. I show how we can draw stability map
on the parameter plane without Floquet theorem, using elementary geometric
ideas.

References and Literature for Further Reading
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We consider the system of Navier–Stokes equations and its point Lie symmetry.
We find the Lie algebra of symmetry of this system and using the Tresse theorem
we construct a basis of differential invariants of the found Lie algebra. Further
we discuss some invariant form of Navier–Stokes equations.
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Scales of Banach Spaces and interpolation spaces play an important role in mod-
ern partial differential equations. The aim of this presentation is to show the
construction of scale of Banach space and different methods to construct interpo-
lation space. Furthermore, their properties will be demonstrated, together with
the theorem containing conditions which guarantee that spaces on the scale are
equal to the interpolation spaces. In the end, the applications to solve some par-
tial differential equations will be presented.
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By solving an infinite nonlinear system of q-difference equations one constructs
a chain of q-difference operators. The eigenproblems for the chain are solved and
some applications, including the one related to q-Hahn orthogonal polynomials,
are discussed. It is shown that in the limit q → 1 the present method corresponds
to the one developed by Infeld and Hull.
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We consider a system of coupled matrix nonlinear differential equations arising
in connection with the solution of an H∞ type control problem for a system mod-
eled by an Ito differential equation subject to random switching according with a
standard homogeneous Markov process with a finite number of state. The system
of differential equations under consideration contains as special cases the game
theoretic Riccati differential equations arising in the solution of the H∞ control
problem from the deterministic case.
Among the global solution of the generalized game theoretic Riccati equation, an
important role in the construction of the solution of the H∞ control problem is
played by the so called stabilizing solution.
In this work we present a set of conditions which guarantee the existence and
uniqueness of the bounded and stabilizing solution of the Riccati differential
equation under consideration. Also, we shall provide a method for numerical
computation of this bounded and stabilizing solution. It is worth mentioning
that we do not know a priori neither an initial value nor a boundary value of the
bounded and stabilizing solution of the Riccati differential equation under inves-
tigation. That is why, the numerical methods applicable for the approximation of
the solution of a Cauchy problem or of a boundary value problem associated to a
differential equation cannot be used to compute the bounded and stabilizing so-
lution of a Riccati differential equation. The bounded and stabilizing solution of
the generalized game theoretic Riccati differential equation is obtained as a limit
of a sequence of bounded and stabilizing solutions of some Riccati differential
equations with defined sign of the quadratic parts. For this kind of Riccati differ-
ential equation exit reliable iterative procedures to obtain the stabilizing solution.
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We consider some problems of the calculus of variations on time scales. First of
all, we prove Euler–Lagrange type equations and transversality conditions for
generalized infinite horizon problems. Next we consider a composition of a cer-
tain scalar function with the delta and nabla integrals of a vector valued field.
Attention is paid on an inverse extremal problem for variational functionals on
arbitrary time scales. We start by proving a necessary condition for a dynamic
integro-differential equation to be an Euler–Lagrange equation. New and inter-
esting results for the discrete and quantum calculus are obtained as particular
cases. Furthermore, using the Euler–Lagrange equation and the strengthened
Legendre condition, we derive a general form for a variational functional that
attains a local minimum at a given point of the vector space. In the end, two
main issues of application of time scales in economic with interesting results are
presented. In the former case we consider a firm that wants to program its pro-
duction and investment policies to reach a given production rate and to maximize
its future market competitiveness. The latter problem relates to inflation and un-
employment, which inflict a social loss. Using relations between p, u, and the
expected rate of inflation π, we rewrite the social loss function as a function of π.
Then, we apply the calculus of variations in order to find an optimal path π that
minimizes total social loss over a given time interval.
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Consider the Sturm-Liouville problem
y′′(x) +Q(x)y(x) + λy(x) = 0, y(0) = y(1) = 0,

with a nonnegative bounded on [0, 1] function Q(x) satisfying the condition∫ 1

0
Qα(x)dx = 1, α 6= 0.

We estimate the first eigenvalue λ1 of this problem for different values of α.
The variational principle implies that the first eigenvalue λ1 can be found as

λ1 = infy(x)∈H1
0 (0,1)

R 1
0 y

′2(x)dx−
R 1
0 Q(x)y2(x)dxR 1

0 y
2(x)dx

.

Upper and lower estimates for λ1 are obtained for different values of α.
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For the periodic singular integro-differential equations

x(m)(t) +
m−1∑
ν=0

(aν(t)x
(ν)(t) +

bν(t)

2π

∫ 2π

0

x(ν)(τ) cot
τ − t

2
dτ) + γ = y(t), m ≥ 1,

subject to ∫ 2π

0

x(τ)dτ = 0,

we examine unique solvability conditions, justify a spline method for solving
such equations, and present the numerical results obtained by solving a particu-
lar equation of this class.
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Poznań University of Technology
Institute of Mathematics

Piotrowo 3a
60-965 Poznań, Poland
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In this paper we consider the oscillatory behavior of solutions of the nonlinear
difference equation

(−1)z∆my(n) = f(n, y(r1(n)), y(r2(n)), . . . , y(rk(n))),

where z, k ∈ N and m ≥ 2 are given numbers, n ∈ Nn0 , f : Nn0 × Rk → R and
ri : Nn0 → Nn0 are given functions such that lim

