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Abstract—Pulse width modulation is a widely used technique
for both DC to DC and DC to AC voltage conversion, with most
modern-day DC and AC drives control systems exploiting this
method. This paper presents a simple and versatile time domain
method to determine the spectrum of a pulse width modulated
converter output voltage for an arbitrary modulation signal
waveform, an arbitrary number of output voltage levels and an
arbitrary modulation method. Integration boundaries can be set
in a simple and straightforward way in time domain using basic
algebra and analytic trigonometry, even for complex modulation
signal waveforms, or accounting for various nonlinearities. The
proposed method and its constraints were elaborated, and the
method was demonstrated on two examples: single- and double-
edge naturally sampled two-level pulse width modulation.

Index Terms—Pulse width modulation, generalized spectral
analysis method, time domain, modulating function

I. INTRODUCTION

Switch-mode converters have been known and widely used
for several decades, both for DC and AC conversion. A
generic switch-mode converter is shown in Fig. 1. Switch-
mode inverters have become an integral part of a vast ma-
jority of AC electrical drives, both induction machines and
synchronous machines alike. There are multiple topologies
with a wide range of output voltage levels. Output votage is
generated by either a basic sine modulation (SPWM), one of
its numerous expansions (THIPWM, DPWM, etc.) or a space
vector (SVPWM).

However, one thing is in common for all switch-mode
converters: the output voltage is generated comparing a low-
frequency modulation signal with a high-frequency carrier
signal. The result is the well known square wave-like output
signal. The target harmonic frequency and amplitude are
determined by the respective modulation signal features. The
output voltage is the result of a two signal comparison and,
hence, its spectrum contains two frequencies. The spectrum
itself is dependant on the number of modulation signals and on
their waveforms, on the number and waveforms of the carrier
signals and on the modulation type.

In order to minimize switching loss on the converter side
and iron and copper losses on the motor side of an electrical
drive, or to meet the available control system constraints,
different switching techniques are used. It is useful to know

each of the modulations’ spectrums, in order to determine the
benefits of different modulation methods for a specific pur-
pose. This can be done by simulating the selected modulation
and then analyzing the spectrum by a Fourier transform com-
puter algorithm. While user-friendly and time-saving, these
results are subject to several contstraints, caused primarily by
roundoff errors and Fourier transform algorithm errors [1]–[4].
While these errors are not severe, they do tarnish the results to
a certain level. An analytical method should be used in order
determine the spectrums more precisely.

The most widespread of all existing methods for calculating
the output voltage spectrum is the one presented in [5]. This
method is based on the double Fourier transform, originally
developed for communication systems and presented in [6]–
[8]. This method is based on the Fourier transform of a
two-variable periodic function. Since these two variables are
different, their trigonometric functions are orthogonal and they
can be represented as a two-dimensional coordinate system.
Periodic function with a larger period is represented as an
implicit function of the solution to the Fourier series of the
periodic function with a smaller period in shape of a closed-
form contour. Determining the integration boundaries for the
Fourier coefficients in form of trigonometric function contours
is a complex task, especially for complex modulation signal
waveforms, i. e. third harmonic injection.

This paper presents a simple and versatile method to de-
termine the spectrum of a pulse width modulated converter
output voltage for an arbitrary modulation signal waveform,
an arbitrary number of output voltage levels and an arbitrary
modulation method. The method is set in time domain, making
it a flexible and versatile tool for including various non-
linearities, such as discontinuous modulation signals, dead
time or voltage drops, in a simple way to the output voltage
spectrum. The proposed method is demonstrated on a two level
converter, as in Fig. 1.

This paper is organised as follows. Section II lists the
general periodic functions Fourier series constraints, and the
effects those constraints have on signal analysis, as well
as the FFT algorithm constraints. Section III presents the
proposed method and introduces the modulating and auxilliary
modulating functions. Section IV demonstrates the proposed
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Fig. 1. A generic switch-mode converter scheme

method on two examples: single- and double-edge pulse width
modulation for continuous modulation signals and presents
the Fourier series results in trigonometric form. Section V
presents the results of numerically evaluated Fourier series
results from Section IV and compares them to simulation
results obtained from a Matlab model. Section VI provides
some final conclusions and propositions for future work.

