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Abstract - Today’s Learning Management Systems, in 
conjunction with knowledge and skill acquisition modules, 
offer the possibility for automated assessment of the 
aforementioned knowledge and skills. Their implementation 
in teaching offers a wide range of advantages: reducing 
teacher administrative work, reducing the possibility of 
errors concerning preparation, execution and evaluation of 
exams; elimination of teacher's subjectivity during the 
evaluation phase; lessening of inappropriate student actions 
during exams etc. A majority of tests that are done through 
LMS have a time limit, which opens up a problem of 
determining the optimal time parameters for a specific 
exam. The paper includes a statistical data analysis that was 
collected during five years via LMS Moodle on the Personal 
Computer Applications (PCA) course in professional study 
of electrical engineering at the Zagreb University of Applied 
Sciences. Through analysis and modelling the results of the 
statistical data processing, guidelines for time criteria for 
future tests were made. 
 

I. INTRODUCTION 

The advantages of using a Learning Management 
Systems (LMS) are significant. For students: the ability to 
prepare themselves for classes, laboratory and 
construction exercises with the emphasis on the ease of 
access to all course material, computer applications and 
tasks for individual preparation and work. 

LMS systems are also beneficial for lecturers. They 
help to reduce the time spent in preparation and execution 
of exams, as well as to minimise errors in their evaluation 
and grading, especially when quick grading is required. 
Additionally, they considerably reduce the administrative 
tasks (e.g. class attendance tracking system for obligatory 
laboratory exercises, benefits of centralized grade 
database). Also, the automated knowledge and skill tests 
eliminate the teacher’s subjectivity during the evaluation 
phase of the exam [1]. Another benefit is the possibility 
for the student to check the results of the exams in real 
time i.e. immediately after its end. [2]. By using the 
application Net Support School that is installed on all of 
the computers used for LMS, a reduction of inappropriate 
student actions during exams is achieved.  

The results of automated knowledge and skills exams 
can be used to assess the existence of questions or tasks 
that are either too easy or too complex. Consequently, the 
questions or tasks can be then reformulated or replaced 
with new ones without altering the structure of the 
existing test. With all that in mind, setting of time criteria 
for assessment in LMS is challenge. The adjustment of 

time criteria is in direct correlation with the number and 
complexity of tasks in each individual exam. The basis for 
it are the log data that was collected during five years of 
usage LMS Moodle for the Personal Computer 
Applications (PCA) course in professional study of 
electrical engineering at the Zagreb University of Applied 
Sciences. 

The paper examines possible directions of LMS time 
criteria determination and/or optimization. Primarily, the 
optimization is not focused on saving the time (i.e. overall 
test duration) but on the adequate number of tasks increase 
in existing time period framework. The increase in the 
number of tasks ensures better class material coverage, 
enables implementation of more specific tasks as well as 
improvements in cognitive linkage of knowledge and 
skills. Therefore, the leading idea is to examine how 
possible time reduction and/or number of tasks increase 
reflects on overall successful attempts as well as 
identification and differentiation of better and barely 
enough prepared students. In order to achieve proposed 
idea, analysis and modelling of the results of the statistical 
data processing and the procedures for time criteria 
determination were made. The results of the 
aforementioned analysis and modelling could be used for 
developing of time criteria guidelines, noting that each test 
must be adapted to the specific requirements of particular 
lesson. 

In Section II., explanatory parameters describing test 
solving dynamics are defined. In Section III. explanatory 
parameters are applied on results of attempts separated 
according to achieved scores as well as possible effect of 
test duration reduction is investigated by analysis of test 
solving dynamics slope near the test completion time. 
Based on analogy of test solving dynamics with diffusion 
process, in Section IV. the new model, named Declining 
Bass Model (DBM) is introduced. Finally, in Section V. 
the new model is applied in improved form (doubled 
DBM) that shows differentiation of better and barely 
enough prepared students. In addition, it is shown that 
new model enables determining of intensity of test solving 
that clearly identifies above mentioned differentiation. 