n→∞
ri(n) =∞ (i = 1, 2, . . . , k).
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The Navier-Stokes equations, which describe Newtonian viscous fluid flow, are
vector partial differential equations with a simple looking but highly nontrivial
nonlinearity. This is of second order in the velocity field and in addition cou-
ples the local flow field gradient with the local flow direction. Except for some
special cases of laminar flow the Navier-Stokes equations are tractable only by
direct numerical simulations, since the flows of interest are strongly turbulent. –
Most interesting features of turbulent fluid flow are their time averaged profiles.
For these one can draw conclusions by time averaging the Navier-Stokes PDEs
too. This leads to some exact relations useful for the proper interpretation of the
measured profiles. Recent new insight for pipe flow, Taylor-Couette flow and
Rayleigh-Bénard flow and close analogies between them will be reported in the
talk. This in particular will shed new light on the so called “law of the wall”, i.
e., the Pr! andtl and von Kármán logarithmic boundary layer profile, and how
one can go beyond by introducing a generalized turbulent viscosity to properly
describe the Reynolds stress and calculating the profiles. The obtained relations
may also serve to measure the properties of the generalized turbulent viscosity.
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We will present a review of recent results obtained in the field of truly chaotic fi-
nite state machines and their applications to chaotic iterations based pseudoran-
dom number generators, CIPRNG in short. Theoretical foundations taken from
the study of iterative systems in the mathematical theory of chaos is firstly re-
called in this state of the art. Practical aspects are then discussed to show the
possibility and efficiency of the approach. All the CIPRNG proposed these last
five years in the literature are then presented in detail and with references, and
statistical results formerly published [1-4] are finally summarized.
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We develop the spectral theory for a system of self-adjoint Sturm–Liouville differ-
ential equations with different orders, in particular for a system with two equa-
tions of orders four and two. This corresponds to the fourth order self-adjoint
Sturm–Liouville matrix differential equation, whose leading coefficient is singu-
lar. We prove that this system possesses all the traditional spectral properties of
self-adjoint eigenvalue problems, such as the equality of the geometric and al-
gebraic multiplicities of the eigenvalues, orthogonality of the eigenfunctions, the
oscillation theorem and Rayleigh principle, and the Fourier expansion theorem.
As a main tool we utilize the theory of finite eigenvalues and a new transforma-
tion of this equation into a linear Hamiltonian system.
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We consider a modified version of a suspension bridge model originally intro-
duced by Lazer and McKenna. In particular, we deal with the periodic PDE
problem 

utt + uxxxx + b r(x)u+ = h(x) in (0, 1)× R,

u(0, t) = u(1, t) = uxx(0, t) = uxx(1, t) = 0,

u(x, t) = u(x,−t) = u(x, t+ 2π).

Here, the term b r(x)u+ represents the nonlinear restoring force due to the sus-
pension bridge cables with the stiffness b and density function r. The original
model considered r(x) ≡ 1. Letting 0 ≤ r(x) ≤ 1, we can model the “distinct dis-
tribution” of the cables. We study mainly the qualitative properties of the model
and compare the cases of constant and non-constant density r(x) . In particular,
we focus on the existence of multiple solutions. We show that for certain values
of b, the bifurcation occurs. Moreover, we can expect also the blow-up effects,
whose existence is closely connected with the so called Fučı́k spectrum of the cor-
responding linear differential operator.
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The bistable equation ut = ε2uxx − F ′(u) is perhaps the simplest model of phase
transition at given critical temperature. The function F represents free energy and
usually takes the form of a double-well potential. In [1], Drábek and Robinson
offered an alternative explanation of slow dynamics by showing that continua of
stationary solutions occur when the potential loses the C2 continuity in its mini-
mizers. Inspired by this we generalize the result for potentials of other types. A
special choice of F then leads to a basic graph theory problem. On the way to its
solution we reveal some interesting connections to other fields of mathematics.

References and Literature for Further Reading
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Captopril is an inhibitor, used for the treatment of hypertension and some types
of congestive heart failure. This flow of medication operates by treating the parts
of the body as compartments, so that a unit of the medication leaves one com-
partment and enters to another until eliminates from the body. This process is
modeled by linear differential equations. The rates of absorption and elimination
of drug is computed at each stage and is compared with together. Solving IVP’s
determines better dose for treating different diseases on variety conditions.
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We use a random walk model in which both time and space variables are discrete
in order to describe subdiffusion processes in which particles can chemically re-
act. The new procedure which provides the Green’s function for a subdiffusion–
reaction process is proposed. The procedure can be briefly described as follows.
We assume difference equations describing the random walk process in a system
with both discrete time and space variables. We solve these equations by means
of the generating function method. Next, we pass from discrete to continuous
variables using the special formulae. We also show potential applications of the
obtained functions to describe processes occurring in nature.
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We consider control problems for systems of linear partial differential equations
with a constant delay. We describe a method of constructing the control func-
tion and to give formal solution of the control problem. We will use the special
delayed functions in order to analytically solve auxiliary initial problems aris-
ing when the Fourier method is applied for ordinary linear differential equations
of with a single delay. We find a control function added in the right-hand side
of equations, for which at the finite moment of time the solution is equal to the
given function.
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The notion of shadowing has borne fruit to a wide range of variants and general-
izations. Of particular interest are the concepts of shadowing in average, which
are, unlike their predecessors, of global character. The talk will discuss two vari-
ants of average shadowing, their properties, and the differences between them.
We will also present a unifying approach which enables us to prove certain prop-
erties sumultaneously for many types of shadowing.
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We study the Poisson problem

−∆u−
∫
Ω

(u(y)− u(x)) r(x, dy) = f,

u
∣∣
Γ(Ω)

= 0,

where ∆u = u′′x1x1
+ · · · + u′′xnxn , x = (x1, . . . , xn), Ω is an open set in Rn, Γ(Ω) is

the boundary of the Ω, under certain natural symmetry conditions. For almost
all x ∈ Ω, r(x, ·) is an arbitrary measure. This problem has a clear mechanical
interpretation. It has a unique solution for any f ∈ L2(Ω). If f ≥6≡ 0, the solution
u > 0 in Ω r Γ(Ω). The eigenvalue problem

−∆u−
∫
Ω

(u(y)− u(x)) r(x, dy) = λu,

u
∣∣
Γ(Ω)

= 0

has discrete spectrum of positive numbers, its eigenfunctions form an orthogonal
basis in a Hilbert space W ⊂ L2(Ω).
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The term of causal operators is adopted from engineering literature and the the-
ory of these operators has the powerful quality of unifying ordinary differential
equations, integro-differential equations, Volterra integral equations, and neutral
functional equations, to name but a few. The study of functional equations with
causal operators has seen a rapid development in the last few years and some
results are assembled in a recent monograph [1]. In [2] Stefan Hilger has ini-
tiated the study of time scales which unifies the continuous and discrete cases.
Since then many authors have studied qualitative properties of some nonlinear
dynamic equations on time scales see [3]. In this paper, we estabilishe the exis-
tence of solutions and some properties of set solutions for the following Cauchy
problem {