II. ASSUMPTIONS AND CONSTRAINTS

The proposed method, presented in Section III, is subject
to several limitations. The main assumption for this method
to work is the integer ratio of carrier and modulation signal
frequencies, mf = fs

fm
, where fs is the carrier signal frequency

and fm the modulation signal frequency, since Fourier series
does not exist for a non-periodic function. However, according
to [9], a strictly periodic function g (x) can not be represented
by Fourier series, since its integral

∞∫
−∞

|g (x)|dx (1)

does not converge and, hence, does not satisfy the necessary
condition for the existence of a Fourier transform. Physically,
an ideally periodic signal waveform would have infinite en-
ergy, since according to the Parseval equation signal q (x)
energy is:

E =

∞∫
−∞

|q (x)|2dx =

∞∫
−∞

|Q (s)|2ds, (2)

where Q (s) is signal q (x) Fourier transform. Additionally,
Fourier series suggests that a periodic signal’s energy is con-
centrated within an infinite series of (physically impossible)
infinitely short pulses.

Nonetheless, Fourier series is a widely accepted way to
accurately determine signal energy distribution to a small level
of uncertainty. Therefore, for the series to even exist, the
modulating function must be periodic, which is only true for
an integer mf . This assumption was also noted and elaborated
in [5]. In reality, a non-integer mf is inevitable in most
cases and smears the ideal spectrum through frequencies,
rendering it continuous instead of discrete, but the discrete

peaks are located at the same frequencies as those of the
discrete spectrum’s harmonics. Therefore, a non-integer mf

does alter the results, but to an acceptable level.
Although the series are a physically impossible energy form,

the solution to signal energy is much easier to understand when
presented in series form than in integral form. Therefore, it is
desirable to show the results as a series, if possible.

Another important assumption is that the switches switch
instantly, meaning that the change in the output voltage
is instantaneous, i. e. the output voltage consists of jump
discontinuities. This assumption allows the Fourier coefficients
to be calculated with clear integration boundaries and simple
integrand waveforms, which simplifies the procedure.

The final assumption is that the input voltage is constant.
This is a standard assumption for all existing analytical meth-
ods, but it is not a necessary one for this method to be valid.
However, it does simplify the procedure significantly, since the
integrands for the Fourier coefficients are constant, instead of
time-varying.

III. METHOD

This section introduces the modulating and auxiliary modu-
lating functions and explains the proposed method for Fourier
series calculus.

A. The modulating and auxiliary modulating functions

Let m (t) be the modulation signal and fSC (t) carrier
signal, as shown in Fig. 2. Let’s define a modulating function,
noted fm (t) in Fig. 2. Let f ′m (t) be the auxiliary modulating
function, a segment of fm (t) within a switching period, Ts.
Modulating function value is greater than zero for intervals
where the modulation signal waveform value is larger than the
carrier signal value. Conversely, modulating function value is
lesser than, or equal to zero for intervals where the modulation
signal waveform value is lesser than the carrier signal value.
This way, the modulating function has the same waveform as
the (scaled) output voltage. Values of the analyzed waveform
reflect in a straightforward fashion on the spectrum as har-
monic amplitudes, and are easily accounted for and adjusted
post-analysis. Since the lower value of the modulating function
can either be negative, or zero (or both), the modulating
function can be used to calculate the bipolar and the unipolar
modulation [10] output voltage waveform spectrums alike.

Furthermore, chosing the modulating function over the
actual output voltage waveform means that the analyzed wave-
form is unaffected by reference point choices, eliminating the
bus choice-related DC voltage shifts present in the existing
analytical method. The modulating function can take any
disbalanced output voltage levels into account, by simply
scaling the positive and negative values differently throughout
the modulation signal period.

Therefore, the modulating function’s main merit is the fact it
can be scaled to any value, and, additionally, its phase or offset
shifted arbitrarily, according to a particular converter topology
and reference point, making it a versatile and handy tool to
simplify the procedure. Scaling makes the modulating function
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Fig. 2. Modulating function generation for a single-edge naturally sampled
pulse width modulation

a suitable tool to account for various converter non-linearites,
such as semiconductor voltage drops, whilst the use of the
auxiliary modulation function helps to account for current
direction-related nonlinearities, such as dead time influence.