II. INPUT DATA AND ITS REPRESENTATION 

Automated knowledge and skills exams are used to 
asses acquired skills in case of laboratory exercises and 
acquired knowledge in case of theoretical course parts (i.e. 
(midterm exams and final exam). Initially, the duration of 
the exams was determined by having the teaching staff of 
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the course solving exams and obtained average measured 
time were tripled for students.  

Automated knowledge and skills exams via LMS 
Moodle have been used for nine years. Data for the first 
four years are not analysed because the tests were in 
constant improvement: the question database was 
constantly expanded and altered to optimally adapt to the 
course needs (Single or Multiple Choice; Short Textual or 
Numerical Answer, Matching, etc.). In the last five years, 
when automated knowledge and skills exams are in stable 
phase, analyses and modelling of the gathered data is 
reasonable. 

Analysis of test solving dynamics is obtained through 
tests' logs processing. According to the graphical 
representation (see Fig. 1 – case of Image processing test, 
all attempts: passed and failed), the following 
explanatory parameters can be identified and defined: 

- number of students solving test M [#] (in 
presented case M = 755) 

- defined level for characteristic duration of test v 
[%] (in presented case v is set to 90%) 

- characteristic duration of test t [s] i.e. time 
needed for v [%] of students to finish test (in 
presented case for v = 90%, t is 1191 s: from  te - 
t = 609 s to  te = 1800 s) 

- overall test duration te [s], after the expiration of 
the time te the test is locked (in presented case te = 
1800 s) 

 
Fig. 1 Example of test solving dynamics (case: Image 

processing test), M – number of students solving test, v – 
defined level for characteristic duration of test, t - 

characteristic duration of test, te – overall test duration 

The main idea is to get quantification of test 
completion slope. In the case of Image processing test, the 
slope is moderate: within the first 34% of available time 
10% of students submitted exam, and during the 
remaining part of t / te = 66% of total time 90% students 
submitted exam. 

Quite the opposite is the case of Spreadsheet test, 
where slope is steep: within the first 71% of available 
time (from te - t =854 s to  te = 1200 s) only 10% of 
students submitted exam, and during the remaining part 
of t / te = 29% of total time even 90% students 

submitted exam. Therefore, dimensionless parameter 
defined as: 

g = 1 - t / te (1) 

with predefined level for characteristic duration v can be 
used for quantification of test completion slope gradient or 
in other words for the level of rush at the end of test 
solving. Parameter g is in range [0,1] so it can be 
represented as percentage, where higher percentage means 
higher slope gradient.  

Values for abovementioned parameters for all 
encompassed tests (all attempts, passed and failed) are 
given in Table 1. 

Table 1. Overview of parameters for all tests attempts  
 

 
Number of 
students' 

attempts M 

Characteristic 
duration of test t 

(for v= 90%) 

Overall 
test 

duration te

Slope 
gradient 

g 

Spreadsheet 
test 

972 347 s 1200 s 71% 

Text 
processing 

test 
682 1028 s 3600 s 72% 

Flowchart test 901 2564 s 3600 s 29% 

EDA test 928 681 s 1200 s 43% 

Image 
processing 

test 
755 1191 s 1800 s 34% 

 

III. ANALYSIS OF SUCCESSFUL ATTEMPTS 

Previous example illustrates statistics for all student 
attempts: passed and failed scores together. For proper 
determination of time criteria for test duration, data 
should be separated according to achieved scores. 
Intervals of scores 0%-33%, 34%-67% and 68%-100% 
are used for representation on Fig. 2, noting that first 
interval means that a student failed the test. 

 
Fig. 2 Dynamics of test solving in relation to final scores (case: 

Image processing test) 

Values of parameter g (test completion slope gradient) 
from Table 2 shows that the better prepared students that 
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achieved higher scores are under lower time pressure 
(lower parameter g). 