u∆(t) = (Qu)(t), t ∈ [0, b)T
u(0) = u0,

where T is a time scale (nonempty closed subset of real numbers R), [0, b)T =
[0, b) ∩ T, b > 0, and Q : C([0, b)T,Rn)→ Lploc([0, b)T,Rn) is a causal operator.
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We present a review of our recent results expressed in a form of new matrix in-
equalities for Hermitian matrices. These inequalities are connected with known
entropic inequalities for density matrices of composite quantum systems. The
known inequality called the subadditivity condition for von Neumann entropy
of the state of bipartite quantum system, for example, for two qubits, and the en-
tropies of its subsystems provide the possibility to generalize the matrix expres-
sion of the inequalities given in an explicit form and obtain new matrix inequali-
ties for Hermitian matrices. Another known entropic inequality called the strong
subadditivity condition for a state of the three-partite quantum system written in
an explicit matrix form for the density matrix of the composite system can be also
generalized and a new inequality for an arbitrary Hermitian matrix can be ob-
tained. The main tool to obtain the matrix inequalities is to use invertible maps of
the integers 0, 1, 2, . . . onto the pairs of integers (00), (01), (10), (11), . . . or triples of
integers (000), (001), (010), (100), . . . Using these maps, arbitrary matrix elements
of the same matrix A can be written in different forms, either as Ajk or Amn,m′n′ or
Amnl,m′n′l′ , etc. These different forms provide the possibility to construct the lin-
ear maps of the matrix A on the matrix A′, i.e., A → A′ by using a partial tracing
expressed as a sum of the introduced indices. For example, the matrix Ajk ex-
pressed as the matrix Amn,m′n′ yields the map A→ A′, where A′mm′ =

∑
nAmn,m′n.

For qutrit density matrices ρ and σ, one has the inequality

Tr
[
ρ ln(ρσ−1)

]
≥

Tr

{(
ρ11 + ρ33 ρ12

ρ21 ρ22

)
ln

[(
ρ11 + ρ33 ρ12

ρ21 ρ22

)(
σ11 + σ33 σ12

σ21 σ22

)−1
]}

.
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A review of the probability representation of quantum and classical states is
presented. The method of star-product quantization to map the operators in a
Hilbert space, including the density operators of quantum states and the opera-
tors corresponding to physical observables, is considered. The examples of par-
ticular invertible maps, for which the state density operators become standard
nonnegative measurable probability distributions, are given for both continuous
variables like positions and momenta of stationary and nonstationary coupled
oscillators and discrete spin variables (qudits). The role of integral Radon trans-
form providing the possibility to associate both the quantum particle state and
the classical particle state with measurable tomographic probability distribution
called the optical tomogram is elucidated. The kinetic classical equation (Liou-
ville equation) and quantum evolution equations (von Neumann equation and
Wigner–Moyal equation) are written as kinetic equations for the optical tomo-
gram. The known solutions of the Schrödinger equation for coupled parametric
oscillators, based on the existence of dynamical linear integrals of motion for the
system of oscillators are presented in the form of probability distributions de-
termined by the dynamical invariants, including the solutions of the Gaussian
form (normal distributions). New entropic and information inequalities for the
spin-state tomographic-probability distributions are obtained. New uncertainty
relations for the tomographic distributions, which can be checked experimentally,
and some of them, which were recently experimentally checked, are discussed.
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Institut de Mathématiques de Bourgogne

UMR 5584 du CNRS
UFR Sciences et Techniques

9, Avenue Alain Savary
BP 47870, 21078 Dijon, France

mardesic@u-bourgogne.fr

We consider planar polynomial différential equations having a center (i.e. singu-
larities surrounded by a continuous family of periodic solution) and their defor-
mations. We assume that the center is of Darboux type i.e. has a first integral of
the form F (x, y) = Πk

i=0fi(x, y)λi , with fi polynomials and λi > 0.
Under generic assumptions, we give necessary and sufficient conditions, for the
preservation of the center to first order in the deformation. The result is a joint
work with Colin Christopher (Plymouth University, UK).
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This is a joint work with professors Márcia Federson, Miguel Frasson and Patrı́cia
Tacuri. In this work, we study the relation between measure neutral functional
differential equations, impulsive measure neutral functional differential equa-
tions, and impulsive neutral functional dynamic equations on time scales. For
both types of impulsive equations, we obtain results on the existence and unique-
ness of solutions and continuous dependence.
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We consider the one-parameter family of two-dimensional control systems with
unlimited parametric perturbation. The problem is to find a limited discontinu-
ous control law for this type of systems, allowing to stabilize each system of this
family in a limited domain. It is assumed that any closed system of this family is
a planar Filippov system [1] with unlimited right side.
We find a range of values of the parameter, for which there is a limit unstable
cycle. This cycle defines the boundary of the origin attraction domain. Also we
find a range of values of the parameter, for which the origin attraction domain
loses its connectedness and the length of its boundary tends to infinity, while its
area is limited. Sometimes, these regions are called fractal basin. However, in this
case, there is no obvious self-similarity and therefore the use of this term in not
correct.
Quasi-time optimal curve has infinite derivatives in 3 points. Two of points cause
additional difficulties in the analysis of the phase portrait. To avoid these difficul-
ties, we propose a curve that approximates it. This curve preserves the maximum
topological proximity of the phase portrait for fixed values of the parameter. The
latter means that the approximating curve must ensure the requirements. It pro-
vides finite-time stabilization of the origin, crosses axis Ox at the same points
as the original curve, creates unstable limit cycle for the same values of the pa-
rameter as the original curve. To construct such curve we use polynomials with
fractional powers. The numerical simulation results confirm the validity of this
approximation.

This work was supported by Russian Foundation for Basic Research, grant No.13-
01-00347 and Program no. 1 Scientific foundations of robotics and mechatronics
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We investigate qualitative properties of the Fučı́k spectrum for differential oper-
ators of the second order and their discrete variants. We would like to point out
the differences between continous and discrete cases. Results in [1] in an abstract
general setting can be applied (inadmissible areas, tangent lines and asymptotes
of the Fučı́k curves). Using the matching-extension method, we obtain the de-
scription of particular Fučı́k curves in the case of difference operators. Moreover,
we discuss the solvability of the corresponding nonlinear boundary value prob-
lems at resonance with respect to the Fučı́k spectrum.