B. Double-frequency waveform Fourier series

Let us assume a periodic modulation signal, a periodic
carrier signal and an integer frequency modulation index.
Therefore, fm (t) is periodic within one modulation signal
period, Tr. A simple continuous modulation signal and a
triangle carrier signal were assumed, as well as a naturally
sampled bipolar modulation, as can be seen from Fig. 4.

In order to calculate the Fourier series for fm (t), we
must determine Fourier coefficients in complex form within
the modulation signal period, Tr. Modulating function fm (t)
is a time-dependant, periodic function with two periods: Ts
and Tr. Since the modulating function is periodic with two
different periods, its Fourier transform must be determined
within the smaller period, and within the larger period. Hence
the auxiliary modulating function, f ′m (t).

The proposed method calculates the auxiliary modulating
function Fourier series within the carrier signal period, Ts, in
the first step. Fourier coefficients c′k and c′0 are

c′k =
1

Ts

Ts
2∫

−Ts
2

f ′m (t) e−jkωstdt,

c′0 =
1

Ts

Ts
2∫

−Ts
2

f ′m (t) dt.

(3)

Since the auxiliary modulating function is time dependant
and is changing between adjacent switching periods, the
integration boundaries in (3) are time-dependant as well. Since
the integration boundaries are in time domain, the intersections
must be expressed as explicit functions of time, dependant

on the modulation signal. The auxiliary modulating function
Fourier series in complex form is

f ′m (t) =

∞∑
k=−∞

c′ke
jkωst. (4)

At this point, series (4) represents the best auxiliary mod-
ulating function f ′m (t) approximation within the interval[
−Ts

2 ,
Ts

2

]
.

The next step is to calculate the modulating function Fourier
series within the larger period, Tr. The first thing is to calculate
the Fourier coefficients cn and c0, just like in the previous step

cn =
1

Tr

Tr
2∫

−Tr
2

f ′m (t) e−jnωrtdt,

c0 =
1

Tr

Tr
2∫

−Tr
2

f ′m (t) dt.

(5)

The integrand in (5) is the auxiliary modulating function
f ′m (t) Fourier series in complex form, since it represents the
best auxiliary modulating function approximation. Since the
auxiliary modulating function f ′m (t) is a periodic function
with period Ts, and the modulating function fm (t) a periodic
function with period Tr, trigonometric functions with their
respective periods are orthogonal. Therefore, f ′m (t) in (5)
can be treated as a constant. The integration boundaries are
determined based on the modulation signal non-zero intervals.

Finally, the modulating function Fourier series is

fm (t) =

∞∑
n=−∞

cne
jnωrt. (6)

The method reveals the modulating function spectrum hav-
ing two distinct frequencies: modulation and carrier signal.
Frequency duality can be seen from (5) and (6), and is due to
the fact that the modulation signal is sampled by its current
mean value, instead of its current value.

IV. EXAMPLES

The proposed method is demonstrated on two modulation
signal waveforms: continuous single- and double-edge natu-
rally sampled pulse width modulation for a cosine modulation
signal waveform. Naturally sampled modulation generates the
modulating function at each modulation signal and carrier
signal intersection, as shown in Fig. 2. A naturally sampled
modulation is termed single-edge naturally sampled modula-
tion for a saw-tooth shaped carrier signal, and double-edge
naturally sampled modulation for a triangle shaped carrier
signal, depending on the number of intersections of the two
signals within one switching period Ts.

A. Single-edge naturally sampled modulation

A single-edge naturally sampled modulation was shown
in Fig. 2, along with its resulting modulating and auxiliary
modulating functions. Since the modulation signal, m (t), is
continuous, switches in Fig. 1 switch throughout the entire



modulation signal period, switching in counterstroke in S1−S4
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Fig. 3. A generalized modulating signal within one switching period for a
double-edge naturally sampled modulation

First of all, Fourier series coefficients are calculated for
the auxiliary modulating function f ′m (t) within the switching
interval, Ts. Since the integration boundaries in (3) are set by
the modulation signal and carrier signal intersections, these
intersections must be determined. In order to do so, time
instants in which the carrier and modulation signal intersect
must be expressed as an explicit function of the modulation
signal m (t).