Table 2. Number of students that finished exam within the first 
and the remaining interval divided according the final scores 

(case: Image processing test) 
 

 
Fastest* 10% 

students 
Remaining 90% 

students 

Interval of 
scores 

t 
[s] 

g = 1-
t / te 

Time 
interval [s] 
(0, te - t] 

# 
stud. 

Time interval 
[s] 

(te - t , te] 

# 
stud.

0%-33% 1379 76.6 % (0, 421] 14 (421, 1800] 122 

34%-67% 1184 65.8 % (0, 616] 34 (616, 1800] 303 

68%-100% 1139 63.3 % (0, 661] 28 (661, 1800] 254 

* the first time interval is defined through level for characteristic 
duration of test v = 90% 

 
Detailed analysis of the test solving dynamics slope 

near the test completion time can be obtained by its first 
derivative in the point (te, 0). Obtained gradient gives the 
ratio of decrease in the number of successful attempts 
depending on the reduction in the duration of the test. 
With that idea in mind, Fig. 3 shows the possible effect of 
overall test duration reduction on successful attempts, all 
percentage wise.  

 
Fig. 3 Gradient of test solving dynamics in point (te,0) for cases: 

Image processing test and Spreadsheet test 

With appropriate scaling of the abovementioned 
results, the actual amount of reduction in the number of 
successfully completed tests can be obtained, which is the 
goal of future authors' research. However, in this paper is 
an opportunity to show that for some tests this dependence 
is more strongly expressed. As it is shown on Fig 3, in 
case of Image processing test 10% reduction of overall 
test duration results in possible reduction of successful 
attempts of 11 %, and even 48% in case of Spreadsheet 
test. 

IV. INTRODUCTION OF THE DECLINING BASS MODEL 

(DBM) 

By analysing the graphical representation of test 
solving dynamics on Fig. 1 it can be concluded that in the 
sense of time series methods resembles to a declining 
growth model [3]. More precisely, customers (students) 
are leaving service (test solving) and after overall test 

duration (te) there is no customers left on market 
(knowledge assessment). 

The best known model for a full description of the 
genesis of the new service adoption is the Bass model [4]. 
The Bass diffusion model (2) is defined by four 
parameters: M – market capacity, M = B(t); p –
 coefficient of innovation, p >0; q – coefficient of 
imitation, q  0 and ts – time when service is introduced, 
B(tts) = 0: 
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(2) 

 

The model B(t) introduces the effect of innovators via 
coefficient of innovation p which corrected deficiency of 
simple logistic growth, i.e. considers a population of M 
adopters who are both innovators (with a constant 
propensity to adopt service) and imitators (whose 
propensity to adopt service is influenced by the amount of 
previous adoption). To emphasize model dependence of 
its parameters, it is convenient to indicate the model as 
B(t; M, p, q, ts), t  ts. 

The Bass model describes growth with positive 
gradient. On contrary, test solving dynamics has negative 
gradient i.e. it declines. Therefore, prior to use the Bass 
model needs to be modificated in declining Bass model. 
Declining growth is accomplished by mirroring of time 
variable axis, t  -t (Fig. 4). 

 
Fig. 4 The Declining Bass model (DBM): dependence on the 

coefficient of imitation q and coefficient of innovation p  
(M = 100%, v = 90%, t and te are fixed) 

The new model, named Declining Bass Model 
(DBM) has the following form: 
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(3) 

Similar to (2), the DBM (3) is defined by four 
parameters: M – starting amount of customers; p –
 coefficient of innovation, p >0; q – coefficient of 
imitation, q  0 and te – time when service decease, 
B(t  te) = 0. Higher coefficient of innovation p, (p > q) 
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contributes to a steep disappearance of the service from 
market, and higher coefficient of imitation q, (q > p) 
smooth disappearance of the service from market. 

Due to fact that M is the asymptote of DBM, i.e. 
model (3) obtains value M only for t-, characteristic 
duration t should be defined through certain level 
smaller than M. (see description of v [%] in Section II – 
explanatory parameters definitions). 

V. TEST SOLVING DYNAMICS MODELLING 

For better understanding dynamics of test solving for 
successful attempts, data is modelled with DBM as time 
series. 

The first step was fitting with single DBM where M 
(number of students solving test) and te (overall test 
duration) were fixed, i.e. values for them are taken 
directly from sample. The remaining parameters p and q 
are obtained by ordinary least squared method. 