Presented results are available on a poster.
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Some hierarchies of Hamiltonian equations on the Banach Lie-Poisson spaces ob-
tained by coinduction and induction procedures as well as by the Magri method
will be presented. The operator equations of Riccati-type and semi-infinite Toda
lattice are included in these hierarchies. One could consider the above hierarchies
as systems of differential-difference equations. Applying the method of orthogo-
nal polynomials we solve these equations for a few particular cases.
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We develop the theory of strongly continuous semigroups (C0-semigroups) of
bounded linear operators from a Banach space X into itself. Many properties of
a C0-semigroup {T (t) : t ∈ T} and its generator A are established. Here T ⊆ R≥0

is a time scale endowed with an additive semigroup structure. We also establish
necessary and sufficient conditions for the dynamic initial value problem{

x∆(t) = Ax(t), t ∈ T
x(0) = x0 ∈ D(A),

to have a unique solution, where D(A) is the domain of A. Finally, we unify the
continuous Hille-Yosida-Phillips Theorem and the discrete Gibson Theorem.
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The famous logistic differential equation is studied in the complex plane. The
method used is based on a functional analytic technique which provides a unique
solution of the ODE under consideration in H2(D) or H1(D) and gives rise to
an equivalent difference equation for which a unique solution is established in
`2 or `1. For the derivation of the solution of the logistic differential equation
this discrete equivalent equation is used. The obtained solution is analytic in
{z ∈ C : |z| < T}, T > 0. Numerical experiments were also performed using the
classical 4th order Runge–Kutta method. The obtained results were compared for
real solutions as well as for solutions of the form y(t) = u(t) + iv(t), t ∈ R. For
t ∈ C the solution derived by the present method, seems to have singularities,
i.e. points where it ceases to be analytic, in certain sectors of the complex plane.
These sectors, depending on the values of the involved parameters, can move
at different directions, join forming common sectors, or pass through each other
and continue moving independently. Moreover, the real and imaginary part of
the solution seem to exhibit oscillatory behavior near these sectors.
*Jointly with Efstratios E. Tzirtzilakis
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There will be presented asymptotic formulas for solutions of the equation

y′′ + (1 + ϕ(x))y = 0, 0 < x0 < x <∞,

where function ϕ is small in a certain sense for large values of the argument. Us-
age of method of L-diagonal systems allows to obtain various forms of solutions
depending on the properties of function ϕ.
The main aim will be discussion about the second order differential equations
possesing a resonance effect known for Wigner-von Neumann potential. A class
of potentials generalizing that of Wigner-von Neumann will be presented.
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Differential transformation method (DTM) has its origins in 1980’s and it seems to
be promising semi-analytical method of approximation of solutions of differential
equations. The idea of the method is based on Taylor expansion.
Question of our interest is how to use DTM to solve Cauchy problem for delayed
differential equations. Some attempts were made in this direction recently. We
will introduce a novel approach of treating this problem and compare it to known
DTM concept as well as to frequently used Adomian decomposition method.
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[1] J. Rebenda, Z. Šmarda: Comparison of differential transformation method with
Adomian decomposition method for functional differential equations with propor-
tional delays, American Institute of Physics Conference Proceedings 1558
(2013), 1190–1193.
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Ws consider the following system of impulsive differential equations in Banach
space X×Y:

dx/dt = A(t)x+ f(t, x, y),
dy/dt = B(t)y + g(t, x, y),
∆x
∣∣
t=τi

= x(τi + 0)− x(τi − 0) = Cix(τi − 0) + pi(x(τi − 0), y(τi − 0)),

∆y
∣∣
t=τi

= y(τi + 0)− y(τi − 0) = Diy(τi − 0) + qi(x(τi − 0), y(τi − 0)),

(1)

satisfying the conditions of separation

ν = max

(
sup
s

(∫ s

−∞
|Y (s, t)||X(t, s)| dt+

∑
τi≤s

|Y (s, τi)||X(τi − 0, s)|

)
,

sup
s

(∫ +∞

s

|X(s, t)||Y (t, s)| dt+
∑
s<τi

|X(s, τi)||Y (τi − 0, s)|

))
< +∞,

f(t, ·), g(t, ·), pi, qi are ε-Lipshitz, f(t, 0, 0) = pi(0, 0) = 0, g(t, 0, 0) = qi(0, 0) = 0.
Our goal is to find a simpler system of impulsive differential equations that is
conjugated and asymptotic equivalent to the given one. Using this result we
obtain sufficient conditions that noninvertible system (1) is asymptotic equivalent
to the linear one


dx/dt = A(t)x,
dy/dt = B(t)y,
∆x
∣∣
t=τi

= Cix(τi − 0),

∆y
∣∣
t=τi

= Diy(τi − 0),

(2)

in the case when ε depends on t and tends to zero as t→ +∞ sufficiently rapidly.
This work was partially supported by the grant Nr. 345/2012 of the Latvian
Council of Science.
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We consider germs of parabolic diffeomorphisms f : (C, 0) → (C, 0) with the
multiplier equal to 1. The question is if we can recognize a germ using the (di-
rected) areas of epsilon-neighborhoods of discrete orbits. We have shown that the
formal class can be read from finitely many terms in the asymptotic expansion in
epsilon for any orbit. In this talk, we discuss analyticity properties of functions
of (directed) areas of epsilon-neighborhoods of orbits. In particular, we concen-
trate on the coefficient of the quadratic term in the expansion, as a function of the
initial point. It satisfies a cohomological difference equation similar to the trivial-
isation equation.
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[3] P. Mardešić, M. Resman, V. Županović: Multiplicity of fixed points and ε-
neighborhoods of orbits, J. Differ. Equ. 253 (2012), 2493–2514.

[4] M. Resman: ε-neighborhoods of orbits and formal classification of parabolic diffeo-
morphisms, Discr. Cont. Dyn. Syst., Series A, 33 (8) (2013), 3767–3790.

[5] M. Resman: Epsilon-neighborhoods of orbits of parabolic diffeomorphisms and co-
homological equations, a preprint (2013), arXiv:1307.0780v3.

[6] M. Resman: Fixed points of diffeomorphisms, singularities of vector fields and
epsilon-neighborhoods of their orbits, the thesis (2013), arXiv:1311.2170v1.
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Quantum localization of classical chaotic eigenstatets is one of the most impor-
tant phenomena in quantum chaos, or more generally - wave chaos, along with
the characteristic behaviour of statistical properties of the energy spectra. Quan-
tum localization sets in, if the Heisenberg time tH of the given system is shorter
than the classical transport times of the underlying classical system, i.e. when
the classical transport is slower than the quantum time resolution of the evolu-
tion operator. The Heisenberg time tH , as an important characterization of every
quantum system, is namely equal to the ratio of the Planck constant 2π~ and the
mean spacing between two nearest energy levels ∆E, tH = 2π~/∆E.