These intersections can be expressed through the two point
form of a line equation, representing the carrier signal line
segment equation. Carrier signal amplitude is 1, there is no
amplitude shift and the reference time point is located at carrier
signal zero crossing, as can be seen from Fig. 3. With such
carrier signal features, the line segment equation is:

t =
Ts

2
m (t) . (7)

Reference time point choice does not influence the harmonics’
frequencies and amplitudes, but rather their phase shifts.
Additionally, the modulation or carrier signal amplitude shifts
only influence the spectrum DC component, rather than the
harmonics frequencies and phase shifts.

Let’s assume a simple modulation signal m (t)

m (t) = mcos (ωrt), (8)

where ωr = 2πfr. Modulation signal phase shift reflects in
a straightforward fashion in phase shifts of each individual
harmonic, but to avoid further stretching the inherently lengthy
notation, it is left out. Auxiliary modulating function Fourier
coefficients c′k and c′0 are:

c′k (t) =
1

Ts


Ts
2
m(t)∫

−Ts
2

e−jkωstdt−

Ts
2∫

Ts
2
m(t)

e−jkωstdt

 =

=
1

jπk

[
cos (kπ)− e−jkπm cos (ωrt)

]
,

(9)

c′0 (t) =
1

Ts


Ts
2
m(t)∫

−Ts
2

1dt−

Ts
2∫

Ts
2
m(t)

1dt

 =

= mcos (ωrt).

(10)

Utilizing the Jacobi-Anger expansion, [11],

e±jz cos θ =

∞∑
n=−∞

j±nJn (z) e
jnθ,

e±jz sin θ =

∞∑
n=−∞

(±1)n Jn (z) ejnθ,

(11)

where Jn (z) is the n-th Bessel function of the first kind of z,
the auxiliary modulating function f ′m (t) is

f ′m (t) = mcos (ωrt) +
1

jπ

∞∑
k=−∞
k 6=0

cos (kπ)

k
ejkωst−

− 1

jπ

∞∑
n=−∞

∞∑
k=−∞
k 6=0

Jn (kmπ)

k
e−jnπ

2 e−jnωrte−jkωst.

(12)

Fourier coefficients for the modulation signal period, cl and
c0, are:

cl =
1

Tr

Tr∫
0

f ′m (t) e−jlωrtdt, (13)

c0 =
1

Tr

Tr∫
0

f ′m (t) dt. (14)

Since the modulation signal is continuous, further calculus
is straightforward, integrating (13) and (14) within the entire
interval [0, Tr]. Due to the continuous modulation signal, (13)
is zero, while (14) is non-zero. Utilizing basic trigonometric
identities, modulating function Fourier series is:

fm (t) = mcos (ωrt) +
2

π

∞∑
k=1

cos (kπ)

k
sin (kωst)+

+
2

π

∞∑
k=1

∞∑
n=−∞

Jn (kmπ)

k

[
sin
(
n
π

2

)
cos (kωst+ nωrt)−

− cos
(
n
π

2

)
sin (kωst+ nωrt)

]
.

(15)

Result (15) shows the predicted duality in harmonic fre-
quencies.

B. Double-edge naturally sampled modulation

Modulation and carrier signal waveforms for a double-edge
modulation are as shown in Fig. 4. The carrier signal is divided
in two distinct line segments, as labeled in Fig. 5: I and II.

With such carrier signal features, line segment I and II
equations are

t = −Ts

4
(m (t) + 1) ,

t =
Ts

4
(m (t) + 1) ,

(16)

respectively.
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Fig. 4. Modulating function generation for a double-edge naturally sampled
pulse width modulation
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Fig. 5. A generalized modulating signal within one switching period for a
double-edge naturally sampled modulation

Fourier coefficients c′k and c′0 are

c′k (t) =
1

Ts

−
−Ts

4
(m(t)+1)∫
−Ts

2

e−jkωstdt−

Ts
2∫

Ts
4

(m(t)+1)

e−jkωstdt+

+

Ts
4

(m(t)+1)∫
−Ts

4
(m(t)+1)

e−jkωstdt

 =

=
2

πk
sin
[π
2
kmcos (ωrt) + k

π

2

]
,

(17)

c′0 (t) =
1

Ts

−
−Ts

4
(m(t)+1)∫
−Ts

2

1dt−

Ts
2∫

Ts
4

(m(t)+1)

1dt+

+

Ts
4

(m(t)+1)∫
−Ts

4
(m(t)+1)

1dt

 = mcos (ωrt).