For case Image processing test - successful attempts, 
results are as follows (Fig. 5):  

M = 619 students 
te = 1800 s 
p = 3.38E-04 
q = 3.48E-03 

Achieved correlation coefficient is r = 0,9980, and root-
mean-square error is RMSE = 11.511. 
 

 
Fig. 5 Test solving dynamics modelling by a single DBM (case: 

Image processing test – successful attempts) 

Students take the tests with different levels of 
preparation. Even when the analysis is done on the 
successful attempts only, the graph on Fig. 5 shows 
discontinuities in smoothness of experimental data. It can 
be assumed that this is result of inhomogeneous sample, 
i.e. a group of students is consisted of a better prepared 
ones and others. It is worth mentioning that unprepared 
students are not included (only successful attempts are 
analysed). 

Following the abovementioned assumption, in the 
next step data is modelled with doubled DBM (4): 
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(4) 

 
The idea is to identify two groups of students – one 

better prepared that will successfully finish test in the first 
wave (parameters indexed with 1) and other one that will 
finish test in the second wave (parameters indexed with 
2). According to that assumption, parameters of model 
(4) are prepared as follows: 

t1 < te 
M1 < M 
DDB(t-) = M 
DB1(t ≥ t1) = 0 
DB2(t ≥ te) = 0 

In the first step single DBM has 2 free parameters (p and 
q), and doubled DBM has 6 (M1, p1, q1, t1, p2, and q2) 
which are obtained by ordinary least squared method, too. 

For case Image processing test – successful attempts, 
result are as follows (Fig. 6):  

M1 = 284 students 
t1 = 1300 s 
p1 = 9.20E-04 
q1 = 4.05E-03 
M-M1 = 335 students 
te = 1800 s 
p1 = 9.55E-04 
q1 = 2.93E-03 

Achieved correlation coefficient is r = 0.9995, and root-
mean-square error is RMSE = 5.797. 

 

 
Fig. 6 Modelling by a doubled DBM showing two separate 
groups of students: better prepared and others (case: Image 

processing test – successful attempts) 
 

Now when model that identifies groups of students 
according to their knowledge/skills is founded and it 
provides good fitting results, it is possible to determine 
intensity of test solving I(t). The intensity of test solving 
is a rate of test solved with respect to the change of the 
time variable. It can be calculated as a negative derivative 
in time of doubled DBM's components (5): 
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Intensity of test solving I(t) for each separate group is 

graphically shown on Fig. 7 for case: Image processing 
test – successful attempts. Differentiation between groups 
are especially visible through different peak times of their 
intensity functions. Numerical results are as follows: 

- Maximal intensity of solving for the first wave is 
achieved around tm1 = 1005 s, and for second wave 
around tm2 = 1515 s, 

- Maximal values of I(t) for both waves are almost 
equal I1(tm1)  I2(tm2) = 0.433. 

 

 
Fig. 7 Intensity of solving test according to two separate groups 
of students: better prepared and others (case: Image processing 

test – successful attempts) 

From Fig. 7, it is evident that success of better 
prepared students will not be affected with appropriate 
test time reduction and/or number of tasks increase as it 
will affect the other ones. 

VI. CONCLUSION 

On account of the nine-years usage of the LMS 
Moodle on courses in professional study of electrical 
engineering at the Zagreb University of Applied Sciences 
it has been possible to perform a detailed and reliable 
processing of the acquired statistical data.  

The data was analysed as a time series and explanatory 
parameters that are extension of the simple overall test 
duration parameter are defined: characteristic test 
duration, test completion slope gradient and peak of test 
solving intensity. These parameters are determined and 
evaluated for different knowledge and skills exams and 
could be used as time criteria optimization guidelines for 
similar LMS provided tests. 

Based on the similarities with diffusion models, a new 
model named Declining Bass Model, is developed. If new 
model is applied in improved form (doubled DBM), the 
differentiation of better and barely enough prepared 
students can be obtained. 

Further research will be focused on the quantifying 
abovementioned indicators for their practical applications 
in support of LMS Moodle usage for other courses, too. 
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