We shall show the functional dependence between the degree of localization and
the spectral statistics in autonomous (time independent) systems, in analogy with
the kicked rotator, which is the paradigm of the time periodic (Floquet) systems
[7], and shall demonstrate the approach and the method in the case of a billiard
family [8,9] in the dynamical regime between the integrability (circle) and full
chaos (cardioid), where we shall extract the chaotic eigenstates. The degree of lo-
calization is determined by two localization measures, using the Poincaré Husimi
functions (which are the Gaussian smoothed Wigner functions in the Poincaré
Birkhoff phase space), which are positive definite and can be treated as quasi-
probability densities. The first measure A is defined by means of the information
entropy, whilst the second one, C, in terms of the correlations in the phase space
of the Poincaré Husimi functions of the eigenstates. Surprisingly, and very satis-
factory, the two measures are linearly related and thus equivalent.

One of the main manifestations of chaos in chaotic eigenstates in absence of the
quantum localization is the energy level spacing distribution P (S) (of nearest
neighbours), which at small S is linear P (S) ∝ S, and we speak of the linear
level repulsion, while in the integrable systems we have the Poisson statistics
(exponential function P (S) = exp(−S)), where there is no level repulsion (P (0) =
1 6= 0). In fully chaotic regime with quantum localization we observe that P (S) at
small S is a power law P (S) ∝ Sβ , with 0 < β < 1. We shall show that there is a
functional dependence between the localization measure A and the exponent β,
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namely that β is a monotonic function of A: in the case of the strong localization
areA and β small, while in the case of weak localization (almost extended chaotic
states) A and β are close to 1.
We shall illustrate the approach in the model example of the above mentioned
billiard family, where we can separate the regular and chaotic states. This presen-
tation is based on our very recent papers [1,4,5,7].
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We are concerned with the oscillatory behavior of a class of second-order nonlin-
ear neutral delay differential equations

(r(t) |z′(t)|α−1
z′(t))′ + q(t)f(x(σ(t))) = 0, (1)

where t ≥ t0 > 0, z(t) := x(t)+p(t)x(τ(t)), and α is a positive constant. Oscillation
of equation () has been studied recently by Ye and Xu [2]. In a special case where
f(u) := |u|α−1u, equation () reduces to a quasilinear neutral differential equation

(r(t) |z′(t)|α−1
z′(t))′x(σ(t)) = 0 (2)

which was studied by Sun et al. [1] and Zhong et al. [3]. In this talk, we discuss
improvements of several results obtained for equations (1) and (2) in the cited
papers.
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ANDRÁS RONTÓ
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A weakly non-linear ordinary differential system

x′(t) = εf(x(t), t), t ∈ J, (*)

is considered, where J ⊂ R is an open interval, ε ∈ R is a small parameter and
the function f : Rn × J → Rn is C2-smooth and symmetric in a certain sense.
A related notion of symmetry of a solution of (*) is introduced. The existence and
uniqueness of a symmetric solution is established and conditions for its stability
are analysed. The property of the solution in question includes, in particular, the
cases of periodic, antiperiodic, even, and odd solutions.
The talk is based on a joint work with Michal Fečkan and Natalia Dilna.
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We consider diagonalization processes for determining the energy spectrum of
difference potentials in discrete Schrödinger quantum models. To do so, the
Schrödinger equation is discretized on a grid which is a mixed version of an
equidistant lattice and an adaptive linear grid – it is referred to by the name uni-
tary lattice. Factorizations of the Schrödinger resp. Hamilton operators are de-
rived and compared with the continuum situation. The arising spectral problems
for these operators are addressed by using the theory of bilateral Jacobi operators
in weighted l2(Z)–spaces.
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Solutions x(t) of nonlinear differential equations of the type x′′ = f(t, x, x′) are
classified by the oscillatory behaviour of the respective equations of variations
y′′ = fx(t, x(t), x′(t))y + fx′(t, x(t), x′(t))y′. The type of a solution x(t) depends on
the number of zeros of the respective y(t). If equations and solutions are given in
a finite time interval [a, b], is the behaviour of two solutions of a nonlinear equa-
tion arbitrary if their properties accodingly to classification are similar? If types
of solutions of a nonlinear equation are known what are the restrictions on inter-
relation of these solutions? These and similar issues are considered in the talk.
Consequences for the theory of boundary value problems are discussed.
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In this talk, using the fixed point theorem, we discuss the boundedness and sta-
bility of the zero solution of the discrete three-term Volterra equation

x(n+ 1) = a(n) + b(n)x(n) +
n∑
i=0

K(n; i)x(i).

Next, an asymptotic equivalence of some solution and the given sequence is con-
sidered. Necessary conditions for the existence of a periodic solution of the above
equation are also presented.
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[4] M. Migda, M. Růžičková, E. Schmeidel: Boundedness and stability of discrete
Volterra equations, (submitted).

[5] E. Schmeidel, Z. Zba̧szyniak: An application of Darbo’s fixed point theorem in
investigation of periodicity of solutions of difference equations, Comput. Math.
Appl., 64(7) (2012), 2185-2191.

62



Solvability of Fučı́k Type BVP
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The existence results are established for the nonlocal boundary value problem

x′′ = −µx+ + λx− + h(t, x, x′) ax(0) + bx′(0) = 0,

1∫
0

x(s)ds = 0

provided that h(t, x, x′) is continuous and Lipschitzian in x and x′, but a, b ∈ R.
The results are based on the study of spectrum for the problem

x′′ = −µx+ + λx− ax(0) + bx′(0) = 0,

1∫
0

x(s)ds = 0.
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[6] N. Sergejeva: On the Fučı́k type problem with the integral and Neumann condi-
tions, Proc. of IMCS of University of Latvia, Vol. 13 (2013), 98–103.