(18)

The auxiliary modulating function f ′m (t) is

f ′m (t) = mcos (ωrt)+

+
1

jπ

∞∑
k=−∞
k 6=0

∞∑
n=−∞

1

k
Jn
(
m
π

2
k
)(

ej(n+k)π
2 ej(nωrt+nΘr)−

−e−j(n+k)π
2 e−j(nωrt+nΘr)

)
ej(kωst−kΘs).

(19)

As was the case with single-edge modulation, since the
modulation signal is continuous, further calculus is straight-
forward, integrating within the interval [0, Tr]. Utilizing basic
trigonometric identities, modulating function Fourier series is:

fm (t) = mcos (ωrt)+

+
4

π

∞∑
l=1

∞∑
n=−∞

Jn
(
mπ

2
l
)

l
sin
(
(n+ l)

π

2

)
cos (nωrt+ lωst).

(20)

The naturally sampled modulation-generated modulating
function spectrum contains only the fundamental harmonic and
sideband harmonics, and is void of carrier harmonics. Such a
spectrum is due to the fact that this is a symmetrical sampling
method, generating pulses for both positive and negative slopes
of the carrier signal, and the fact that the entire modulation
signal is sampled by the carrier signal. When compared to
the single-edge naturally sampled pulse width modulation-
generated modulating function spectrum, the double-edge
spectrum contains fewer harmonic members, due to the fact
that the modulation signal is sampled with two symmetrically-
sloped line segments, as opposed to asymmetrically-sloped
line segments in the single-edge modulation.

V. SIMULATION

This section presents the numerical evaluation and simula-
tion results. Results obtained in (15) and (20) were numerically
evaluated in Matlab and numerical evaluation results were
compared to simulation results.

Simulation model used to verify the numerical evaluation
results was done in Matlab/Simulink, using generic power
electronics IGBT and diode modules. Input voltage was
UDC = 200V, fr = 50Hz, mf = 50, amplitude modulation
index ma = 0, 8 and fundamental harmonic phase angle
ϕ = 20 ◦.

Simulation results were scaled to the input voltage value,
and all harmonic amplitudes lower than 10−4 were omitted,
for both numerical evaluation and simulation results.

Figs. 6 and 7 show simulation and numerical evaluation
results for single- and double-edge modulations, respectively.
Simulation results are represented in blue, and numerical
evaluation results in red. Frequencies for both results were
hand-shifted slightly, in order to illustrate the differences.

Numerical evaluation is limited with the number of har-
monics included in the evaluation, while simulation results
are influenced by roundoff error, windowing function and
sampling frequency. These influences cause a slight difference
in harmonic amplitudes for simulation and numerical evalu-
ation results for some harmonics. Nevertheless, despite these



slight differences, numerical evaluation and simulation results
show an excellent match, confirming the proposed method for
continuous modulation signals.
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Fig. 6. Simulation and numerical evaluation results for single-edge naturally
sampled pulse width modulation-generated modulating function spectrum
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Fig. 7. Simulation and numerical evaluation results for double-edge naturally
sampled pulse width modulation-generated modulating function spectrum

VI. CONCLUSION

This paper presented a generalized pulse width modulated
signal spectrum calculation method, based on time-dependant
signal analysis in time domain. Time domain analysis sets

Fourier coefficients integration boundaries in a simple way, us-
ing basic algebraic and analytic trigonometry methods, avoid-
ing complex trigonometry-based contour methods in either
trigonometric, or complex form. The proposed method calcu-
lates the coefficients and, subsequently, spectrum, in complex
form, and then utilizes simple trigonometric identities to show
the results in a simplified trigonometric form. Various nonlin-
earities can be easily accounted for due to the time domain
Fourier coefficients integration boundaries for an arbitrary
modulation signal waveform and an arbitrary number of output
voltage levels. End results are easily normalized by chosing
appropriate modulating function values. The proposed method
is subject to the same constraints as the existing methods,
and was demonstrated on two examples: single- and double-
edge naturally sampled PWM. Results for both modulations
were numerically evaluated and the results were confirmed via
simulation, showing a match between the numerical evaluation
and simulation results.

The authors are currently working on applying the proposed
method to various nonlinearities of the modulating function,
such as discontinuous modulation signals, dead time and
semiconductor voltage drops.
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