1The support of the ESF project 2013/0024/1DP/1.1.1.2.0/13/APIA/VIAA/045 is kindly announced

63



Controllability of Interconnected

Evolution Equations with Unbounded Controls

BENZION SHKLYAR

Holon Institute of Technology
Department of Applied Mathematics

52 Golomb St., P.O.B. 305
58102 Holon, Israel

bshklyar@netvision.net.il

Let V1 ⊂ X1 ⊂ V ′1 , V2 ⊂ X2 ⊂ V ′2 be Hilbert spaces with continuous dense injec-
tions [1]. Consider the control evolution equation

ẋ1 (t) = A1x1 (t)+b1v (t) , 0 ≤ t < +∞, x1 (0) = x0
1, x1 (t) , x0

1 ∈ X1, b1 ∈ V ′1 , v (t) ∈ R,
(1.1)

where v (t) = (c, x2 (t)) , c ∈ X2 and x2(t) is a mild solution of the control evolution
equation

ẋ2 (t) = A2x2 (t)+b2u (t) , 0 ≤ t < +∞, x2 (0) = x0
2, x2 (t) , x0

2 ∈ X2, b2 ∈ V ′2 , v (t) ∈ R,
(1.2)

Here the linear operators A1 and A2 generate strongly continuous C0-semigroup
S1 (t) in X1 and S2 (t) in X2 correspondingly.
Definition. Interconnected system (1.1)–(1.2) is said to be exact null-controllable
on [0, t1] if for each x0

1 ∈ X1 there exists a square integrable control u (·) ∈ L2 [0, t1]
such that the a mild solution x

(
t, x0

1,v (·)
)

of equation (1.1) with a control v(t),
defined by v (t) = (c, x2 (t)), satisfies the condition x1

(
t1, x

0
1,v (·)

)
= 0.

Exact null-controllability conditions for linear control system consisting of two
serially connected abstract control evolution equations (1.1)-(1.2) are presented.
Applications to interconnected evolution eqiations describing boundaty control
problems are considered.
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In the general context of evolution operators, we obtain necessary and sufficient
conditions for the existence of a notion of dichotomy which is both nonuniform
and not necessarily exponential. Our main result is a type of Datko theorem
for our generalized notion of dichotomy. We emphasize that this type of di-
chotomy includes as very particular cases the notions of nonuniform exponen-
tial dichotomy and nonuniform polynomial dichotomy and thus our theorems
extend previous results. Additionally, we discuss some examples that illustrate
our results.
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Systems with time-dependent dynamics abound in nature – from astrodynamics
or celestial mechanics, through ocean circulation, blood circulation in mammals,
the dynamics of ionic concentration across the membrane of a living biological
cell, to protein dynamics. However, when treated via an inverse approach –
based on recorded data – their complex, but deterministic and non-autonomous,
dynamics can often be misinterpreted as stochastic or chaotic. In this presentation
we will introduce a special class of dynamical systems, where, despite the com-
plex and stochastic-like dynamics, it is still possible to identify non-autonomous
deterministic component of the dynamics. This class of systems is characterised
by dynamics ordered in time and has been named chronotaxic (from chronos –
time and taxis – order). Their basic properties are: (i) they have stable but time-
varying characteristic frequencies, (ii) they are able to keep their complex dynam-
ics stable against external perturbations, and (iii) they possess a time-dependent
point attractor (driven steady state). We will elaborate the basic properties of
chronotaxic systems and illustrate their application to a range of biological sys-
tems – from the cell, to the cardiovascular system and the brain.
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In this talk we consider a class of partial dynamic equations on domains with
discrete-space and discrete/continuous/time scale time. Studying diffusion-type
equations

u∆t(x, t) = au(x+ 1, t) + bu(x, t) + cu(x− 1, t), x ∈ Z, t ∈ T,

and its generalization

u∆t(x, t) =
m∑

i=−m

aiu(x+ i, t), x ∈ Z, t ∈ T,

we observe that many properties of these equations (sign, symmetry and space-
sum preservations, maximum principles, etc.) depend strongly on the underlying
time structure. We derive continuous dependence on parameters and time scales.
We discuss direct consequences for stochastic processes (Poisson-Bernoulli pro-
cesses, random walks, general heterogenous processes...).

This is a joint work with Antonı́n Slavı́k (Charles University in Prague).
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We study multi-parameter solutions of the inhomogeneous paraxial wave equa-
tion in a linear and quadratic approximation which include oscillating laser beams
in a parabolic waveguide, spiral light beams, and other important families of
propagation-invariant laser modes in weakly varying media. A “smart” lens de-
sign and a similar effect of superfocusing of particle beams in a thin monocrystal
film are also discussed. In the supplementary electronic material, we provide a
computer algebra verification of the results presented here, and of some related
mathematical tools that were stated without proofs in the literature.
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The Baker-Campell-Hausdorff formula in its shortest, terminating form looks like

exp[A+B] = exp[
−|c|2

2
] exp[A] exp[B] (1)

where the “operators” A and B satisfy [A,B] = cI , c a complex number. Formula
(1) as well as its immediate consequence

exp[A] exp[B] = exp[B] exp[A] (2)

sit in quantum optics, see for example [1, p. 519], but also mathematically, in its
full form, in Lie group/algebra framework, see [2, Chapter 3] for a very cautious
approach. I intend to show what survives of (1) and (2) if all that is settled in the
Hilbert space environment.
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In this talk we study the existence and properties of principal and antiprincipal
solutions at infinity for possibly abnormal linear Hamiltonian systems. We show
that the principal and antiprincipal solutions can be classified according to the
rank of their first component and that they exist for any rank in the range be-
tween explicitly given minimal and maximal values. We also establish a limit
characterization of the principal solutions by showing that they are the smallest
ones at infinity when they are compared with the antiprincipal solutions. These
are generalizations of the classical results of W. T. Reid, P. Hartman, or W. A. Cop-
pel for controllable linear Hamiltonian systems. We illustrate our new theory by
several examples.
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Consider the Sturm–Liouville problem

y′′ −Q(x)y + λy = 0, x ∈ (0, 1), (1)

y(0) = y(1) = 0, (2)

where Q belongs to the set Tα,β,γ of all real–valued locally integrable functions on
(0, 1) with non–negative values such that the following integral condition holds:∫ 1

0

xα(1− x)βQγ(x)dx = 1, α, β, γ ∈ R, γ 6= 0. (3)

We study the dependence of the first eigenvalue λ1 on the potential Q under dif-
ferent values of parameters α, β, γ. For an arbitrary function Q ∈ Tα,β,γ consider
the subspace HQ of H1

0 (0, 1) with the norm

‖y‖2
HQ

=

∫ 1

0

(
y′

2
+Q(x)y2

)
dx.

For the first eigenvalue λ1(Q) of problem (1) – (2) it is proved (see [1]) that

λ1(Q) = inf
y∈HQ\{0}

∫ 1

0

(
y′2 +Q(x)y2

)
dx∫ 1

0
y2dx

.

We give some estimates for mα,β,γ = inf
Q∈Tα,β,γ

λ1(Q), Mα,β,γ = sup
Q∈Tα,β,γ

λ1(Q).
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This is a joint work with Alexander Blokh, Lex Oversteegen, and Ross Ptacek.

Let D be the open disk {z ∈ C | |z| < 1} in the plane, D be its closure, and S
be its boundary circle. Let P be a polynomial of degree d with connected Julia
set J(P ). We write ΦP for the conformal isomorphism between C \ D and the
complement U of the filled Julia setK(P ) asymptotic to the identity at infinity. By
a theorem of Carathéodory, if J(P ) is locally connected, then ΦP can be extended
to a continuous map ΦP : C \ D→ U , under which S maps onto J(P ). Define the
lamination generated by P as the equivalence relation∼P on S identifying points of
S if and only if ΦP sends them to the same point of J(P ).

By Thurston [5], the map P restricted to its locally connected Julia set J(P ) is
topologically conjugate to a self-mapping f∼P of the quotient space S/ ∼P= J∼P
induced by zd|S = σd; denote this conjugacy by ΨP : J(P ) → J∼P . The mapping
f∼P is called a topological polynomial. The quotient map of S onto S/ ∼P is denoted
by π∼P . Given a point z ∈ J(P ), we let GP (z) = G(z) denote the convex hull
of the set π−1

∼P (ΨP (z)). In other words, we represent z by the point ΨP (z) of the
model topological Julia set J∼P and then take all angles associated with ΨP (z) in
the sense of the lamination ∼P . By [5], for two points z and w, the sets G(z) and
G(w) either coincide or are disjoint.

The geolamination (from geodesic or geometric lamination) of P is the collection of
chords, each of which is an edge of the convex hull of a ∼P -class. Geolamina-
tions geometrically interpret and “topologize” laminations, reflecting limit tran-
sitions among them. Both laminations and their geolaminations can be defined
intrinsically (without polynomials). Then some geolaminations will not directly
correspond to an equivalence relation on S but the family of all geolaminations
will be closed. This allows one to work with limits of geolaminations and limits
of polynomials (which might have non-locally connected Julia sets).
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Thurston [5] models polynomials by their geolaminations, and families of quadratic
polynomials by families of quadratic geolaminations. He “tags” quadratic geo-
laminations with their minors which form the quadratic minor geolamination QML
and generate the corresponding lamination ∼QML. The quotient space S/∼QML

models the boundary of the Mandelbrot setM2 (this is the set of all parameters c
such that polynomials z2 +c have connected Julia set; it is also called the quadratic
connected locus). The induced quotient space of D serves as a model forM2. Con-
jecturally, it is homeomorphic toM2.

Call a polynomial with connected Julia set dendritic if all its periodic points are
repelling. If P is dendritic then the assumption that J(P ) is locally connected
can be dropped. Indeed, by Kiwi [3], for any dendritic polynomial P there is a
lamination∼P such that there exists a monotone semi-conjugacy ΨP between P |J(P )

and the topological polynomial f∼P . Thus the sets GP (z) = π−1
∼P (ΨP (z)) are well-

defined for every dendritic polynomial P and every point z ∈ J(P ). As we will
see, these nice properties of individual dendritic polynomials result in nice prop-
erties of families of cubic dendritic polynomials.

LetD2 ⊂M2 be the set of all parameters c ∈M2 such that the polynomial Pc(z) =
z2 +c is dendritic. Set Hc = GPc(c), and letH stand for the collection of all sets Hc,
c ∈ D2. We denote the union

⋃
c∈D2

Hc by H+ (in what follows, for any collection
A of sets, we write A+ for the union of all sets in A). By a part of a major result
of [5], for two parameter values c, c′ ∈ D2, the sets Hc and Hc′ are either disjoint
or equal. Moreover, the mapping c 7→ Hc from D2 to H is upper semicontinuous.
The setD2 (or, equivalently, the set of all dendritic quadratic polynomials defined
up to a Moebius change of coordinates) projects continuously onto the quotient
space ofH+ defined by the partition ofH+ into sets Hc with c ∈ D2.

We propose a related model for the spaceMD3 of marked dendritic cubic polyno-
mials (P, c1, c2) with connected Julia set (c1, c2 are the critical points of P ). De-
fine the co-critical point associated to a critical point τ of P as the only point
τ ∗ 6= τ such that P (τ ∗) = P (τ) (if critical points of P are distinct) or τ itself
(if P has a unique critical point in the the plane). Then, with every marked
dendritic cubic polynomial (P, c1, c2), we associate the corresponding mixed tag
θ(P, c1, c2) = G(c∗1)×G(P (c2)) ⊂ D× D. This defines the mixed tag θ(P, c1, c2) for
all marked dendritic cubic polynomials.

Theorem. Mixed tags of elements inMD3 are disjoint or coincide so that sets θ(P, c1, c2)
form a partition of the set θ(MD3)+ ⊂ D × D and generate the corresponding quotient
space of θ(MD3)+ denoted by MT3. Then MT3 is a separable metric space and the map
θ :MD3 → MT3 is continuous.
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We introduce a nabla, a delta, and a symmetric fractional calculus on arbitrary
nonempty closed subsets of the real numbers. These fractional calculi provide a
study of differentiation and integration of noninteger order on discrete, contin-
uous, and hybrid settings. Main properties of the new fractional operators are
investigated, and some fundamental results presented, illustrating the interplay
between discrete and continuous behaviors.
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In this talk we are concerned with infinite horizon linear-quadratic (LQ) prob-
lems for infinite-dimensional stochastic differential equations (SDEs) affected si-
multaneous by countably infinite Markov jumps (MJs) and multiplicative noise
(MN). We know that SDEs with Markovian switching can model many physi-
cal systems which experience abrupt changes in their dynamics. Without being
exhaustive, we mention here the manufacturing systems, the power systems or
the telecommunication systems which frequently suffer unpredictable structural
changes caused by failures or repairs, connections or disconnections of the sub-
systems [1]. New applications of SDEs with countably infinite MJs arise in the
field of modern queuing network theory, population and epidemic modeling or
capital and asset price modeling, because these areas generate typical examples
of Markov processes with countably infinite state space (we call infinite Markov
processes). We recall here that the countable state models are usually used for
systems which upper limit of the states values cannot be specified clearly. In this
case the dynamic of an infinite Markov process should make the large state val-
ues of a system rare than if we use an upper limit to prevent them. The main
difficulty in solving the proposed LQ optimal control problems is to work with
infinite-dimensional control systems which switch from one mode to another ac-
cording to the law of an infinite Markov chain. Our task is to minimize an infinite
horizon quadratic cost functional over two different sets of admissible controls.
Adopting the methods used in [2] for finite-dimensional LSDEs with MN and fi-
nite MJs, we shall see that, depending on the class of admissible controls, the op-
timal control is obtained either with the stabilizing solution or with the minimal
solution of a corresponding system of generalized Riccati differential equations
(GRDEs). In the infinite dimensional framework these GRDEs, which properties
were recently investigated in [3], [4], are more complicated being defined on or-
dered Banach spaces of sequences of operators.
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Such operators arise in a lot of applied problems, and the studying their proper-
ties is of a special interest. The simple Calderon-Zygmund operator

v.p.

∫
Rm

K(x− y)u(y), x ∈ Rm,

is like a convolution, and this fact permits to obtain some interesting its proper-
ties.
If we consider a discrete variant of such operator on integer lattice Zm or on the
discrete half-space, then we’ll find many common properties of discrete and con-
tinual operators. More general case is related to the Calderon - Zygmund opera-
tor with variable kernel

v.p.

∫
D

K(x, x− y)u(y), x ∈ Rm, x ∈ D,

whereD ⊂ Rm, and its discrete analogue also has many common properties with
continual operator.
This is joint work with A.V. Vasilyev.
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We research the Devaney, Li-Yorke and distributional chaos in plane R2 which
exists in the continuous dynamical system generated by Euler equation branch-
ing. Euler equation branching is a type of differential inclusion ẋ ∈ {f(x), g(x)},
where f, g : X ⊂ Rn → Rn are continuous and f(x) 6= g(x) in every point x ∈ X .
In [2] there is defined so-called chaotic set in the plane R2 which existence leads
to an existence of Devaney, Li-Yorke and distributional chaos. We show that two
hyperbolic singular points of both branches not lying in the same point in R2 al-
ways admit so-called chaotic sets. Then we describe the set of solutions of Euler
equation branching which ensures Devaney, Li-Yorke and distributional chaos in
so-called chaotic sets in the situation of two hyperbolic singular points.
In the second part we present own new overall macroeconomic equilibrium IS-
LM/QY-ML model. This model is based on the fundamental macroeconomic
equilibrium IS-LM model. We model an inflation effect, an endogenous money
supply and an influences of the economic cycle on the economy in addition to
the original model. We research the dynamical behaviour of this new model. The
chaos seems to be natural part of macroeconomic systems under the view of this
new model.
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In this work we discuss polynomial mappings which have iterative roots of poly-
nomial form. We apply the computer algebra system Singular to decompose al-
gebraic varieties and finally find a condition under which polynomial functions
have quadratic iterative roots of quadratic polynomial form. This condition is
equivalent to but simpler than Schweizer and Sklar’s and more convenient than
Strycharz-Szemberg and Szemberg’s. We further find all polynomial functions
which have cubic iterative roots of quadratic polynomial form and compute all
those iterative roots. Moreover, we find all 2-dimensional homogeneous polyno-
mial mappings of degree 2 which have iterative roots of polynomial form and
obtain expressions of some iterative roots. This is a joint work by Zhiheng Yu, Lu
Yang and Weinian Zhang.
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We establish lower bounds estimates for eigenvalues of first-order planar Hamil-
tonian systems. As a special case a lower estimate on eigenvalues of linear equa-
tions is also obtained. The method of proof requires suitable use of Lyapunov-
type inequalities.
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In this paper an enzyme-catalyzed reaction system with four parameters a, b, c, κ
is discussed. The system can be reduced to a quartic polynomial differential sys-
tem with four parameters, which makes not only large-scale polynomials in com-
putation but.. also difficulties of semi-algebraic systems restricted to subsets of
special biological sense, none of which is closed under operations of the polyno-
mial ring. We give parameter conditions for exact number of equilibria and for all
co-dimension 1 bifurcations such as saddle-node bifurcation, transcritical bifur-
cation and pitchfork bifurcation. Hopf bifurcations are discussed by computing
varieties of Lyapunov quantities restricted by some inequalities for biological re-
quirements. The order of weak focus is proved to be at most 2 and conditions are
given for exact order. Finally, our results are illustrated by numerical simulations.
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This work is concerning the roughness of tempered exponential dichotomies for
linear random dynamical systems in Banach spaces. Such a dichotomy has a tem-
pered bound and describes nonuniform hyperbolicity. The roughness is proved
without assuming their invertibility and the integrability condition of the Multi-
plicative Ergodic Theorem. An explicit bound is given for the linear perturbation
such that the dichotomy is persistent. Explicit forms are obtained for the expo-
nent and the bound of tempered exponential dichotomy of the perturbed random
system in terms of the original ones and the perturbations. This is a joint work by
Linfeng Zhou, Kening Lu and Weinian Zhang.
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We consider a three–dimensional nonlinear difference system with deviating ar-
guments of the following form

∆(xn + pxn−τ ) = anf(yn−l)
∆yn = bng(wn−m),
∆wn = δcnh(xn−k)

where the first equation of the system is a neutral type difference equation. Firstly,
the classification of nonoscillatory solutions of the considered system are pre-
sented. Next, we present the sufficient conditions for boundedness of a nonoscil-
latory solution. The obtained results are illustrated by examples.
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This article shows how fractal analysis of the unit-time map can be used in study-
ing the cyclicity problem of nilpotent singularities. We study fractal properties
such as box dimension and ε-neighbourhood of discrete orbits generated by the
unit-time map. In the case of bifurcations of non-hyperbolic singularities such
as saddle-node or Hopf-Takens bifurcation, there is already known connection
between the multiplicity of singularity and the box dimension of the unit-time
map or Poincaré map. In this article we study how the box dimension and ε-
neighbourhood of discrete orbits generated by the unit-time map near nilpotent
singularities are connected to the known bounds for local cyclicity of singulari-
ties. In this analysis, we use the restriction of the unit-time map on the character-
istic curves or separatrices, depending on the type of singularity. Main nilpotent
singularities which are studied here are nilpotent node, focus and cusp. More-
over, we study fractal properties of the unit-time map for nilpotent singularities
at infinity.
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